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Abstract. We consider the minimal distance between orbits of measure pre-
serving dynamical systems. In the spirit of dynamical shrinking target problems
we identify distance rates for which almost sure asymptotic closeness properties

can be ensured. More precisely, we consider the set En of pairs of points whose
orbits up to time n have minimal distance to each other less than the threshold
rn. We obtain bounds on the sequence prnqn to guarantee that lim supn En

and lim infn En are sets of measure 0 or 1. Results for the measure 0 case are
obtained in broad generality while the measure one case requires assumptions
of exponential mixing for at least one of the systems. We also consider the

analogous question of the minimal distance of points within a single orbit of
one dimensional exponentially mixing dynamical systems.

1. Introduction

In a metric space pX, dq, the problem of the shortest distance between two orbits
of a dynamical system T : X Ñ X, with an ergodic measure µ, was introduced in
[BLR]. That is, for n P N and x, y P X, they studied

Mnpx, yq “ MT,npx, yq :“ min
0ďi,jăn

dpT ipxq, T jpyqq (1.1)

and showed that the decay of Mn depends on the correlation dimension.
The lower correlation dimension of µ is defined by

Cµ :“ lim inf
rÑ0

log
ş

µpBpx, rqq dµpxq

log r
,

and the upper correlation dimension Cµ is analogously defined via the limsup. If
these are equal, then this is Cµ, the correlation dimension of µ. This dimension
plays an important role in the description of the fractal structure of invariant sets
in dynamical systems and has been widely studied from different points of view:
numerical estimates (e.g. [BB, BPTV, SR]), existence and relations with other
fractal dimension (e.g. [BGT, P]) and relations with other dynamical quantities (e.g.
[FV, M]).

In [BLR, Theorem 1], under the assumption Cµ ą 0, a general upper bound for
Mn was obtained:

Theorem 1.1. For a dynamical system pX,T, µq, we have

lim sup
n

logMT,npx, yq

´ log n
ď

2

Cµ

pµˆ µq-a.e. x, y.
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To replace the inequality above with equality, in [BLR, Theorems 3 and 6], the
authors assumed that Cµ exists and proved

lim inf
n

logMT,npx, yq

´ log n
ě

2

Cµ
pµˆ µq-a.e. x, y, (1.2)

using some exponential mixing conditions on the system. This was shown in [RT]
to be unnecessary in cases where there is an appropriate inducing scheme.

In the proofs of the above theorems, the approach was to find a sequences prnqn

and show, using the Borel–Cantelli Lemma, that for almost every px, yq for all large
enough n either MT,npx, yq ď rn, or MT,npx, yq ě rn. The sequences were, for any
ε ą 0, of the form rn “ 1

pn2 lognq
pCµ´εq in the former case and rn “ 1

pn2plognqbqpCµ`εq
,

for some b ă ´4, in the latter. Our aim in the current work is to refine these
estimates and extend their applications.

Notation: we will sometimes use, for non-negative real sequences panqn, pbnqn,
the notation an À bn to mean that there is some C ą 0 such that an ď Cbn for all
n, similarly for Á. If an Á bn and an À bn, we write an — bn.

2. Main results

We begin with the most general setup which consists of two probability preserving
dynamical systems pT1, µ1q and pT2, µ2q on the same space X, i.e. T1, T2 : X Ñ X.
We let prnqn denote a sequence of positive numbers. Note that in this setting
ş

µ1pBpy, rnqq dµ2pyq “
ş

µ2pBpy, rnqq dµ1pyq. We define the minimum analogously
to (1.1),

Mnpx, yq “ MpT1,T2q,npx, yq :“ min
0ďi,jăn

dpT i
1pxq, T j

2 pyqq,

and define

En “ ET1,T2
n,rn : “

␣

px, yq P X ˆX : MpT1,T2q,npx, yq ă rnu

“
␣

px, yq P X ˆX : dpT i
1x, T

j
2 yq ă rn for some 0 ď i, j ă n

(

.

Henceforth we abandon the use of Mn and instead use the latter form of the above
equation. Ultimately one would like conditions on the choices for prnqn of the
following form:

Condition on prnqn ðñ pµ1 ˆ µ2qplim inf
n

ET1,T2
n,rn q “ 1,

i.e., for almost every px, yq, for all large enough n there exist 0 ď i, j ă n such that

dpT i
1x, T

j
2 yq ă rn; and

Condition on prnqn ðñ pµ1 ˆ µ2qplim sup
n

ET1,T2
n,rn q “ 1,

i.e., almost surely there are infinitely many n such that there exist 0 ď i, j ă n with
dpT i

1x, T
j
2 yq ă rn.

Some results will be stated explicitely for the special case when T1 “ T2 and
µ1 “ µ2 in which case we simply talk about the probability preserving dynamical
system pX,T, µq and write

En “ ET
n,rn :“

␣

px, yq P X ˆX : dpT ix, T jyq ă rn for some 0 ď i, j ă n
(

.

In the special case of one dynamical system we will also consider the further
specialized case of x “ y, or in other words, the case of one single orbit’s minimal
internal distance. In this case we change notation and write

Fn “ FT
n,rn :“ tx P X : dpT ix, T jxq ă rn for some 0 ď i ă j ă n u.

The lim sup and lim inf results that we wish to obtain remain analogous for this set.
The main results, which are to follow, are initially split into the case of two

distinct orbits and the case of one single orbit.
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For two distinct orbits of two dynamical systems we obtain conditions on measure
zero for both lim inf and lim sup sets in a very general setting. Specialising to two
mixing systems we obtain conditions for the lim inf and lim sup sets to have measure
one and simplify these conditions in a corollary when the two mixing systems are
indeed identical. In the special case of one dynamical system which is chosen to be
the doubling map we get particularly sharp results. For the lim sup set we obtain
a dichotomy and for the lim inf set we obtain bounds sharp enough to produce a
shrinking rate of the prnqn which gives measure zero for the lim inf set but measure
one for the lim sup set. Our final result within the two distinct orbit case concerns
the situation when one system is a rotation with a Diophantine condition and one
system is mixing with respect to the Lebesgue measure. In this case we also obtain
conditions for which the lim inf and lim sup sets have measure one.

The single orbit case is more difficult and we obtain conditions for measure zero
and one of the lim inf and lim sup sets under somewhat stronger mixing assumptions.

2.1. Results for two distinct orbits.

Theorem 2.1. Let pX,T1, µ1q and pX,T2, µ2q be two probability preserving dynam-
ical systems and prnqn a sequence of positive numbers. Then

(a) If n2
ş

µ1pBpy, rnqq dµ2pyq Ñ 0, then

pµ1 ˆ µ2qplim inf
n

ET1,T2
n,rn q “ 0.

(b) If n
ş

µ1pBpy, rnqqdµ2pyq is decreasing and
ř8

n“1 n
ş

µ1pBpy, rnqq dµ2pyq ă

8 then
pµ1 ˆ µ2qplim sup

n
ET1,T2

n,rn q “ 0.

We note that the result holds with the obvious simplifications when the two
dynamical systems are identical. For part (b), the summability condition on the
prnqn holds for example if

ş

µ1pBpy, rnqq dµ2pyq À 1{pn2plog nq1`εq. Note that in
the case of one dynamical system, criteria of this type appear in other results, such
as [KKP, Theorem C], where

ř8

n“1

ş

µpBpy, rnqq dµpyq ă 8 is assumed in order to
get a result on returns of x to itself.

We will need the following definition of exponential mixing wrt. observables in
the well-known function spaces BV and L8.

Definition 2.2. Let pX,T, µq denote a measure preserving system where X Ă R.
If there are C, θ ą 0 such that for all ψ P BV and φ P L8,

ˇ

ˇ

ˇ

ˇ

ż

ψ ¨ φ ˝ Tn dµ´

ż

ψ dµ

ż

φdµ

ˇ

ˇ

ˇ

ˇ

ď C}ψ}BV }φ}L8e´θn,

then we say that pX,T, µq has exponential mixing for BV against L8.

In Section 2.3, some results will require L8 to be replaced by L1 in this definition.
Systems that are known to satisfy exponential mixing for BV against either L1

or L8 include piecewise expanding interval maps with µ being a Gibbs measure
and quadratic maps with Benedicks–Carleson parameter and µ being the absolutely
continuous invariant measure ([LSV], [Y]).

The next definition concerns exponential mixing wrt. observables in L8 and
the less-known function space Vα. This space along with its associated norm | ¨ |α

was introduced by Saussol in [S] where he defined and studied multidimensional
piecewise expanding maps (see also [BLR, section 5]). The definition of these maps
and of Vα is rather involved and extensive, hence we refrain from giving the details
and refer the interested reader to the cited papers. For our purposes the intuition
that the | ¨ |α-norm is an analogue of the BV -norm for higher dimensional maps
suffices (in fact, here we only use that characteristic function on balls have norm
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bounded independently of the ball, as well as the maps x ÞÑ µpBpx, rqq) along with
the fact that Saussol proved that his multidimensional piecewise expanding maps
defined on a compact subset of Rn satisfy the following mixing property.

Definition 2.3 (see [S] and [BLR]). Let pX,T, µq denote a measure preserving
system where X Ă Rn. If there are C, θ ą 0 such that for all ψ P Vα and φ P L8,

ˇ

ˇ

ˇ

ˇ

ż

ψ ¨ φ ˝ Tn dµ´

ż

ψ dµ

ż

φdµ

ˇ

ˇ

ˇ

ˇ

ď C|ψ|α}φ}L8e´θn,

then we say that pX,T, µq has exponential mixing for Vα against L8.

Theorem 2.4. Let pX,T1, µ1q and pX,T2, µ2q be two probability preserving systems
which are exponentially mixing for either BV against L8 or Vα against L8. Let
prnqn be a sequence of positive numbers.

(a) If prnqn is decreasing and for some ε ą 0 we have
ż

µ1pBpy, rnqq dµ2pyq Á
plog nq3plog log nq1`ε

n2

and
`ş

µipBpy, rnqq dµipyq
˘

1
2

ş

µ1pBpy, rnqq dµ2pyq
À

n

plog nq2plog log nq1`ε
, i “ 1, 2, (2.1)

then

pµ1 ˆ µ2q

´

lim inf
n

ET1,T2
n,rn

¯

“ 1.

(b) If for some hpnq Ñ 8 we have
ż

µ1pBpy, rnqq dµ2pyq ě
plog nq2hpnq

n2

and
`ş

µipBpy, rnqq dµipyq
˘

1
2

ş

µ1pBpy, rnqq dµ2pyq
ď

n

plog nqhpnq
, i “ 1, 2, (2.2)

then

pµ1 ˆ µ2q

ˆ

lim sup
n

ET1,T2
n,rn

˙

“ 1.

Remark 2.5. If µ1 or µ2 are Ahlfors regular, i.e., there exist C, s ą 0 such that

1

C
rs ď µpBpx, rqq ď Crs for all x,

then all of our conditions on measures of balls, and their integrals, depend only on
s and prnqn.

We examine the conditions on prnqn in part (a) of Theorem 2.4 in two examples.
Part (b) can be considered in the same way.

Example 2.6. If µ1 and µ2 are equivalent and there is a constant c ě 1 such that

c´1 ď
dµ1

dµ2
ď c,

then for all large n it is in this case enough, since ε ą 0 is arbitrary, to require in
part (a) that

ż

µ1pBpy, rnqq dµ1pyq ě
plog nq4plog log nq2`ε

n2
,

and
ż

µ2pBpy, rnqq dµ2pyq ě
plog nq4plog log nq2`ε

n2
.
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Example 2.7. Suppose that pT1, µ1q is the doubling map with Lebesgue measure,
and that pT2, µ2q is a quadratic map for a Benedicks–Carleson parameter, with the
invariant measure which is absolutely continuous with respect to Lebesgue measure.

We have of course that r ď µ1pBpy, rqq ď 2r, so that

r ď

ż

µ1pBpy, rqq dµ1pyq ď 2r

and

r ď

ż

µ1pBpy, rqq dµ2pyq ď 2r.

To estimate
ş

µ2pBpy, rqq dµ2pyq, we note that it is known that µ2 has a density
which is sum of a BV function, bounded away from zero, and countably many
one-sided singularities of the form 1{

?
x, see [Y, Theorem 1]. Because of this, we

have cr ď µ2pBpy, rqq and

cr ď

ż

µ2pBpy, rqq dµ2pyq.

To get an upper bound, it is enough to consider the case that the density of µ2 is
hpxq “ 1{

?
x on r0, 1s. We then have that

µ2pBpy, rqq “

ż y`r

y´r

1
?
x
dx ď

2r
?
y ´ r

if y ´ r ě 0 and

µ2pBpy, rqq “

ż y`r

0

1
?
x
dx “ 2

?
y ` r ď 2

?
2
?
r

if y ´ r ă 0.
Hence,

ż

µ2pBpy, rqq dµ2pyq ď

ż r

0

2
?
2r

1
?
y
dy `

ż 1

r

2r
?
y ´ r

1
?
y
dy

ď 4
?
2r

?
r ` 2r

ż 1

0

1
?
y

?
y ` r

dy

“ 4
?
2r ` 4r logp1{

?
r `

a

1 ` 1{rq

ď Cr| log r|.

The conditions in Theorem 2.4 (a) on rn are therefore the following:

rn ě
plog nq3plog log nq1`ε

n2
,

?
rn
rn

ď
n

plog nq2plog log nq1`ε
,

a

rn| log rn|

rn
ď

n

plog nq2plog log nq1`ε
.

This simplifies to

rn ě
plog nq3plog log nq1`ε

n2
, and

rn
| log rn|

ě
plog nq4plog log nq2`2ε

n2
.

Hence, it is enough to require that

rn ě
plog nq5plog log nq2`ε

n2
,

for some ε ą 0.
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The proof of Theorem 2.4 will be given for the case of exponential mixing for BV
against L8. The proof for Vα against L8 is essentially identical but would require
us to give the precise definition of Vα and | ¨ |α.

As an immediate corollary of Theorem 2.4 we obtain the simpler statement for
one system.

Corollary 2.8. Let pX,T, µq be a probability preserving dynamical system which is
exponentially mixing for either BV against L8 or Vα against L8. Let prnqn be a
sequence of positive numbers.

(a) If prnqn is decreasing and
ż

µpBpy, rnqq dµpyq Á
plog nq4plog log nq2`ε

n2
,

then

pµˆ µqplim inf
n

ET
n,rnq “ 1.

(b) If for some function hpnq Ñ 8
ż

µpBpy, rnqq dµpyq ě
plog nq2hpnq

n2
,

then

pµˆ µqplim sup
n

ET
n,rnq “ 1.

The doubling map case. Let X “ r0, 1s, T : X Ñ X be given by Tx “ 2x mod 1,
let µ denote the Lebesgue measure on X and let d denote the Euclidian metric
on X. We note that all results in this subsection also hold for the map Tx “ kx
mod 1, k P N, k ě 2.

For lim infnEn we get the following result.

Theorem 2.9. Let prnqn be a sequence of positive numbers.

(a) If n2rn Ñ 0 then

pµˆ µq

´

lim inf
n

ET
n,rn

¯

“ 0.

(b) If prnqn is decreasing and

8
ÿ

n“0

1

22nr2n
ă 8. (2.3)

then

pµˆ µq

´

lim inf
n

ET
n,rn

¯

“ 1.

Remark 2.10. We note that by Cauchy condensation (see Lemma 3.1 below), we
have

8
ÿ

n“1

1

n3rn
ă 8 ô

8
ÿ

n“0

1

22nr2n
ă 8,

provided pn3rnqn is increasing. Condition (2.3) is for example satisfied for

rn “
log nplog lognq1`ϵ

n2

for any ϵ ą 0. In this case we see that

8
ÿ

n“0

1

n3rn
“

8
ÿ

n“0

1

n log nplog log nq1`ϵ
ă 8.

We are able to prove the following dichotomy for lim supnEn.
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Theorem 2.11. Let prnqn be a decreasing sequence of positive numbers s.t. also
pnrnqn is decreasing. Then

pµˆ µqplim sup
n

ET
n,rnq “

#

0 if
ř8

n“1 nrn ă 8,

1 if
ř8

n“1 nrn “ 8.

Remark 2.12. Actually, pnrnqn being decreasing is only required for the measure 0
case. For the measure 1 case it is sufficient to assume that prnqn is decreasing.

Remark 2.13. We note that Theorem 2.9 and Theorem 2.11 together show that radii
sequences with 0 “ pµˆ µqplim infnEnq ă pµˆ µqplim supnEnq “ 1 exist. Take for
example

rn “
1

n2 log n
.

Then n2rn “ 1
logn Ñ 0 and

ř8

n“1 nrn “
ř8

n“1
1

n logn “ 8 which means that the

conditions for both results are satisfied.

2.2. Results when one system is a rotation.

Theorem 2.14. Suppose that X is the circle and both µ1 and µ2 are Lebesgue
measure. Moreover, suppose that pX,T1, µ1q is exponentially mixing for BV against
L8 and that pX,T2, µ2q is a rotation by an angle α. Let prnqn be a sequence of
positive numbers.

(a) If n2rn Ñ 0, then pµ1 ˆ µ2qplim infnÑ8 ET1,T2
n,rn q “ 0.

(b) If pnrnqn is decreasing and
ř8

n“1 nrn ă 8, then pµ1ˆµ2qplim supnE
T1,T2
n,rn q “

0.
(c) Suppose some ε ą 0 that α satisfies

|qα ´ p| ě cpαqplog qq2 ¨ plog logpqqq1`ε{q2

for all sufficiently large q P N. If prnqn is decreasing and satisfies rn Á
plognq

2
plog lognq

1`δ

n2 with 0 ă δ ă ε, then pµ1 ˆ µ2qplim infnE
T1,T2
n,rn q “ 1.

(d) Suppose α satisfies |qα ´ p| ě cpαq log q ¨ φpqq{q2 for all sufficiently large

q P N, where φpqq Ñ 8 as q Ñ 8. If prnqn satisfies rn ě
logn¨hpnq

n2 for
some hpnq with hpnq Ñ 8 and hpnq{φpnq Ñ 0 as n Ñ 8, then pµ1 ˆ

µ2qplim supnE
T1,T2
n,rn q “ 1.

We emphazise that the Diophantine condition imposed on the angle α in parts
(c) and (d) is satisfied for almost every α. This follows from Khinchin’s Theorem on
metric Diophantine approximation which implies that if

ř

q ψpqq converges, then

a.e. number α satisfies |qα´ p| ě ψpqq for all sufficiently large q P N. For example,
our Diophantine conditions are satisfied for all numbers of Diophantine exponent
strictly less than 1. Here we recall that α has Diophantine exponent σ if there exists
a constant C ą 0 such that |qα ´ p| ě C

q1`σ for all q P N.

2.3. Results for a single orbit. Recall the notation

Fn “ FT
n,rn “ tx : dpT ix, T jxq ă rn for some 0 ď i ă j ă n u.

We will need the following definition.

Definition 2.15. Let pX,T, µq denote a measure preserving system whereX Ă R. If
there exist C 1, θ1 ą 0 such that for all ψ1, ψ2 P BV , φ1, φ2 P L8, and 0 ď a ă b ď c,
ˇ

ˇ

ˇ

ˇ

ż

ψ1 ¨ ψ2 ˝ T a ¨ φ1 ˝ T b ¨ φ2 ˝ T c dµ´

ż

ψ1 ¨ ψ2 ˝ T a dµ

ż

φ1 ¨ φ2 ˝ T c´b dµ

ˇ

ˇ

ˇ

ˇ

ď C 1pψ1, ψ2, φ1, φ2qe´θ1
pb´aq,

then we say that pX,T, µq has exponential 4-mixing for BV against L8.
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Note that by setting ψ1 “ φ2 “ Id we get 2-mixing for BV against L8 with the
same constants C 1 and θ1 as in the 4-mixing estimate. The 4-mixing property is
known to hold for Gibbs–Markov interval maps, see [Z, Lemma 4.16]. In our case
each of the observables will be characteristic functions on an interval, and we will
assume that C 1 can be taken independently of the intervals. See [Z, Lemma 4.16]
for a case of this.

Remark 2.16. The uniformity of C 1 is automatic for intervals. By Collet [C] (using
Banach–Steinhaus), we have C 1pψ1, ψ2, φ1, φ2q “ C∥ψ1∥BV ∥ψ2∥BV ∥φ1∥8∥φ2∥8,
and for intervals all these norms are uniformly bounded.

Let Apr, nq :“ tx : dpx, Tnxq ă r u. We will need to assume the following short
return time estimate which states that there exist C and s ą 0 such that

µpApr, nqq ď Crs. (2.4)

There are several known estimates of this type in the literature, see for instance
Holland, Nicol and Török [HNT, Lemma 3.4], Kirsebom, Kunde and Persson [KKP,
Section 6.2] and Holland, Kirsebom, Kunde and Persson [HKKP, Lemma 13.7].

Theorem 2.17. Let pX,T, µq be probability preserving dynamical system with an
interval X Ă R. Let prnqn be a sequence of positive numbers.

(a) Assume pX,T, µq is exponentially mixing for BV against L1, and that
the short return time estimate (2.4) holds with constants C, s ą 0. If

rn ď 1{ppn log nq
1
shpnqq and

ş

µpBpx, rnqq dµpxq ď 1
n2hpnq

for some function

hpnq Ñ 8 when n Ñ 8, then µplim infn F
T
n,rnq “ 0.

(b) Assume pX,T, µq is exponentially mixing for BV against L1, that the short
return time estimate (2.4) holds with constants C, s ą 0 and that rn À

n´1{splog nq´2{s´ε for some ε. If n
ş

µpBpx, rnqq dµpxq is decreasing and
ř8

n“1 n
ş

µpBpx, rnqq dµpxq ă 8, then µplim supn F
T
n,rnq “ 0.

(c) Assume pX,T, µq is exponentially 4-mixing for BV against L8. Let prnqn

be decreasing such that rn ě n´β for some β ą 0 and
ş

µpBpy, rnqq dµpyq ě

plognq
4

plog lognq
2`ε

n2 , then µplim infn F
T
n,4rnq “ 1.

(d) Assume pX,T, µq is exponentially 4-mixing for BV against L8, rn ě n´β

for some β ą 0 and
ş

µpBpy, rnqq dµpyq ě
plognq

2hpnq

n2 , for some function

hpnq Ñ 8 as n Ñ 8, then µplim supn F
T
n,4rnq “ 1.

Remark 2.18. Theorem 2.17 is stated for X Ă R being an interval. We could have
stated it more generally for a compact subset X Ă Rn by changing the definition
of 4-mixing analogue to Definition 2.3, i.e. by exchanging the BV -norm with the
| ¨ |α-norm. However, beyond interval maps there are, to our knowledge, no known
examples of systems satisfying either this generalized 4-mixing for Vα or the short
return time estimate of (2.4). For this reason we opted for the simpler formulation.

Examples of systems for which Theorem 2.17 holds include the doubling map
(and more generally Tx “ kx mod 1 for some k P N, k ě 2), piecewise expanding
interval maps where µ is absolutely continuous wrt. Lebesgue, and the Gauss map
with the Gauss measure.

The proof of Theorem 2.17(c) is similar to the proof of [Z, (4.2) in Theorem 4.8]:
note that many of the ideas there were developed for a different case in [GRS].

3. Two mixing systems proofs

We include a useful version of Cauchy Condensation, see for example the proof
of [HKKP, Proposition 10.1]:
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Lemma 3.1. Suppose pcnqn has cn ě cn`1 ą 0 and a ą 1. Then
8
ÿ

n“1

cn ă 8 ðñ

8
ÿ

k“1

akctaku ă 8.

We also require the following results.

Lemma 3.2. Suppose that pX,µ1q, pX,µ2q are probability spaces with X Ă Rn.
Then there exists K ą 0 such that if r ą 0 is sufficiently small then

µipBpy, rqq ď K

ˆ
ż

µipBpx, rqq dµipxq

˙
1
2

for i “ 1, 2.

Hence also
ż

µipBpx, rqq2 dµjpxq ď K

ˆ
ż

µipBpx, rqq dµipxq

˙
1
2
ż

µipBpx, rqq dµjpxq.

for pi, jq “ p1, 2q, p2, 1q.

Note that when µ1 “ µ2, the second statement is the conclusion of [BLR,
Lemma 14].

Proof. Since X Ă Rn, we can cover Bpy, rq by K0 balls of radius r{2. Let Bpz, r{2q

be the ball of largest µi-measure, then µipBpz, r{2qq ě µipBpy, rqq{K0. Then
ż

µipBpx, rqq dµipxq ě

ż

Bpz,r{2q

µipBpx, rqq dµipxq ě

ż

Bpz,r{2q

µipBpz, r{2qq dµipxq

“ µipBpz, r{2qq2 ě
1

K2
0

µipBpy, rqq2,

so setting K “ K0 the first statement of the lemma is proved. The second statement
is then immediate. □

Lemma 3.3. Let pX,µq denote a probability space where X Ă R. For any r ą 0,
ψr : X Ñ R given by y ÞÑ µ1pBpy, rqq is BV with total variation bounded above by
2.

Proof. We have that µpBpy, rqq “ µpp´8, y ` rqq ´ µpp´8, y ´ rsq. Hence, the
function ψr is a difference of two increasing functions, both increasing from 0 to 1.
It follows immediately that the total variation of ψr is at most 1 ` 1 “ 2. □

Remark 3.4. An analogue of this lemma in higher dimension for | ¨ |α also holds.
Indeed, a stronger statement is proved in [BLR, Section 5].

Proof of Theorem 2.1(a). Given a sequence prnqn, let

Snpx, yq “
ÿ

0ďi,jăn

1BpT j
2 y,rnq

pT i
1xq. (3.1)

Note that Snpx, yq “ 0 implies px, yq R En. We argue that the result follows if
EpSnq Ñ 0. Indeed, since Sn ě 0, there exists a subsequence pnkqk s.t. Snk

px, yq Ñ 0
a.s. Since Snpx, yq is integer-valued this means that a.s. Snk

px, yq “ 0 for all
sufficiently large k. In particular, this means that px, yq R lim infnEn. Hence we
compute the expectation of Sn. By the T1-invariance of µ1 and T2-invariance of µ2,

EpSnq “
ÿ

0ďi,jăn

ĳ

1BpT j
2 y,rnq

pT i
1xq dµ1pxqdµ2pyq

“
ÿ

0ďi,jăn

ż

µ1pBpy, rnqq dµ2pyq “ n2
ż

µ1pBpy, rnqq dµ2pyq Ñ 0.

This concludes the proof. □
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Proof of Theorem 2.1(b). Given a sequence prnqn which decreases such that also
n
ş

µ1pBpy, rnqq dµ2pyq is decreasing, let

S̃npx, yq :“
ÿ

i,jPr0,2n`1q

1BpT j
2 y,r2n q

pT i
1xq,

S̃px, yq :“
8
ÿ

n“0

S̃npx, yq.

We argue that the result follows if EpS̃q ă 8. Indeed, then S̃px, yq ă 8 a.s., which

in turn means that a.s. S̃npx, yq “ 0 for all but finitely many n P N since the S̃n

are integer-valued. The definition of the S̃n along with the assumption rn ě rn`1

means that S̃npx, yq “ 0 implies px, yq R E2n`l for all l P t0, 1, . . . , 2n`1 ´ 2nu. So if

a.s. S̃npx, yq “ 0 for all sufficiently large n, then a.s. px, yq R lim supnEn.

Hence we compute the expectation of S̃. Since S̃n ě 0 we have EpS̃q “
ř8

n“1 EpS̃nq. By the T1-invariance of µ1 and T2-invariance of µ2,

EpS̃q “

8
ÿ

n“0

ÿ

i,jPr0,2n`1q

ż ż

1BpT j
2 y,r2n q

pT i
1xq dµ1pxqdµ2pyq

“

8
ÿ

n“0

ÿ

i,jPr0,2n`1q

ż

µ1pBpT j
2 y, r2nqq dµ2pyq

“

8
ÿ

n“0

22pn`1q

ż

µ1pBpy, r2nqq dµ2pyq.

Hence the assumption that
ř8

n“0 2
2n

ş

µ1pBpy, r2nqq dµ2pyq ă 8 implies that EpS̃q

is bounded. Since n
ş

µ1pBpy, rnqq dµ2pyq is assumed decreasing, Lemma 3.1 gives
that this is equivalent to the assumption

8
ÿ

n“0

n

ż

µ1pBpy, rnqq dµ2pyq ă 8.

This concludes the proof. □

Proof of Theorem 2.4(a). Suppose, without loss of generality, that the exponential
mixing constants are the same for both systems.

Given a decreasing sequence prnqn, for x, y P X, define

Ŝnpx, yq :“
ÿ

i,jPr0,2nq

1BpT j
2 y,r2n`1 q

pT i
1xq.

The motivation for defining Ŝn along the subsequence 2n will become clear later in
the proof. Note that Ŝn is constructed so that if for some n P N we have Ŝnpx, yq ě 1,
then since prnqn is decreasing, also

ř

i,jPr0,lq 1BpT j
2 y,rlq

pT i
1xq ě 1 for all l P r2n, 2n`1s.

Hence if Ŝnpx, yq ě 1 for all large n, then px, yq P lim infnEn and if Ŝnpx, yq ě 1 for
all large n is true a.s., then pµ1 ˆ µ2qplim infnEnq “ 1. We argue that the result

follows if EpŜnq Ñ 8 and

8
ÿ

n“1

E

˜

Ŝn

EpŜnq
´ 1

¸2

ă 8. (3.2)



ALMOST SURE ORBITS CLOSENESS 11

The argument is standard and well-known but we include it for completeness. By

the Markov inequality, since
´

Ŝn

EpŜnq
´ 1

¯2

ě 0, we get that for any δ ą 0,

pµ1 ˆ µ2q

¨

˝

˜

Ŝnpx, yq

EpŜnq
´ 1

¸2

ě δ

˛

‚ď
1

δ
E

˜

Ŝn

EpŜnq
´ 1

¸2

.

By (3.2), the right hand side is summable and hence the left hand side is as well By
the Borel–Cantelli Lemma, along with the fact that δ ą 0 is arbitrary, we conclude

that a.s.
ˇ

ˇ

Ŝnpx,yq

EpŜnq
´ 1

ˇ

ˇ ě δ is true for at most finitely many n P N. In other words,

a.s. for all n sufficiently large we have Ŝnpx,yq

EpŜnq
P p1 ´ δ, 1 ` δq. Since EpŜnq Ñ 8

also a.s. Ŝnpx, yq Ñ 8 and in particular a.s. Ŝnpx, yq ě 1 for all n sufficiently large
which concludes the argument.

We now prove EpŜnq Ñ 8 and (3.2). Using T1-invariance of µ1 and T2-invariance
of µ2 we first compute

EpŜnq “ 22n
ż

µ1pBpy, r2n`1qq dµ2pyq Ñ 8.

by the assumption on the lower bound of shrinking rate of the integral.

Next, note that the summands in (3.2) are equal to
EpŜ2

nq´EpŜnq
2

EpŜnq2
. Since we

already have EpŜnq we proceed to estimate EpŜ2
nq. Because

EpŜ2
nq “

ÿ

i1,i2,j1,j2Pr0,2nq

ż ż

1
BpT

j1
2 y,r2n`1 q

pT i1
1 xq¨1

BpT
j2
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq,

it suffices to assume that i1 ă i2, j1 ă j2 since for the three other combinations
of inequalities, the upcoming estimates will give the same bound. For this case of
indices we then split the sum into the four pairs arising from the cases where for
some c ą 0 (to be chosen later) i2 ´ i1 ď cn, i2 ´ i1 ą cn, j2 ´ j1 ď cn, j2 ´ j1 ą cn.

For i2 ´ i1 ą cn and j2 ´ j1 ą cn, i.e. the totally separated case,

ÿ

i1,i2Pr0,2nq
i2´i1ącn

ÿ

j1,j2Pr0,2nq
j2´j1ącn

ż ż

1
BpT

j1
2 y,r2n`1 q

pT i1
1 xq1

BpT
j2
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq

“
ÿ

i1,i2Pr0,2nq
i2´i1ącn

ÿ

j1,j2Pr0,2nq
j2´j1ącn

ż ż

1
BpT

j1
2 y,r2n`1 q

pxq1
BpT

j2
2 y,r2n`1 q

pT i2´i1
1 xq dµ1pxqdµ2pyq

ď
ÿ

i1,i2Pr0,2nq
i2´i1ącn

ÿ

j1,j2Pr0,2nq
j2´j1ącn

ˆ
ż

µ1pBpy, r2n`1qqµ1pBpT j2´j1
2 y, r2n`1qq dµ2pyq`

` 2Ce´nθc

˙

ď
ÿ

i1,i2Pr0,2nq
i2´i1ącn

ÿ

j1,j2Pr0,2nq
j2´j1ącn

ˆˆ
ż

µ1pBpy, r2n`1qq dµ2pyq

˙2

` 4Ce´nθc

˙

ď 24n
ˆˆ

ż

µ1pBpy, r2n`1qq dµ2pyq

˙2

` 4Ce´nθc

˙

“ EpŜnq2 ` 24n`2Ce´nθc,

where the first two inequalities follow from the mixing properties of the two systems,
and in the second we use Lemma 3.3 or Remark 3.4.
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For i2 ´ i1 ď cn and j2 ´ j1 ď cn, i.e. the totally non-separated case,

ÿ

i1,i2Pr0,2nq
0ďi2´i1ďcn

ÿ

j1,j2Pr0,2nq
0ďj2´j1ďcn

ż ż

1
BpT

j1
2 y,r2n`1 q

pT i1
1 xq ¨ 1

BpT
j2
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq

ď
ÿ

i1,i2Pr0,2nq
0ďi2´i1ďcn

ÿ

j1,j2Pr0,2nq
0ďj2´j1ďcn

ż

µ1pBpT j1
2 y, r2n`1qq dµ2pyq

“ pcnq222n
ż

µ1pBpy, r2n`1qq dµ2pyq “ pcnq2EpŜnq.

For i2 ´ i1 ą cn and j2 ´ j1 ď cn, i.e. a half-separated case (we can swap T1 and
T2 to get the other half-separated case),

ÿ

i1,i2Pr0,2nq
i2´i1ącn

ÿ

j1,j2Pr0,2nq
0ďj2´j1ďcn

ż ż

1
BpT

j1
2 y,r2n`1 q

pT i1
1 xq ¨ 1

BpT
j2
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq

“
ÿ

i1,i2,j1,j2Pr0,2nq
i2´i1ącn

0ďj2´j1ďcn

ż ż

1
BpT

j1
2 y,r2n`1 q

pxq ¨ 1
BpT

j2
2 y,r2n`1 q

pT i2´i1
1 xq dµ1pxqdµ2pyq

ď
ÿ

i1,i2Pr0,2nq
i2´i1ącn

ÿ

j1,j2Pr0,2nq
0ďj2´j1ďcn

ˆ
ż

µ1pBpT j1
2 y, r2n`1qqµ1pBpT j2

2 y, r2n`1qq dµ2pyq`

` 2Ce´nθc

˙

ď
ÿ

i1,i2Pr0,2nq
i2´i1ącn

ÿ

j1,j2Pr0,2nq
0ďj2´j1ďcn

ˆ
ż

µ1pBpy, r2n`1qq2 dµ2pyq ` 2Ce´nθc

˙

ď cn23n
ˆ
ż

µ1pBpy, r2n`1qq2 dµ2pyq ` 2Ce´nθc

˙

,

where in the penultimate line we use the Hölder inequality and T2-invariance of µ2.
As mentioned earlier, we aim to show that EpŜ2

nq ´ EpŜnq2, when divided by

EpŜnq2 are summable. Note that the definition of Ŝn along the subsequence 2n

becomes essential at this stage in the proof. Collecting our estimates from above we

see that if we ignore multiplicative constants, the
EpŜ2

nq´EpŜnq
2

EpŜnq2
are bounded by

24ne´nθc

EpŜnq2
`
n2EpŜnq

EpŜnq2
`
n23n

ş

µ1pBpy, r2n`1qq2 dµ2pyq

EpŜnq2
`
n23ne´nθc

EpŜnq2
.

The fourth summand is dominated by the first so it suffices to demonstrate that the
first three are summable. For the first summand we have,

24ne´nθc

EpŜnq2
“

e´nθc

`ş

µ1pBpy, r2n`1qq dµ2pyq
˘2 ď

24n`4e´nθc

pn3plog log 2 ` log nq1`εplog 2q3q2
.

by the assumption that
ş

µ1pBpy, rnqq dµ2pyq ě
plognq

3
plog lognq

1`ε

n2 . So choosing
c ě 4 log 2{θ, this is summable.

Using the same assumption on the integral we get for the second summand that

n2EpŜnq

EpŜnq2
“

n2

22n
ş

µ1pBpy, r2n`1qq dµ2pyq
ď

1

nplog log 2 ` log nq1`εplog 2q3
,

which is summable.
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For the third summand we apply Lemma 3.2 and the assumption (2.1) for i “ 1
to obtain

n23n
ş

µ1pBpy, r2n`1qq2 dµ2pyq

EpŜnq2

ď
n23n

`ş

µ1pBpy, r2n`1qq dµ1pyq
˘

1
2
ş

µ1pBpy, r2n`1qq dµ2pyq

24n
ˆ

ş

µ1pBpy, r2n`1qq dµ2pyq

˙2

“
n
`ş

µ1pBpy, r2n`1qq dµ1pyq
˘

1
2

2n
ş

µ1pBpy, r2n`1qq dµ2pyq
.

ď
2

nplog log 2 ` log nq1`εplog 2q2

which is also summable.
As mentioned above, the other half-separated case is obtained by switching T1

and T2 and applying (2.1) for i “ 2 instead of i “ 1. This concludes the proof of
part (a). □

Proof of Theorem 2.4(b). Given a sequence prnqn, let again

Snpx, yq “
ÿ

0ďi,jăn

1BpT j
2 y,rnq

pT i
1xq.

Note that by the assumption on the shrinking rate of the integral,

EpSnq “ n2
ż

µ1pBpy, rnqq dµ2pyq ě plog nq2hpnq Ñ 8.

We argue that the result follows if E
´

Sn

EpSnq
´ 1

¯2

Ñ 0. Indeed, then there exists

a subsequence pnkqk s.t.
´

Snk
px,yq

EpSnk
q

´ 1
¯2

Ñ 0 ñ
Snk

px,yq

EpSnk
q

Ñ 1 a.s. Since the

denominator goes to infinity, so must Snk
px, yq for k Ñ 8 a.s. This implies that

px, yq P lim supnEn a.s.

To estimate the quantity E
´

Sn

EpSnq
´ 1

¯2

we follow the steps of part (a). The

difference to part (a) is limited to the fact that we sum over the indices in r0, nq

instead of r0, 2nq and the threshold for indices to be “separated” is given by c log n
instead of cn. Repeating the same calculations as in part (a), we obtain for part (b)
the estimate (again ignoring multiplicative constants)

n4e´cθ logn

EpSnq2
`

plog nq2EpSnq

EpSnq2
`

plog nqn3
ş

µ1pBpy, rnqq2 dµ2pyq

EpSnq2
`

plog nqn3e´cθ logn

EpSnq2

on the quantity of interest. Again, the fourth summand is dominated by the first so
it suffices to demonstrate that the first three summands vanish.

For the first summand we get,

n4e´cθ logn

EpSnq2
“

1

ncθ
`ş

µ1pBpy, rnqq dµ2pyq
˘2 ď

n4

ncθplog nq4phpnqq2

by the assumption that
ş

µ1pBpy, rnqq dµ2pyq ě
plognq

2hpnq

n2 . So choosing c ě 4
θ , this

goes to zero.
Using the same assumption on the integral we get for the second summand that

plog nq2EpSnq

EpSnq2
“

plog nq2

n2
ş

µ1pBpy, rnqq dµ2pyq
ď

1

hpnq
,

which goes to zero.
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For the third summand we apply Lemma 3.2 and the assumption (2.2) to obtain

plog nqn3
ş

µ1pBpy, rnqq2 dµ2pyq

EpSnq2
ď

plog nqn3
`ş

µ1pBpy, rnqq2 dµ1pyq
˘

1
2

n4
ş

µ1pBpy, rnqq2 dµ2pyq
ď

1

hpnq
,

which goes to zero.
This concludes the proof of part (b). □

3.1. Proofs for the doubling map. For the proofs relating to the doubling map
we will use the notation µ2 :“ pµˆ µq to simplify expressions.

Proof of Theorem 2.11. The zero measure case follows from Theorem 2.1(b). We
now consider the measure 1 case.

Clearly,

Gn :“
ď

0ďiďjăn

tpx, yq : dpT ix, T jyq ď rnu

Ă
ď

0ďi,jăn

tpx, yq : dpT ix, T jyq ď rnu “ En,

implying that lim supnGn Ă lim supnEn. In the following we will construct a subset
of lim supnGn which is easier to work with. Consider now

Hn :“
ď

0ďiďjăn

tpx, yq : dpT ix, T jyq ď rju.

Write

Ci,j :“ tpx, yq : dpT ix, T jyq ď rju

Bi,j,n :“ tpx, yq : dpT ix, T jyq ď rnu

such that

Hn “
ď

0ďiďjăn

Ci,j

Gn “
ď

0ďiďjăn

Bi,j,n.

For a given j ď n, Ci,j “ Bi,j,j Ă Gj . Hence

Hn Ă

n
ď

j“1

Gj .

We next want to restructure Jn :“ tpi, jq : 1 ď i ď j ď nu from being an array to
a sequence. We do this by introducing the ordering ĺ whereby pi1, j1q ĺ pi2, j2q if
j2 ą j1 or if j2 “ j1 and i2 ě i1. Using this ordering we may reenumerate the Ci,j ’s

chronologically from 1 up to |Jn| “
npn`1q

2 , i.e. for each pi, jq P Jn, Ci,j “: Al for

some l P t1, . . . , npn`1q

2 u. Note that this restructuring may equally well be done for
the infinite array J :“ tpi, jq : 1 ď i ď ju giving rise to an infinite sequence. This
restructuring allows us to consider the lim sup set of the Ci,j “ Al’s, i.e.

lim sup
l

Al “

8
č

l“1

8
ď

k“l

Ak.

Suppose px, yq P lim suplAl. This means that px, yq P Al for infinitely many l, or
similarly, px, yq P Ci,j for infinitely many distinct pairs pi, jq P J . In particular,
since there are for each j only finitely many options for i, there exists pairs pi, jq P J
with arbitrarily large value of j for which px, yq P Ci,j . Since Ci,j Ă Gj we have
that px, yq P Gj for infinitely many j. In other words, px, yq P lim supnGn.
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We conclude that

lim sup
l

Al Ă lim sup
n

Gn Ă lim sup
n

En

and consequently

µ2plim sup
l

Alq ď µ2

ˆ

lim sup
n

En

˙

.

We will prove that µ2 plim suplAlq “ 1, thereby concluding µ2 plim supnEnq “ 1.
Assume that

8
ÿ

n“1

nrn “ 8. (3.3)

Extending 1Bp0,rjq to a periodic function on R, for any given l P N we have

µ2pAlq “ µ2pCi,jq “

ż

1Ci,jdµ
2 “

ĳ

1Bp0,rjqp2ix´ 2jyq dx dy

for some pi, jq P J . We may write the periodic extension of 1Bp0,rjq via its Fourier
series,

1Bp0,rjqpzq “
ÿ

kPZ
cj,ke

2πikz

which means that

µ2pAlq “
ÿ

kPZ
cj,k

ĳ

e2πikp2ix´2jyq dx dy “ cj,0 “

ż

1Bp0,rjqdµ
2 “ 2rj

since the integrals are zero unless k “ 0 in which case it is 1. From this we can
compute the partial sums of the µ2pAlq, namely, we write any given M P N as
M “ kn `a for some n P N where kn “

řn
i“1 i and 1 ď a ă n`1, thereby obtaining

M
ÿ

l“1

µ2pAlq “

kn
ÿ

l“1

µ2pAlq `

M
ÿ

l“kn`1

µ2pAlq “
ÿ

1ďiďjďn

µ2pCi,jq `

a
ÿ

i“1

µ2pCi,n`1q

“

n
ÿ

j“1

j2rj ` a2rn`1
nÑ8
ÝÑ 8

where the divergence holds by assumption (3.3). Clearly M Ñ 8 for n Ñ 8

implying the divergence of the first sum as well. We aim to employ the following
consequence of the Erdős–Rényi version of the Borel–Cantelli lemma [ER] .

Lemma 3.5. Let pY,B, νq denote a probability space. If Al P B are sets such that

8
ÿ

l“1

νpAlq “ 8 (3.4)

and

lim inf
NÑ8

ÿ

1ďl1ăl2ďN

`

νpAl1 XAl2q ´ νpAl1qνpAl2q
˘

˜

N
ÿ

l“1

νpAlq

¸2 ď 0, (3.5)

then νplim suplAlq “ 1.

Since we already showed that property (3.4) is satisfied, we are left with showing
that (3.5) also holds. For this purpose we again invoke Fourier series. In the
following, sets Al1 , Al2 will be identified with the sets Ci1,j1 , Ci2,j2 respectively when
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indexed via an array. Since we sum over l1 ă l2 in condition (3.5) we may assume
without loss of generality that j2 ě j1. We have that

µ2pAl1 XAl2q “

ĳ

1Bp0,rj1 qp2i1x´ 2j1yq1Bp0,rj2 qp2i2x´ 2j2yq dx dy

“
ÿ

k1,k2PZ
cj1,k1

cj2,k2

ĳ

e2πipk1p2i1x´2j1yq`k2p2i2x´2j2yqq dx dy

“
ÿ

k1,k2PZ
cj1,k1

cj2,k2

ż

e2πipk12
i1`k22

i2 qx dx

ż

e´2πipk12
j1`k22

j2 qy dy.

We see that the integrals are only non-zero if
#

k12
i1 ` k22

i2 “ 0

k12
j1 ` k22

j2 “ 0
ñ

#

k1 “ ´k22
i2´i1

k1 “ ´k22
j2´j1 .

The last two equations can only be true if p :“ j2 ´ j1 “ i2 ´ i1 or k1 “ k2 “ 0.
Suppose that j2 ´ j1 “ i2 ´ i1. In this case the sum over k1 P Z can be replaced
by summing over the values ´k22

p. Furthermore, the central coefficients satisfy
cj1,0cj2,0 “ µpAl1qµpAl2q which we may subtract to the left hand side to obtain

µ2pAl1 XAl2q ´ µ2pAl1qµ2pAl2q “
ÿ

k2PZzt0u

cj1,´k22pcj2,k2

ď
ÿ

k2PZzt0u

|cj1,´k22pcj2,k2
|.

We have two upper bounds for the coefficients, namely the inverse of the index
over which the coefficient is summed as well as the integral of the function that the
Fourier series represents. More precisely,

|cj1,´k22pcj2,k2
| ď

#

1
|k2|2p

1
|k2|

“ 1
k2
22

p
ş

1Bp0,rj1 q dµ
2
ş

1Bp0,rj2 q dµ
2 “ 4rj1rj2

.

To optimize our upper bound we compute

4rj1rj2 ď
1

k222
p

ñ k2 ď p4rj1rj2q´ 1
2 2´

p
2

and split up our sum accordingly, that is, for Sj1,j2 :“ p4rj1rj2q´ 1
2 2´

p
2 we have

ÿ

k2PZzt0u

|cj1,´k22pcj2,k2
| “

tSj1,j2
u

ÿ

k2“1

|cj1,´k22pcj2,k2
| `

8
ÿ

k2“Sj1,j2

|cj1,´k22pcj2,k2
|

ď 2

¨

˝

tSj1,j2
u

ÿ

k2“1

4rj1rj2 `

8
ÿ

k2“Sj1,j2

1

k222
p

˛

‚

ď 8rj1rj2p4rj1rj2q´ 1
2 2´

p
2 `

2

Sj1,j22
p

! prj1rj2q
1
2 2´

p
2 .

In total we conclude that

µ2pAl1 XAl2q ´ µ2pAl1qµ2pAl2q

#

“ 0 if j2 ´ j1 ‰ i2 ´ i1,

! prj1rj2q
1
2 2´

j2´j1
2 if j2 ´ j1 “ i2 ´ i1.

With this estimate in hand we are ready to prove property (3.5) of Lemma 3.5. We
have

ÿ

1ďl1ăl2ďN

`

µ2pAl1 XAl2q ´ µ2pAl1qµ2pAl2q
˘

!
ÿ

1ďl1ăl2ďN

prj1rj2q
1
2 2´

j2´j1
2
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ď
ÿ

1ďl1ďl2ďN

rj12
´

j2´j1
2

since rj ě rj`1 by assumption. Recall that the sets Al1 , Al2 correspond to the sets
Ci1,j1 , Ci2,j2 , hence we need to rewrite the sum over 1 ď l1 ď l2 ď N as a sum
over the appropriate index set of the i1, i2, j1, j2. Since the condition in (3.5) is
given via the lim inf, it is sufficient if we can prove that the fraction vanishes along
a subsequence. We will do this for the subsequence N “ kn where kn “

řn
i“1 i.

Define the sets

In :“

"

pi1, i2, j1, j2q P N4 :
i1 ď j1 ď n j2 ´ j1 “ i2 ´ i1
i2 ď j2 ď n j1 ď j2

*

.

So we have
ÿ

1ďl1ďl2ďN

rj12
´

j2´j1
2 “

ÿ

In

rj12
´

j2´j1
2 .

First we note that the sum on the right hand side is independent of i1, i2. For fixed
j1 ď j2 ď n there are exactly j1 pairs pi1, i2q such that pi1, i2, j1, j2q P In, namely

p1, 1 ` pj2 ´ j1qq

p2, 2 ` pj2 ´ j1qq

...
pj1, j1 ` pj2 ´ j1qq.

Hence we may write

ÿ

In

rj12
´

j2´j1
2 “

ÿ

1ďj1ďj2ďn

j1rj12
´

j2´j1
2 “

n
ÿ

j1“1

j1rj1

n
ÿ

j2“j1

2´
j2´j1

2

ď

n
ÿ

j1“1

j1rj1

8
ÿ

m“0

2´ m
2 “ C1

n
ÿ

j1“1

j1rj1 .

This gives (3.5) since then

lim
nÑ8

ÿ

1ďl1ăl2ďkn

`

µ2pAl1 XAl2q ´ µ2pAl1qµ2pAl2q
˘

˜

N
ÿ

l“1

µ2pAlq

¸2 ď lim
nÑ8

C1

řn
j“1 jrj

p
řn

j“1 jrjq2

“ lim
nÑ8

C1
řn

j“1 jrj
“ 0

since
řn

j“1 jrj Ñ 8 for n Ñ 8 by assumption. We conclude that under this

assumption µ2plim supnEnq “ 1. □

Proof of Theorem 2.9. Part (a) is an immediate consequence of Theorem 2.1(a).
Proof of part (b). For a decreasing sequence prnqn, we again let

Ŝnpx, yq “
ÿ

i,jPr0,2nq

1BpT jy,r2n`1 qpT ixq.

The structure of the proof is the same as that of the proof of Theorem 2.4(a). As
explained in detail there, the result follows if we can prove that

8
ÿ

n“1

EpŜ2
nq ´ EpŜnq2

EpŜnq2
ă 8.
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To this end, we first compute the expectation of Ŝn. By T -invariance of µ we get

EpŜnq “
ÿ

i,jPr0,2nq

ż

µpBpT jy, r2n`1qq dµpyq

“
ÿ

i,jPr0,2nq

2r2n`1 “ 22n`1r2n`1 . (3.6)

Note that condition (2.3) implies EpŜnq Ñ 8. We are left with computing EpŜ2
nq.

We have

Ŝnpx, yq2 “
ÿ

i1,i2,j1,j2Pr0,2nq

1BpT j1y,r2n`1 qpT i1xq1BpT j2y,r2n`1 qpT i2xq

“
ÿ

i1,i2,j1,j2Pr0,2nq

1Bp0,r2n`1 qpT i1x´ T j1yq1Bp0,r2n`1 qpT i2x´ T j2yq

“
ÿ

i1,i2,j1,j2Pr0,2nq

1Bp0,r2n`1 qp2i1x´ 2j1yq1Bp0,r2n`1 qp2i2x´ 2j2yq.

Taking the expectation then gives

EpŜ2
nq “

ÿ

i1,i2Pr0,2nq

j1,j2Pr0,2nq

ĳ

1Bp0,r2n`1 qp2i1x´ 2j1yq1Bp0,r2n`1 qp2i2x´ 2j2yq dx dy.

We now proceed as in the proof of Theorem 2.11 by writing 1Bp0,r2n`1 q via its

Fourier series. For given i1, i2, j1, j2 P r1, 2ns we obtain
ĳ

1Bp0,r2n`1 qp2i1x´ 2j1yq1Bp0,r2n`1 qp2i2x´ 2j2yq dx dy

“
ÿ

k1,k2PZ
cj1,k1cj2,k2

ĳ

e2πi
`

k1p2i1x´2j1yq`k2p2i2x´2j2yq

˘

dx dy

“
ÿ

k1,k2PZ
cj1,k1

cj2,k2

ż

e2πipk12
i1`k22

i2 qx dx

ż

e2πipk12
j1`k22

j2 qy dy.

As in the proof of Theorem 2.11 we see that the integrals are only non-zero if
#

k12
i1 ` k22

i2 “ 0

k12
j1 ` k22

j2 “ 0
ñ

#

k1 “ ´k22
i2´i1

k1 “ ´k22
j2´j1 ,

that is, when k1 “ k2 “ 0 or when p :“ j2 ´ j1 “ i2 ´ i1. Suppose j2 ´ j1 “ i2 ´ i1.
In this proof we need to consider the two cases p ě 0 and p ă 0. For p ě 0 we
use the equation above for k1, i.e. we sum over k1 “ ´k22

p. For p ă 0 we instead
replace the sum over k2 by k2 “ ´k12

´p “ ´k12
|p|. However, referring again to the

proof of Theorem 2.11, we see that the final estimate of the Fourier coefficients does
not depend on k1 or k2, hence we can use the same bound. In total we get

ÿ

k1,k2PZ
cj1,k1cj2,k2

ż

e2πipk12
i1`k22

i2 qx dx

ż

e2πipk12
j1`k22

j2 qy dy

ď cj1,0cj2,0 `

#

0 if j2 ´ j1 ‰ i2 ´ i1,

r2n`12´
|j2´j1|

2 if j2 ´ j1 “ i2 ´ i1.

Define the index set

Ĩn :“
␣

pi1, i2, j1, j2q P N4 : i1, i2, j1, j2 ď n , j2 ´ j1 “ i2 ´ i1
(

.

The desired expectation can now be estimated through the expression

EpŜnq2 ď
ÿ

i1,i2,j1,j2Pr0,2nq

4r22n`1 `
ÿ

i1,i2,j1,j2PĨ2n

r2n`12´
|j2´j1|

2
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“ 24n`2r22n`1 ` r2n`1

ÿ

i1,i2,j1,j2PĨ2n

2´
|j2´j1|

2 .

We focus on the remaining sum. Since it does not depend on i1, i2 we consider the
number of pairs pi1, i2q for a given pair pj1, j2q, for which j2 ´ j1 “ i2 ´ i1. Certainly
this can be bounded from above by 2n. This means that

EpŜnq2 ď 24n`2r22n`1 ` 2nr2n`1

ÿ

j1,j2Pr0,2nq

2´
|j2´j1|

2

ď 24n`2r22n`1 ` 2nr2n`12
2n´1
ÿ

j1“0

2n
ÿ

j2“j1

2´
j2´j1

2

“ 24n`2r22n`1 ` 2nr2n`12
2n´1
ÿ

j1“0

8
ÿ

m“0

2´ m
2

ď 24n`2r22n`1 ` 2nr2n`12
2n´1
ÿ

j1“0

C1

ď 24n`2r22n`1 ` C12
2n`1r2n`1 ,

for some C1 ą 0.
Using this estimate along with (3.6) we can now compute

EpŜ2
nq ´ EpŜnq2

EpŜnq2
ď

24n`2r22n`1 ` C12
2n`1r2n`1 ´ p22n`1r2n`1q2

p22n`1r2n`1q2
(3.7)

“
C1

22n`1r2n`1

.

Hence
8
ÿ

n“0

C1

22n`1r2n`1

“ C1

8
ÿ

n“1

1

22nr2n
ă 8

by (2.3). We conclude that µ2plim infnEnq “ 1. □

4. Proofs for Rotations

Parts (a) and (b) of Theorem 2.14 follow immediately from Theorem 2.1 exploiting
that µ1 and µ2 are Lebesgue measure. The proof of parts (c) and (d), given below,
is similar to that of Theorem 2.4.

Proof of Theorem 2.14(c). Given a decreasing sequence prnqn, set again

Ŝnpx, yq :“
ÿ

i,jPr0,2nq

1BpT j
2 y,r2n`1 q

pT i
1xq.

As argued in Theorem 2.4(a), it is sufficient to show that
ř8

n“1
EpŜ2

nq´EpŜnq
2

EpŜnq2
ă 8.

As in the doubling map case, we can write EpŜnq “ 22n`1r2n`1 .

We begin by estimating EpŜ2
nq which we may also write as

ÿ

i1,i2,j1,j2Pr0,2nq

ĳ

1
BpT

j1
2 y,r2n`1 q

pT i1
1 xq ¨ 1

BpT
j2
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq.

Since only one the systems is mixing we distinguish just between two cases,
namely the separated case i2 ´ i1 ą cn and the non-separated case i2 ´ i1 ď cn with
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c ą 4 logp2q{θ. For the separated case we use exponential mixing of T1 with respect
to Lebesgue measure µ1 to obtain

ÿ

j1,j2Pr0,2nq

ÿ

i1,i2Pr0,2nq
i2´i1ącn

ĳ

1
BpT

j1
2 y,r2n`1 q

pT i1
1 xq ¨ 1

BpT
j2
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq

ď
ÿ

j1,j2Pr0,2nq

ÿ

i1,i2Pr0,2nq
i2´i1ącn

ż

´

µ1pBpT j1
2 y, r2n`1qµ1pBpT j2

2 y, r2n`1q`

` 2Ce´nθc
¯

dµ2pyq

ď 24n ¨
`

4r22n`1 ` 2Ce´nθc
˘

.

To investigate the non-separated case i2 ´ i1 ď cn we write

ÿ

j1,j2Pr0,2nq

ÿ

i1,i2Pr0,2nq
i2´i1ďcn

ĳ

1
BpT

j1
2 y,r2n`1 q

pT i1
1 xq1

BpT
j2
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq

“
ÿ

i1,i2Pr0,2nq
i2´i1ďcn

ÿ

j1,j2Pr0,2nq

ĳ

1
BpT

i1
1 x,r2n`1 q

pyq¨

¨ 1
BpT

i2
1 x,r2n`1 q

pT j2´j1
2 yq dµ2pyqdµ1pxq

and we note that it is enough to prove part (c) under the assumption that

rn “
plog nq2plog log nq1`ε

n2
.

This will allow the application of the following claim.

Claim 1. Suppose α admits a function Ψα : N Ñ R such that }jα} ě Ψαpnq for all
j P r1, ns and that rn “ opΨαpnqq.

Then, for all large enough n, if y and z are two given points, there is at most
one j P r1, ns such that T j

2 y P Bpz, rnq.

Proof. The claim follows if we can show for all large enough n that it is not possible
for distinct j1, j2 P r0, nq to have dpT j1

2 y, T j2
2 yq ă 2rn. So it is sufficient to show that

dpT j
2 0, 0q ě Ψαpnq for all j P r1, ns. Another way of writing this is }jα} ě Ψαpnq

for j P r1, ns, which is guaranteed by the Diophantine assumption on α. □

Set Ψαpnq “ cpαqplog nq2plog logpnqq1`2ε{n2. By the assumptions in part (c), we
see that rn “ opΨαpnqq and since Ψαpnq is decreasing also }jα} ě Ψαpnq for all
j P r1, ns. Thus Ψαpnq satisfies the requirements of the claim.

By the claim, for each each fixed x, y, i1, i2 and j1 there can be at most one j2 “

j2px, y, i1, i2, j1q P r0, 2nq such that 1
BpT

i1
1 x,r2n`1 q

pyq ¨ 1
BpT

i2
1 x,r2n`1 q

pT j2´j1
2 yq ‰ 0.

We then write j̃ “ j̃px, y, i1, i2, j1q :“ j2 ´ j1 and our sum from above as

ÿ

i1,i2Pr0,2nq
i2´i1ďcn

ÿ

j1Pr0,2nq

ĳ

1
BpT

i1
1 x,r2n`1 q

pyq ¨ 1
BpT

i2
1 x,r2n`1 q

pT j̃
2 yq dµ2pyqdµ1pxq

noting that j̃ may not exist in which case the integrad above is 0. All together we
get

ÿ

j1,j2Pr0,2nq

ÿ

i1,i2Pr0,2nq
i2´i1ďcn

ĳ

1
BpT

j1
2 y,r2n`1 q

pT i1
1 xq ¨ 1

BpT
j2
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq
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“
ÿ

i1,i2Pr0,2nq
i2´i1ďcn

ÿ

j1Pr0,2nq

ĳ

1Bpy,r2n`1 qpT i1
1 xq ¨ 1

BpT j̃
2 y,r2n`1 q

pT i2
1 xq dµ1pxqdµ2pyq

ď
ÿ

i1,i2Pr0,2nq
i2´i1ďcn

ÿ

j1Pr0,2nq

ĳ

1Bpy,r2n`1 qpT i1
1 xq dµ1pxqdµ2pyq

“
ÿ

i1,i2Pr0,2nq
i2´i1ďcn

ÿ

j1Pr0,2nq

ż

µ1pBpy, r2n`1qq dµ2pyq ď cn22n2r2n`1 .

So if rn ě
plognq

2
plog lognq

1`ε

n2 , then

EpŜ2
nq ´ EpŜnq2

EpŜnq2
ď

24n`1Ce´nθc ` cn22n2r2n`1

24n`2r2
2n`1

(4.1)

is summable since c ą 4 logp2q{θ. □

Proof of Theorem 2.14(d). Analogously to the proof of Theorem 2.4 (b), it is enough

to observe that (4.1) with Ŝn replaced by Sn from (3.1) goes to zero under the
assumption rn “ logpnqhpnq{n2 with hpnq Ñ 8. Furthermore, the Diophantine
condition on α ensures rn “ opΨαpnqq and, hence, the applicability of Claim 1 in
this case. □

5. Proofs for one orbit

Suppose X Ă Rd is compact and r ą 0. Then we can cover X by balls

tBpxp, rqu
kprq

p“1 where kprq — r´d and there exists a C0 P N such that each x P X

belongs to at most C0 elements of tBpxp, 2rqu
kprq

p“1 .
1

We will write 1p,r :“ 1Bpxp,2rq. For a proof of the following easy fact, see the
ideas in [GRS, Lemma 12].

Lemma 5.1. Let X Ă Rd be compact. For all x, y P X we have,

1Bpx,rqpyq ď

kprq
ÿ

p“1

1p,rpxq1p,rpyq ď C01Bpx,4rqpyq.

Consequently, for a probability measure µ, we have,

ż

µpBpx, rqq dµpxq ď

kprq
ÿ

p“1

µpBpxp, 2rqq2 ď C0

ż

µpBpx, 4rqq dµpxq.

Recall the notation Apr, nq “ tx : dpx, Tnxq ă r u and the short return time
estimate (2.4),

µpApr, nqq ď Crs. (5.1)

From this point on, let X Ă R denote an interval. A lemma by Kirsebom, Kunde
and Persson [KKP, Lemma 3.1], implies that under exponential mixing for BV
against L1 observables,

µpApr, nqq ď

ż

µpBpx, rqqdµpxq ` C1e
´θn. (5.2)

for some constant C1 ą 0.

1For general metric spaces this property is known as bounded local complexity.
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Proof of Theorem 2.17(a). Given a sequence prnqn, let

Qnpxq :“
ÿ

0ďiăjăn

1BpT ix,rnqpT jxq.

As argued in the proof of Theorem 2.1(a), the result follows if EpQnq Ñ 0. We have
that

EpQnq “
ÿ

0ďiăjăn

ż

1BpT ix,rnqpT jxq dµpxq “
ÿ

0ďiăjăn

µpAprn, j ´ iqq.

Using (5.2) when j ´ i ą 3θ´1 log n, and (5.1) otherwise, we obtain
ÿ

0ďiăjăn

µpAprn, j ´ iqq “
ÿ

0ďiăjăn

j´iď3θ´1 logn

µpAprn, j ´ iqq `
ÿ

0ďiăjăn

j´ią3θ´1 logn

µpAprn, j ´ iqq

ď Cnplog nqrsn ` n2
ż

µpBpx, rnqq dµpxq `
C1

n
.

Hence EpQnq Ñ 0 as n Ñ 8. □

Proof of Theorem 2.17(b). Given a decreasing sequence prnqn, let

Q̃npxq :“
ÿ

2nďjă2n`1

ÿ

0ďiăj

1BpT ix,r2n qpT jxq.

Q̃pxq :“
8
ÿ

n“0

Q̃npxq.

As argued in the proof of Theorem 2.1(b), the result follows if EpQ̃q ă 8.
We have

EpQ̃q “

8
ÿ

n“0

ÿ

2nďjă2n`1

ÿ

0ďiăj

ż

1BpT ix,r2n qpT jxqdµ

“

8
ÿ

n“0

ÿ

2nďjă2n`1

ÿ

0ďiăj

µpApr2n , j ´ iqq.

As in part (a), we combine (5.2) with (5.1) in order to estimate EpQ̃q. Take c ą 2{θ.
We split the above sum as

EpQ̃q ď

8
ÿ

n“0

ÿ

2nďjă2n`1

ÿ

0ďiăj´c log j

µpApr2n , j ´ iqq

`

8
ÿ

n“0

ÿ

2nďjă2n`1

ÿ

j´c log jďiăj

µpApr2n , j ´ iqq. (5.3)

For the first part we use (5.2) and obtain that

8
ÿ

n“0

ÿ

2nďjă2n`1

ÿ

0ďiăj´c log j

µpApr2n , j ´ iqq

ď

8
ÿ

n“0

ÿ

2năjă2n`1

ÿ

0ďiăj´c log j

ˆ
ż

µpBpx, r2nqq dµpxq ` C1e
´θpj´iq

˙

.

Then
8
ÿ

n“0

ÿ

2nďjă2n`1

ÿ

0ďiăj´c log j

ż

µpBpx, r2nqqdµpxq ď

8
ÿ

n“0

22n
ż

µpBpx, r2nqqdµpxq,
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which, since n
ş

µpBpx, rnqq dµpxq is assumed decreasing, is finite by Cauchy con-

densation, Lemma 3.1. For the part containing the remainder term C1e
´θpj´iq we

estimate that

8
ÿ

n“0

ÿ

2nďjă2n`1

ÿ

0ďiăj´c log j

C1e
´θpj´iq ď

8
ÿ

n“0

ÿ

2năjă2n`1

C1
1

j2
ď

8
ÿ

n“0

C12
´n,

which is also finite.
We now turn to the second part of (5.3). Here we use (5.1) to get

8
ÿ

n“0

ÿ

2nďjă2n`1

ÿ

j´c log jďiăj

µpApr2n , j ´ iqq ď

8
ÿ

n“0

ÿ

2nďjă2n`1

cplog jqCrs2n .

Using that rn ď n´1{splog nq´2{s´ε, we see that this is finite as well.

These estimates together show that EpQ̃q ă 8 and hence that µplim supn Fnq “

0. □

Proof of Theorem 2.17(c). Let γ P p0, 1{2q and define for a decreasing sequence
prnqn,

Q̂npxq :“
ÿ

iPr0,γ2nq

jPrp1´γq2n,2nq

kpr2n`1 q
ÿ

p“1

1p,r2n`1 pT ixq1p,r2n`1 pT jxq.

For notational simplicity, set Lγ
n :“ r0, γ2nq, Rγ

n :“ rp1 ´ γq2n, 2nq and r̄ :“ r2n`1 .

Suppose Q̂npxq ě 1 for some n P N. This means that there exists pi, jq P Lγ
n ˆRγ

n

and an xp with 1p,r̄pT ixq1p,r̄pT jxq ě 1 which in turn implies that dpT ix, T jxq ď 4r̄.

Since prnqn is decreasing, we then also have that Q̂lpxq ě 1 for all l P r2n, 2n`1s.

Hence if Q̂npxq ě 1 for all sufficiently large n a.s., then x P lim infn F
T
n,4rn a.s. As

argued in the proof of Theorem 2.4 (a), this will follow if
ř8

n“1
EpQ̂2

nq´EpQ̂nq
2

EpQ̂nq2
ă 8.

First we compute EpQ̂nq.

EpQ̂nq “
ÿ

iPLγ
n,jPRγ

n

kpr̄q
ÿ

p“1

ż

1p,r̄pT ixq1p,r̄pT jxq dµpxq

“
ÿ

iPLγ
n,jPRγ

n

kpr̄q
ÿ

p“1

˜

ˆ
ż

1p,r̄pxq dµpxq

˙2

` Errpnq

¸

“ γ222nr̄´dErrpnq ` γ222n
kpr̄q
ÿ

p“1

µpBpxp, 2r̄qq2.

where Errpnq denotes the error which we can bound by C 1e´2np1´2γqθ1

using the
exponential mixing estimate. Since rn ě n´β we see that the first term in the
estimate above vanishes. For the second term we get from Lemma 5.1 that

ż

µpBpx, r̄qq dµpxq ď

kpr̄q
ÿ

p“1

µpBpxp, 2r̄qq2, (5.4)

so by the lower bound assumption on
ş

µpBpx, r̄qq dµpxq, we have that

22n
kpr̄q
ÿ

p“1

µpBpxp, 2r̄qq2 Ñ 8 as n Ñ 8.
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Now we have

EpQ̂2
nq “

ÿ

i1PLγ
n

j1PRγ
n

ÿ

i2PLγ
n

j2PRγ
n

kpr̄q
ÿ

p,q“1

ż

1p,r̄pT i1xq1p,r̄pT j1xq1q,r̄pT i2xq1q,r̄pT j2xq dµpxq.

We split the sum as in [Z, Section 4, Lower bound]. We start with the totally
separated case, were we suppose that |i2 ´ i1| ą cn and |j2 ´ j1| ą cn, where we
will choose c ą 0 later: it is sufficient to assume that i2 ´ i1 ą cn and j2 ´ j1 ą cn
since the other combinations lead to the same estimates.

ÿ

i1,i2PLγ
n

i2´i1ącn

ÿ

j1,j2PRγ
n

j2´j1ącn

ÿ

p,q

ż

1p,r̄pT i1xq1p,r̄pT j1xq1q,r̄pT i2xq1q,r̄pT j2xq dµpxq

“
ÿ

i1,i2PLγ
n

i2´i1ącn

ÿ

j1,j2PRγ
n

j2´j1ącn

ÿ

p,q

ż

1p,r̄pxq1q,r̄pT i2´i1xq1p,r̄pT j1´i1xq1q,r̄pT j2´i1xq dµpxq

ď
ÿ

i1,i2PLγ
n

i2´i1ącn

ÿ

j1,j2PRγ
n

j2´j1ącn

ÿ

p,q

ˆ
ż

1p,r̄pxq1q,r̄pT i2´i1xq dµpxq

ż

1p,r̄pxq1q,r̄pT j2´j1xq dµpxq

` C 1e´pj1´i2qθ1

˙

ď
ÿ

i1,i2PLγ
n

i2´i1ącn

ÿ

j1,j2PRγ
n

j2´j1ącn

ÿ

p,q

„

´

µpBpxp, 2r̄qqµpBpxq, 2r̄qq ` C 1e´nθ1c
¯2

` C 1e´2np1´2γqθ1

ȷ

ď γ424n
ÿ

p,q

„

´

µpBpxp, 2r̄qqµpBpxq, 2r̄qq ` C 1e´nθ1c
¯2

` C 1e´2np1´2γqθ1

ȷ

.

where the third line is by 4-mixing. Since we assume that rn ě n´β and kprq — r´d,

up to constants this differs from EpQ̂nq2 by at most

γ424n
ÿ

p,q

pe´nθ1c ` e´2np1´2γqθ1

q ď γ424nkpr̄q2pe´nθ1c ` e´2np1´2γqθ1

q

ď γ424n2n2βdpe´nθ1c ` e´2np1´2γqθ1

q.

So if c ą 2p2 ` βdq log 2{θ1, then this is summable, without any conditions coming

from dividing by EpQ̂nq2.
Now consider the totally non-separated case, where it is sufficient to consider the

case 0 ď i2 ´ i1 ď cn and 0 ď j2 ´ j1 ď cn. Since any x P X is in at most C0 of

the covering sets tBpxp, 2rqu
kprq

p“1 , we get
řkpr̄q

q“1 1q,r̄pxq ¨ 1q,r̄pyq ď C0. Using this we
have,

ÿ

i1,i2PLγ
n

0ďi2´i1ďcn

ÿ

j1,j2PRγ
n

0ďj2´j1ďcn

ÿ

p,q

ż

1p,r̄pT i1xq1p,r̄pT j1xq1q,r̄pT i2xq1q,r̄pT j2xq dµpxq

ď C0

ÿ

i1,i2PLγ
n

0ďi2´i1ďcn

ÿ

j1,j2PRγ
n

0ďj2´j1ďcn

ÿ

p

ż

1p,r̄pT i1xq1p,r̄pT j1xq dµpxq

ď C0

ÿ

i1,i2PLγ
n

0ďi2´i1ďcn

ÿ

j1,j2PRγ
n

0ďj2´j1ďcn

ÿ

p

pµpBpxp, 2r̄qq2 ` C 1e´2np1´2γqθ1

q

ď C0γ
222nc2n2

ÿ

p

pµpBpxp, 2r̄qq2 ` C 1e´2np1´2γqθ1

q.
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So the important term to estimate here is 22nn2
ř

p µpBpxp, 2r̄qq2 À n2EpQ̂nq, which

when divided by EpQ̂nq2 is n2{EpQ̂nq. By using (5.4) this is seen to be summable

if we assume
ş

µpBpx, rnqq dµpxq ě
plognq

3
plog lognq

1`ε

n2 . Note that this is a weaker
requirement than the assumption made in the theorem.

Now for the half-separated case. Let us suppose that 0 ď i2 ´ i1 ď cn and
j2 ´ j1 ě cn. Then

ÿ

i1,i2PLγ
n

0ďi2´i1ďcn

ÿ

j1,j2PRγ
n

j2´j1ącn

ÿ

p,q

ż

1p,r̄pT i1xq1p,r̄pT j1xq1q,r̄pT i2xq1q,r̄pT j2xq dµpxq

“
ÿ

i1,i2PLγ
n

0ďi2´i1ďcn

ÿ

j1,j2PRγ
n

j2´j1ącn

ÿ

p,q

ż

1p,r̄pxq1q,r̄pT i2´i1xq1p,r̄pT j1´i1xq1q,r̄pT j2´i1xq dµpxq

ď
ÿ

i1,i2PLγ
n

0ďi2´i1ďcn

ÿ

j1,j2PRγ
n

j2´j1ącn

ÿ

p,q

ˆ
ż

1p,r̄pxq1q,r̄pT i2´i1xq dµpxq

¨

ż

1p,r̄pxq1q,r̄pT j2´j1xq dµpxq ` C 1e´pj1´i2qθ1

˙

ď
ÿ

i1,i2PLγ
n

0ďi2´i1ďcn

ÿ

j1,j2PRγ
n

j2´j1ącn

ÿ

p,q

ˆ
ż

1p,r̄pxq1q,r̄pT i2´i1xq dµpxq

¨

´

µpBpxp, 2r̄qqµpBpxq, 2r̄qq ` C 1e´nθ1c
¯

` C 1e´2np1´2γqθ1

˙

,

where the third line is by 4-mixing. Note that our choice of c again makes the
part with the terms C 1e´nθ1c and C 1e´2np1´2γqθ1

summable over n. Now by the
Cauchy–Schwarz Inequality,

ÿ

p,q

ż

1p,r̄pxq1q,r̄pT i2´i1xq dµpxqµpBpxp, 2r̄qqµpBpxq, 2r̄qq

“

ż

ÿ

p

µpBpxp, 2r̄qq1p,r̄pxq
ÿ

q

µpBpxq, 2r̄qq1q,r̄pT i2´i1xq dµpxq

ď

ˆ
ż

´

ÿ

p

µpBpxp, 2r̄qq1p,r̄pxq

¯2

dµpxq

˙
1
2

¨

ˆ
ż

´

ÿ

q

µpBpxq, 2r̄qq1q,r̄pT i2´i1xq

¯2

dµpxq

˙
1
2

“

ż

´

ÿ

p

µpBpxp, 2r̄qq1p,r̄pxq

¯2

dµpxq.

Recall that for each x P X, the sum
ř

p µpBpxp, 2r̄qq1p,r̄pxq contains at most C0

non-zero terms. For these non-zero terms we apply the following consequence of
Jensen’s inequality

pa1 ` ¨ ¨ ¨ ` amq2 ď mpa21 ` ¨ ¨ ¨ ` a2mq,

for numbers a1, . . . , am ě 0 along with the fact that 12p,r̄ “ 1p,r̄ to get the bound

C0

ř

p µpBpxp, 2r̄qq21p,r̄pxq. Hence, by superadditivity of convex functions, the
above sum is bounded by,

ż

C0

ÿ

p

µpBpxp, 2r̄qq21p,r̄pxq dµpxq “ C0

ÿ

p

µpBpxp, 2r̄qq3
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ď C0

˜

ÿ

p

µpBpxp, 2r̄qq2

¸
3
2

.

So the entire sum we must estimate is

23ncn

˜

ÿ

p

µpBpxp, 2r̄qq2

¸
3
2

À nEpQ̂nq
3
2 ,

which when divided by EpQ̂nq2 can be estimated as n{EpQ̂nq
1
2 . Hence choosing

ş

µpBpx, rnqq dµpxq Á
plognq

4
plog lognq

2`ε

n2 , this is bounded, up to constants, by

n

pn4plog n` log log 2q2`εplog 2q4q
1
2

,

which is summable. □

Proof of Theorem 2.17(d). The proof follows the same principle as the proof of
Theorem 2.4(b). We define

Q̄npxq :“
ÿ

iPr0,γnq

jPrp1´γqn,nq

kprnq
ÿ

p“1

1p,rnpT ixq1p,rnpT jxq.

and observe that it is sufficient to prove that
EpQ̄2

nq´EpQ̄nq
2

EpQ̄nq2
goes to 0. Again, all

estimates and computations of part (c) are repeated with 2n replaced by n and
the separation gap cn replaced by c log n. Using the corresponding assumptions on
rn imposed in part (d) of the theorem one easily reaches the conclusion that the
aforementioned quantity vanishes. □

Remark 5.2. In part (c) and (d) the assumptions on prnqn have some flexibility in
the following sense. The condition that rn ě n´β can be relaxed to prnqn decreasing
at most subexponentially at the cost of increasing the power of log n by an arbitrarily
small amount in the lower bound on the shrinking rate of

ş

µpBpx, rnqq dµpxq. In
the proof, this would be reflected by replacing our time gap cn with n1`ι for ι ą 0
in part (c) and c log n by plog nq1`ι for ι ą 0.
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