PAIR CORRELATION STATISTICS FOR DYNAMICAL
SYSTEMS

SIMON BAKER AND MIKE TODD

ABSTRACT. We study the pair correlation statistics of orbits generated
by maps on the interval. We show that under suitable mixing and multi-
fractal assumptions, the pair correlation statistics of an orbit will almost
surely exhibit the same asymptotic behaviour as a suitable sequence of
i.i.d. random variables. We will also show that, under suitable hypo-
theses, the pair correlation statistics defined by two orbits will almost
surely exhibit the same behaviour as two suitable sequences of i.i.d. ran-
dom variables. Specific dynamical systems to which our results apply
to include Gibbs-Markov maps and the Gauss map. We also give an ex-
ample of a slowly mixing system for which the pair correlation statistics
of an orbit almost surely behave distinctly to an i.i.d. sequence.

1. INTRODUCTION

Understanding the distribution of sequences of real numbers modulo one is
a well-studied and important problem in mathematics [B, [KP]. One of the
first topics one encounters in this field is the notion of uniform distribution:
a sequence of real numbers (z,), is uniformly distributed modulo one if for
any 0 < a < b < 1 we have

<i1<n:x; ,
lim #{1<i<n:z; modlE€ [a,b]}

n—00 n

=b—a.

It is a consequence of the strong law of large numbers that if (X,), is
a sequence of i.i.d. random variables distributed according to the uniform
measure on [0, 1], then (X,,), will be uniformly distributed modulo one al-
most surely. This statement, and the concept of uniform distribution mod-
ulo one, can be generalised to other measures rather than just the uniform
measure. It is a well studied problem to determine whether a sequence, of-
ten of some dynamical or number theoretic origins, is uniformly distributed
with respect to some measure. The famous Birkhoff Ergodic Theorem [Wal,
Theorem 1.14] shows that for ergodic, measure-preserving transformations
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the orbit of a typical point will behave like a suitable sequence of i.i.d. ran-
dom variables and be uniformly distributed with respect to the underlying
measure.

A more fine scale understanding of the distribution of a sequence is provided
by the pair correlation statistics. Namely, given a sequence of real numbers
(zn)n, B € (0,2) and s > 0, we would like to understand the asymptotic
behaviour of

. s

#{1§z7£j§n: |lzi — ;]| gm}
as n — oo. Here and throughout we let ||z|| = min{|x —n| : n € Z} for
x € R. It is known that if § € (0,2) and (X, ), is a sequence of i.i.d. random
variables distributed according to the uniform measure on [0, 1], then for any
s > 0 we have
. 1 o, s
lim W#{OSZ#]<TL: | X5 — X5 gm}:%

n—oo
almost surely. Just as in the case of uniform distribution, there is an ana-
logue of this statement for more general measures than the uniform measure.
Of particular interest is the case where f = 1. In this case a sequence of
real numbers (), is said to have Poissonian pair correlations if
1 s
lim —#{Ogi;éj<n: |z — ;] g—}:2s
n

n—oo n

for all s > 0. It is known that if (z,,), has Poissonian pair correlations then
it is uniformly distributed modulo one [ALP) IGL]. This result has been
generalised to higher dimensions and sequence of points on manifolds in [M].
The opposite implication however does not hold, the sequence (an),, does not
have Poissonian pair correlations for any a € R, but is uniformly distributed
modulo one whenever v € R\ Q. Thus the pair correlation statistics can
be viewed as providing more detailed information about the distribution of
a sequence than being uniformly distributed, and consequently they give a
more sophisticated measure for how random a sequence is.

With the above in mind, suppose we were given a sequence of some dy-
namical or number theoretic origins: it is natural to ask whether it behaves
like a sequence of i.i.d. random variables at the level of pair correlation
statistics. This is a particularly natural question to ask in the dynamical
context given that the discussion above demonstrates that pair correlation
statistics can provide more detailed information than the conclusion of the
Birkhoff Ergodic Theorem. Moreover, it fits into an ongoing and active area
of research in dynamics that is concerned with determining to what extent
orbits behave like a sequence of i.i.d random variables, for example Cent-
ral Limit Theorems/Stable Laws and Large Deviations results stemming
from works such as [Yl [AD] and [MN| [RY] respectively, and more recently
functional limit theorems such as [MZ, [FET2]. We will also later mention
results involving recurrence properties, which are more directly relevant to
this paper, on hitting time statistics, shrinking target problems and extreme
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value theory. This being said, very little is known about the pair correlation
statistics of orbits generated by dynamical systems. Indeed to the best of
the authors’ knowledge, this is the first paper to consider this problem for
general families of dynamical systems. The same cannot be said for number
theory, where understanding the pair correlation statistics of a sequence of
some number theoretic origin is an active area of research. The case when
(n)n = (agn)n where (g,) is a sequence of natural numbers and a € R has
received significant attention [ALLL [ALT) BCGWJ, [W]. This is in part due
to the connection between (ag,) having Poissonian pair correlations for Le-
besgue almost every « and the additive energy of the sequence (g ),. There
are also interesting connections between this problem and the Berry-Tabor
conjecture from quantum mechanics [RS]. Another well studied problem
is to determine those values of # > 0 for which (n?),, has Poissonian pair
correlations. We refer the reader to [LST] for more on this problem, and for
a proof that (n?) has Poissonian pair correlations for all 6 € (0,14/41). We
also refer the reader to [EM] and [EBMV] where a deep connection between
the distributional properties of (n'/2),, and homogeneous dynamics is ex-
ploited. In [AB] powers of real numbers were studied, and it was shown
that for Lebesgue almost every a > 1 the sequence (a"), has Poissonian
pair correlations.

In this paper we study the pair correlation statistics of orbits generated by
maps T : X — X where X C I =[0,1]. More formally, given s > 0,3 > 0,
n € Nand z € X, we are interested in the almost sure asymptotic behaviour
of

, , S
#{Ogi;&j<n: Tz — Tiz| 373}.
n
Proceeding via analogy with the i.i.d case, one would expect that if u is a
T-invariant probability measure that is suitably mixing, then for an interval
of 3, for u-almost every x we should have

y #{OSi#j<n:|T¢x—zj|§n%}
im
n—o0 n? [ w(B(z, ;5)) du(z)

for all s > 0. In Theorem [B] we verify this prediction for a family of interval
maps and measures. Notice that the divisor here is n? multiplied by the
probability that |z — y| < s/n® for z,y chosen independently according to
w, which if p equals Lebesgue is 2sn275.

=1 (1.1)

We will also consider the pair correlations statistics generated by two orbits.
That is for s > 0,8 > 0, n € Nand z,y € X, we are interested in the almost
sure asymptotic behaviour of

#lo<ij<n:|rie —Tiy < 2}
n

Again we would expect that if u is a T-invariant probability measure that
is suitably mixing, then for an interval of 3, for (u x p)-almost every (z,y)
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we should have
i #{0<4,j<n:dT'zTy) <%}
im —
n—co n? [ u(B(z, 75)) du(z)

for all s > 0. Theorem [A] similarly verifies this prediction for a family of
interval maps and measures.

1 (1.2)

Our main applications are to interval maps with good mixing properties, for
example Gibbs-Markov interval maps and their absolutely continuous (with
respect to Lebesgue measure) invariant probability measure (acip), but as we
show, our results also apply more widely to invariant probability measures
with non-trivial multifractal behaviour. We note here that a dynamical
question similar to ours was considered in [NP], though for a special class of
dynamical systems that were amenable to number theoretic techniques, in
contrast to the dynamical systems we consider. We also consider cases where
the conclusion of our theory does not hold, i.e. the pair correlation statistics
of a u-typical point do not coincide with those of a suitable i.i.d. sequence.
Such examples are known to exists for ergodic transformations, e.g. by the
discussion above irrational rotations of the circle have this property. This
could however be attributed to the failure of the mixing property for these
dynamical systems. It is natural to ask whether a quantitative rate of mixing
would be sufficient to guarantee that the orbit of u-almost every x behaves
like an i.i.d. sequence from the perspective of pair correlation statistics.
A natural place to look for examples, as in the case of the least distance
problem (described below) in [RT], is interval maps with subexponential
mixing. By considering a suitable class of Manneville-Pomeau maps, we
show that even a polynomial rate of mixing is insufficient to guarantee this

property (see Section [5.6)).

We finish this opening discussion by highlighting a connection between pair
correlation statistics and the notion of recurrence in dynamical systems.
The foundational result in the study of recurrence is Poincaré’s recurrence
theorem [Wal, Theorem 1.4] which states that if (X, .4, u) is a probability
space and T : X — X is a measure preserving transformation, then for any
A € A for i almost every x € A there exist infinitely many n € N such that
T"z € A. Under fairly modest assumptions, it can be shown that if X is
equipped with a metric d, then Poincaré’s recurrence theorem implies that
liminf, o d(T™z,z) = 0 for p-almost every z. It is natural to ask whether a
more quantitative statement holds. Following earlier work of Boshernitzan
[B] this problem has recently received significant interest. We refer the
reader to [ABB| BF}, BK| BLR, Bl [FET1, [HT) KKP, HKKP, [LLSV], [Sau] and
the references therein for more on this quantitative approach to recurrence.
One approach to this problem is to study the smallest distance between all
pairs of points chosen from an orbit, and between pairs of points chosen from
two distinct orbits. More formally, this means understanding the quantities

M, (z) = min{d(T"z,Tz) : 0 <i# j <n}
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and
M, (z,y) == min {d(T"z,T7y) : 0 <i,j <n}

for z,y € X and n € N. The study of M,(-) and M,(-,-) is related to
longest substring problems in probability [AW], which have applications in
the comparison of DNA strands [RSW], [Wat]. The study of pair correlation
statistics can be viewed as a counting counterpart to this problem, where
we count how many times a rate of recurrence is observed within an orbit.
In [BLR], the authors considered how the quantity M, (z,y) scales with n
for (1 x p)-almost every (z,y) for p a T-invariant probability measure. For
sufficiently nice dynamical systems and measures it was shown that

. —log M, (z,y) 2

lim ————— = —

n—o0 logn Cu
for (pux p)-almost every (x,y), where C}, is the correlation dimension (defined
below). This result is significant as it tells us that the optimal range of g
for which we could expect the convergence in and to hold is
B € (0,2/C,). Moreover, [BLR] introduces techniques which are useful for
the problems addressed in the current paper. In the case of a single orbit,
where there are extra challenges with dependence which don’t exist in the
two-orbit case, a similar result was proved in [Z]. A more precise analysis
of the two-orbit case was done in [KKPT], where near-optimal results were
proved for liminf and limsup subsets defined in terms of the behaviour of
M, (-,-). We also note that the case of random iteration was considered in
[GRS]. Recently for (agy)n, where (gn)n is a sequence of integers and o € R,
the analogue of this minimal gaps problem was considered in [Rul Re]. There
the results relied on properties of the additive energy of the sequence.

1.1. Definitions and main theorems. We first define properties associ-
ated with our measures. Given a Borel probability measure p supported on
[0, 1], we define the upper correlation dimension of u to be

_ 1 B d
O o timsup 128 7)) A
N0 log r
Similarly we define C,, the lower correlation dimension of p via the liminf.

We generalise this to two Borel probability measures pq, pa, by defining the
upper correlation dimension of (u1, u2) to be

CH17M2 := lim sup ng:u’l( (3377’)) ,u2(ﬂ'5)

N0 log r
and similarly €, . using the liminf (note that by Fubini’s theorem, switch-

ing p1 and po does not change these quantities).

Given s > 0 we say that a Borel probability measure p is s-Ahlfors regular
if there exists C' > 0 such that

1
o S uBln) < Cr



6 S. BAKER AND M. TODD

for all z € supp(p) and 0 < r < 1. Particular examples of 1-Ahlfors regular
measures are absolutely continuous invariant probability measures (acips)
with density uniformly bounded away from zero and infinity. Acips are
known to exist, and to satisfy the mixing assumptions appearing in our the-
orems, when 7T is a Gibbs-Markov map (see Definition |1.4]). Gibbs-Markov
maps include piecewise smooth full branched interval maps with bounded
distortion. Some of the measures we will consider will not be s-Ahlfors reg-
ular for any s > 0. In this case a relevant scaling quantity is the Frostman
dimension. We define the Frostman dimension of a Borel probability meas-
ure p supported on [0, 1] to be the supremum of those s > 0 for which there
is C' > 0 such that

w(B(z,r)) < Cr?

for all z € [0,1] and 0 < 7 < 1. We denote the Frostman dimension of such
a measure by F,.

Definition 1.1. We say that two Borel probability measures p and po have
continuous mean scaling if for any s, 5, > 0, there exists dy > 0 such that
0 <0 < g implies
[ (B, (s £ 8)/n%)dps

J 11 (B(w, s/nP)dpus

for all n € N. If uy = po we say that py has continuous mean scaling.

1

We next define the mixing properties of our dynamical systems.

Definition 1.2. Let (X,T,u) denote a measure preserving system where
X C[0,1], and let (C',||-||1) and (C?,] - ||2) be Banach spaces of observables
on [0, 1]. If there exists C, 6 > 0 such that for all 1) € C! and ¢ € C?,

w0~ [van [ odn| < Clullote,
then we say that (X, 7, u) has ezponential mizing for C* against C2.

We will usually assume that C! are the functions of bounded variation BV
with the usual norm |[¢||gy = |¥|vaer + ||¥|l11, and that C? = L°° with the
sup norm.

Definition 1.3. Let (X, T, ) denote a measure preserving system where
X C [0,1]. If there exist C',8" > 0 such that whenever 1;, 15,13, 14 are
indicator functions on intervals and 0 < a < b < ¢, then

‘/ﬂl'HQOTG'130Tb'14OTCdF‘_/11'120T“dﬂ/13-14oTc_bdu‘

S C«/e—el(b—a)7

then we say that (X, T, u) has exponential 4-mixing for intervals.
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Note that in the definition of exponential 4-mixing for intervals that if we
set 17 = 14 = Id then we obtain a similar statement but for products of
two indicator functions on intervals. This statement coincides with what
one would obtain from assuming exponential mixing for BV against L.
The exponential 4-mixing for intervals property is known to hold for Gibbs—
Markov interval maps, see [Z, Lemma 4.16].

Our first main theorem is as follows; note that a version not assuming the
existence of C),, ,,, is given later in Theorem

Theorem A. Suppose that (X, T3, u1) and (X, Ty, ug) satisfy the following
properties:

e (X, T;, n;) have exponential mixing for BV against L™ for i = 1,2.

o Cy,,Cy, and Oy, 4, exist, belong to (0,00), and satisfy Cryax > 0 for
Cmax 1= max;=1,2 {20/11,#2 - C,uz}

e 111 and po have continuous mean scaling.

Then for § € (0,2/Cmax), for (u1 X pe)-a.e. (z,y), for all s > 0,

#{Oéi,j<n: \Tlix—Tij\ Sn%}
lim 1
nmoo o n? [ (B(z55)) dua(2)

An example of an application of Theorem [A] is to the following type of
interval map, which we give a particular version of.

Definition 1.4. Let X C [0,1] be a set that can be written as X = Upep P
where P is an at most countable collection of intervals. Suppose T': X — I
is a function satisfying the following properties:

e for each P € P, T(P) N X is a union of elements of P;

e T is C' on each P € P and there exist ¢,C, > 0 such that for any
P e P, ifx,y € P then |DT(z) — DT(y)| < C.|lz — y|*;

e there exists A > 1 such that |DT(x)| > X for all z € X;

e we have bounded distortion: there exists C' > 0 such that if z,y €

DT () .
P € P then ’DT(y) —1| < Clx — yl; )

e there exists by > 0 such that Diam(T(P)) > by for all P € P.

Define the attractor to be
X =Xj5:= {fo(:TixGUpeproralliEO}.

We denote the restriction of 7 to X by T : X — X and call T a Gibbs-
Markov map.

Note that we will sometimes abuse notation and discuss T acting outside
of the attractor X. If X7 = I, then these maps have a unique acip, with
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density p in BV and bounded away from 0 and oo, and which satisfies the
mixing conditions of our main theorems: in this case we will write 7' = T..
Basic examples of these maps are = — kx mod 1 for k£ € N, see also Farey
maps and Liiroth maps (eg [KMS]). At the same time as considering these
maps we will consider the Gauss map x — 1/ mod 1 with acip given by the
Gauss measure. We emphasise that the Gauss map behaves like a Gibbs-
Markov map, see for example [BDT, Section 2.6.3], despite there being a
point = where |DT'(z)| = 1 (i.e., for z = 1). The proof of the following is
given in Section [5

Corollary 1.5. Suppose that (I,T;) are Gibbs-Markov maps or the Gauss
map, with acips and densities denoted by u; and p; fori = 1,2, respectively.
Then for 5 € (0,2),
1
n?=P [(p1p2)(t

for py x po a.e. (z,y).

)dt#{ogi,j<n:|Tfa:—T2jy|§ }—>23,

S
nB

So in the special case when p; = pe = Lebesgue, for g € (0,2)

1

g {0<ig<n: e Ty < 5} oo

s
nf
A Gibbs-Markov map where P is a finite set, its elements have disjoint
closures and T(P) = I for all P € P is called a cookie cutter, a version of
which is in [Ra]. Note that here X7 # I and the Hausdorff dimension h
of Xy is strictly less than 1. If ¢ : X — R is Holder on each P € P then
there is a unique equilibrium state y = py. Note one example of this is
¢ = —hlog \DT!, in which case p is the natural ‘geometric measure’ and is
h-Ahlfors regular. It is the analogue to the acips mentioned above in this
case. The system (X, T, u) then satisfies the conditions of our main theorems
as we show in Section [§} and hence we have the conclusion of Theorem [A]
for this family of maps and measures. This conclusion will also hold more
generally for equilibrium states (see Section [5| for the definition).

Our second main theorem considers the case of a single orbit. This intro-
duces significantly more dependence and has a much more involved proof.
In this case we require an extra condition (as well as exponential 4-mixing
for intervals). Given a measure preserving transformation (X, T, u) where
X C[0,1], let
Ar(n) :={z:|T"x —z| <r}.

We say that (X, T, ) satisfies the early return property if there exist C, s > 0
such that

#(Ar(n)) < Cr* (1.3)
for all > 0 and n € N. We let D, denote the supremum of those s > 0 for
which holds for some C' > 0 and call D, the early return exponent. We
give examples of systems satisfying the early return property in Section
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Theorem B. Assume that (X, T, u) satisfies the following properties:

e (X, T, ) has exponential mixing for BV against L>° and exponential
4-mixing for intervals.

e (X, T, p) has the early return property with exponent D,,.

e The correlation dimension of p exists and is strictly positive. We
denote it by C,,.

e 4 has continuous mean scaling.

Then for 3 € (0,2/C,,) satistying the following inequalities:

* 3(Cp—Dy) <1,
e B(C, —F,) <1,
for v almost every x, for all s > 0 we have
po #{0S i A< T = Tl < 5
e n? [ i (B (255)) duz)

=1.

As in the two-orbit case, if we have an acip with a density in BV, as for
example in the case of Gibbs-Markov or Gauss maps, we have a result which
is simpler to state.

Corollary 1.6. Suppose that (I,T) is a Gibbs-Markov map or the Gauss
map, with acip p and density p. Then for all 5 € (0,2), for p-a.e. x and all
s> 0,

s

2dt#{OSl#y<n:|Tlx—zj|§nﬂ

W }—>28.

So again in the special case when p = Lebesgue, for 8 € (0,2)

1 s

n2-~ nB

for Lebesgue-a.e. xz. We also have applications to cookie cutters and their
associated equilibrium states, see Section

#{0§i#j<n:\Ti:c—Tjac]§ }—>2s,

Remark 1.7. We note that there are other possible shrinking sequences that
we could use to define our pair correlation statistics that we can cover using
our techniques, but the polynomial decay is a helpful property here, and the
literature is mostly concerned with sequences of the form (s/n),, so we
restrict ourselves to these sequences here.

Structure of the paper: The rest of the paper is organised as follows. In
Section [2] we prove Theorem which implies Theorem [A] Our proof of
Theorem [B] is split across Sections [3] and 4] In Section [3] we introduce
a conditioning argument that will underpin our proof of Theorem [B] and
obtain some useful expectation bounds. Finally in Section [d] we complete
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our proof by obtaining suitable second moment estimates. In Section [5| we
explain why Corollaries [I.5] and follow from our theorems and include
some additional examples. We also include in this section the details for
the aforementioned example of an interval map and invariant measure with
a polynomial rate of mixing for which the orbit of almost every point does
not have the expected pair correlation statistics.

Notation: For sequences (ay)n and (by,)y in [0, 00) we write a,, < b, if there
is C' > 0 such that a,, < Cb, for all n. The notation a,, = b, is defined
similarly. If a, < b, and a,, 2 b,, we write a,, < b,. We write a,, ~ b,
if $2 — 1. For (cp)n with ¢, € R we also write ¢, = O(by) if [cp| < bn.
Finally, if (an), in [0, 00) satisfies lim,,—o0 an, = 0, then we will sometimes
write a, = o(1).

Acknowledgements. SB was partially funded by his EPSRC New Investig-
ators Award (EP/W003880/1). MT was partially funded by his EPSRC

grant UKRI1120. MT also thanks the University of Loughborough for their
hospitality.

2. PROOF FOR THE TWO ORBIT CASE

Theorem [A] follows immediately from the following more general statement.
We note that after setting « to be any positive constant less than 2—38C,,, .,
so that is satisfied, to satisfy for some «a € (0,2v) for i = 1 and
i = 2, it is sufficient to satisfy that 8(2C,, u, — Cy,) and B(2C,, u, — Cuy)
are less than 2. This is precisely the second assumption in Theorem [A]

Theorem 2.1. Suppose that (X, T;, ;) have exponential mizing for BV
against L™ for i = 1,2 and p1 and ps have continuous mean scaling. Let
B> 0. For~ € (0,2), suppose that for all s > 0,

n2/u1 (B (:E,S/RB)) dpg(x) 2 n7, (2.1)

where the implied constant may depend on s. Moreover, suppose that there
is a € (0,27) such that

nQ/,ui <B (x,s/nﬁ)) dpi(z) S n® (2.2)
fori=1 and i = 2, where again the implied constant may depend on s.

Then for py x p2 a.e. (z,y), for all s >0 we have

#{0<ij<n:|To—Ty < 5
lim 5 =1
nmoo - n? [ (B (2,8/n7)) dus(2)

The following lemma clarifies how (2.1)), (2.2)) and Cy, ,, are related.
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Lemma 2.2. (a) If Cpy pp < o0 then (2.1) is satisfied for s, 3,y whenever

2—y
< =—.
ﬂ C#l TR

(b) IfC,, .1, >0 and (2.1)) is satisfied for s, 8,7, then 8 < C?i

—H15H2

(c) If C,, > 0 then (2.2) is satisfied for s, 3, v whenever 3 > 2&5‘

Proof. For (a) it is sufficient to set s = 1. Then for € > 0 and n sufficiently
large,

log [ p(B(z,1/nP)) dus(z)
~Glogn < Cuypus +e

So
n / 1 (B(z,1/nP)) duz(z) > n?#(Cumate),

Therefore if 8 < =22 we are finished, so we conclude by noting that
Cuyupte

€ > 0 was arbitrary.

log [ 1 (B(r,5/n%) dpa(x) <

For (b), for e > 0 and sufficiently large n, o (s /nP) > Cypp—¢
and (1) imply
c —
wsn / i (B, 5/n)) dps() < n? (25 )"
n

y—2

son B >nuawe foralle >0, s0 f < 02_7 as required.
—H1H2

Part (c) follows similarly. O

We will require the following straightforward lemmas, see Lemmas 3.2 and
3.3 of [KKPT].

Lemma 2.3. Suppose that (X, 1), (X, p2) are Borel probability spaces with
X C R™. Then there exists K > 0 such that if r > 0 is sufficiently small
then fory € X,

1
2

(B < K [uBer)au@)” fori=e

Hence also

[ B < K ([ w8 ) i)

for (i,7) = (1,2),(2,1).
Lemma 2.4. Let (X, u) denote a Borel probability space where X C R. For

any r >0, p: X — R given by y — wu(B(y,r)) is a function of bounded
variation with total variation bounded above by 2.

Remark 2.5. We observe that the first part of Lemma implies that if
Ciurs Cpy and Cy, i, exist and lie in (0,00), as in Theorem[4], then Cpae > 0.
Recall that Cpee = maxi—12 {20y, 1y — Cui -

N[

/ (B, 1) dss ().
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It will be useful in our proofs to use the following function.

Definition 2.6. Let £ : N — RT be a function satisfying the conditions:

oforany5>0,@—>0asn—>oo;

n
e for any p > 0 and 6 > 0, nPe ") — 0 as n — oo.

So for concreteness, we can choose £(n) = lognloglogn.

Proof of Theorem[2.1. Suppose, without loss of generality, that the expo-
nential mixing constants are the same for both systems.

Let us fix 8§ > 0, v € (0,2) and o € (0,27) so that our assumptions are
satisfied. For s > 0, let 7, = s/n®. Then for z,y € X, define

Sn(x,y) = Z ]lB(Tijjrn)(Tlix)'
1,7€[0,n)

Our proof depends on showing that the following second moment bound is
satisfied: Let 4 :=y—9§ > 0 (see (2.2))), then for all s > 0 there exists C' > 0

such that )
Sh, C
E -1] < —. 2.3
<E<sn> ) o3 (23)

for all n € N. We will now explain why our result follows from ([2.3) before
returning to its proof. Using Markov’s inequality, we deduce

) [y 1) 2 15) = ) ((EfS) - 1)2 > nl>

; S 2 C
<ni n_o_ < =,
<nzE E(Sn) 1 <

So taking a subsequence (n’¢),, where K > 4/4, we see that

SpK 1| > 1&>§ i’w
nK§ n 4

>< J—
) ([
which is summable. Hence, by the Borel-Cantelli lemma for pu; x po a.e.
(z,9),

ie.,

. #{ogi,j<nK:|Tf:c—T2jy|§nEK}
lim =1

" T K [ iy (B (2, 5/ P)) dpal?) 24)

This establishes our desired convergence along a subsequence for a fixed
choice of s. It remains to establish this convergence along the integers and
for arbitrary s > 0.
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Recalling that our sequence of radii are (s/n®),, where s > 0 was arbitrary,
it follows from the above and the fact that a countable union of sets of
measure zero has measure zero, that for pu; x ug a.e. (z,y), for any s € Qg
we have

#{Ogi,jgnK:]Tf:r—T _nm}
lim =1 (2.5)
B T K T (B, /R P)) du(2)

We emphasise that here we are using the fact that 4 and K are independent
of s.

We will now explain why for p; x ug a.e (z,y) for any s > 0 we have

#{0<ij<n:(To—Ty < 5
lim

e T R (B dpz)

Let us fix (z,y) belonging to the full measure set for which (2.5) holds for
every s € Qso. For n € N let m € N be such that m® <n < (m + 1)K
then for this choice of x,y we have

: #{0<i,j <n:|Tie— Tyl < 5}
lim sup 5 n
n—00 n? [ w(B(z,s/nP)) du(z)
, #{0<i,j < (m+ 1)K |Tjz - Tiy| < 5}
< limsup 57 - oy
n—00 m2K [ u(B(z,s/(m + 1)KB)) du(z)
40 <i,j < (m+ 1)K : |Tiz — Tiy| < 2z 0Dy

= limsu (m+1)77
msoo m? [ u(B(z,s/(m + 1)¥P)) du(z)
#{0 < i,j < (m+ D" ¢ Tie - Tyl < - mm )
< mf lim sup i i
$'€Q:5'>s oo m?E [ w(B(z,s/(m+ 1)K8)) du(z)

< inf limsup O < (mt )% o ~ T3] < W}

T 5€Q:s'>s nosoo (m+1)2K [ w(B(z,s'/(m+ 1)KB)) du(z)
LB o+ 1) duz) (ot 1P
T (B, s/ lm + DR du(z) < mE

Ju(B ngH4>%>M@:L

) dp(z)

=1x inf limsu
s'€Q:s'>s n_mop J u(B(z,s/(m + 1)KB)
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In the final line we have used our assumption that p; and po have continuous
mean scaling. It can similarly be shown that

L #H0<dj<n:|Tx — Tyl < 5}
lim inf n
e w2 [ u(B(z,s/nP)) du(z)
O i A£G <mB T - Ty < 53
> lim inf n
n—oo  (m+ 1)K [ u(B(z,s/mKP)) du(z)
O i#£ <mS T — T p— 6}
> liminf n
=0 (m+1)2K [ (B Z,S/mm)) dpu(z)
y L #{0Si# g < m T - Thy| <
> sup limin
s'eQis!<s M0 (m + 1)2K fM(B(Z S/mKﬂ)) ( )
S i .f#{OSi#jng:yT:g—TﬂyKmsm}
> sup limin
s'€Qis'<s MO m2K [ u(B(z,s/m%F)) du(z)
LB ) dplz) K
T Bz, s/mRP)) du(z)  (m+ 12K
/
=1x sup hmmffﬂ ZS/mKﬁ)) dp(z)
s'eQis!<s MO0 fﬂ Z S/T)’L )) d:u(z)

Where in the final line we used that p; and ps have continuous mean scaling.
Thus (z,y) satisfies

i #{0<i#j<n:|Tx—Tiy <5}
i 8 2 [ W(B(z, s/nP)) dulz) —
for any s > 0. This completes our proof up to verifying (2.3]).

Let us fix s > 0 and define 7, = s/n”. We now set out to prove (2.3) for
this choice of s. Using Tj-invariance of p; and Th-invariance of ps we first
compute

=1.

E(S,) = n’ / 11 (B(y, 1)) dpa(y) 2 1. (2.6)

Next, note that the left hand side of (2.3)) is equal to W. Since

we already have an expression for E(S,,) we proceed to estimate E(S2). We
have

ES)= Y / [ Loty T Ly (20 s ).

i1,i2,J1,52€[0,n)

In what follows we will often assume that i; < i9 and j; < jo since for
the three other combinations of inequalities, the upcoming arguments will
give the same bound. Similarly to the proof of [BLRl Theorem 3|, we will
split the summation above according to the subcases corresponding to the
following inequalities: |ia — 1| < €(n), |ia —i1| > €(n), |j2 — 71] < €(n),
|72 — j1| > €(n), where we recall ¢ from Definition
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For ig —i1 > £(n) and jo —j1 > £(n), i.e. the totally separated case (the cases
i1 — 19 > £(n) and/or j; — jo > £(n) follow similarly), the following holds

Z Z // B(T3'y,r n) T7'1 ) B(T2y ’n)(T x) dp1 (z)dpa(y)

117126[0 n) ji1,j2€[0 n)
ia—i1>4(n) ja—j1>€(n)

— Z Z // szly Tn) :[]-B(ngy7rn)(T1iz_i1I) d/,l,l (JU)d,UQ(y)

Zl,ZQGOn) ]1,]26077,)
ia—i1>4(n) ja—j1>l(n

<y ¥ (/pl () (BT 'y, ) o)

i1,i2€[0,n) J1,J2€0n)
io—i1>4(n) jo—j1>4(n)

+o(gww§>

< Y T ((Juswmsem) vo )

i1,42€[0,n)  j1,52€[0,n)
ig—i1>{(n) j2—j1>4(n)
4

< ([ duw) +o ()

4
E(i ) Lo <n4e—ez(n)> 7

where the first two inequalities follow from our exponential mixing assump-
tions, in the second inequality we have also used Lemma [2.4] Applying the
same argument to the other three cases then gives us a bound of

> ) / / sty 0D gy (T720) dpn (v)dpia (y)

i1,i2€[0,n) J1,j2€[0n
lig—i1[>£(n) [j2—j1]>4(n

<E(S,)*+ O (n4e_%(”)) . (2.7)

We emphasise that the second term on the right hand side of (2.7]) decays
faster than any polynomial by our choice of function ¢ (recall Deﬁnition.
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For 0 <o —i3 <¥(n) and 0 < jo — j1 < £(n), i.e. the totally non-separated
case, we have

2 S e T Uy (20 dir )

i1,i2€[0,n) j1,52€[0,n)
0<ig—t1<l(n) 0<j2—j1<Ll(n)

< Z Z /Ml T; y;rn)) dpz(y)

il,iQE[U,’n) ]1,]26[071
0<iz—i1<l(n) 0<ja—j1<(n)

< ln)n? / 11 (B(y ) daa(y) = £(n)?E(S,).

Again the cases where 0 < i; — iy < ¢(n) and/or 0 < j; — jo < {(n) follow
similarly, and together yield

> S e T Uy (20 dir )

i1,i2€[0,n) J1,J2€[0 n)
0<|ig—i1|<l(n) 0<|ja—7j1|<l(n

< U(n)’E(S,). (2.8)
For ig — i1 > ¢(n) and 0 < jo — j1 < 4(n), i.e. a half-separated case, we have

2 2 // B3 ) (Ty'e)- ﬂB(TQ’?y,m)(Tf?m) dpa (z)dpa(y)

11,12€[0,n) ]17]26[071
i2—i1>€( ) 0<j2 j1<€

-y / Uity @) Lprin, (T3 %) dyn (2)dpin(y)

11,i2,31,52€[0,n)
12—11 >f(n)
0<j2—51<(n)

< XX ([ meatrm @) dem

i1,i2€[0,m)  j1,j2€[0,n)
e (e—ez(n)>>

iz—i1>€(n) 0<j2—j1<4(n)
< X > (/Ml(B(y,m))Qduz(y)Jro (e—%(m))

i1,42€[0,n)  J1,J2€[0,n)
ig—i1>€(n) 0<ja—j1<l(n)

< n¥(n) < / p(B(y, ) dpz(y) + O (e%(n)» ’

where in the penultimate line we have used the Cauchy-Schwarz inequality
and Th-invariance of uy. In the case where 0 < is —i; < {(n) and jo — j; >
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¢(n), by an analogous argument we obtain:

Z Z // B(TJ'y,r T“ ) - ]lB(T§2y,rn)

11,02€[0,n)  j1,j2€[0,n)
0<ig—i1<l(n) ja—ji1>€(n)

<o) [ Bl +0 () ).

Similar estimates can be obtained in the half separated case when i < 73
and jo < j1. In summary, in the half-separated case we have the following
bound:

Z Z // ngly'l“n TZ1 ) ]l (TJ2 ’n)< )dﬂl( )d/@(y)

ilyiQE[O:n) ]1,J2€ [0, n

oy Z [ [ gty T80 T (T820) i ()

i1,i2€[0,n) J1,J2€[0,n)
0<lig—i1]|<L(n) |j2—j1]>L(n)

<) ([ (B duat) + 0 () ) (2.9)
() ( [ wa(B.r) i) + 0 (e—“<”>)) |

Combining (2.7)), (2.8), and (2.9) we have

E(S7) —E(Sn)® _ n'e”™  £(n)’E(S,) n) [ m(B(y,ra))* dpz(y)

E(S,)? ™ E(S )2 RE T E(S,)?
n) [ p2(B(y,m))? du(y) | nPe Mi(n)
E(S,)? E(Sn)?

We now consider each of the terms on the right hand side of the above and
show that they are each bounded above by a constant multiple of n=7/2.
This will in turn imply that holds. The first and fifth terms decay to
zero faster than any polynomial by our choice of function £. Thus these two
terms can be bounded above by a constant multiple of n~7/2,

For the second term, using (2.6) we have

((n)*E(S
E(Sn)?

W) - Un)?
sl g

S
N =

So this term satisfies the desired upper bound.
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For the third term we apply Lemma [2.3| for (7,7) = (1,2) and use (2.1]) and

(2.2)) to obtain

n) [ p1(By,rn))? dua(y)
E(Sn)2

n)(f 1By, ra)) dy () ? [ 1 (Bly,ra)) daa(y)
2
nt (f p1(B(y,mn)) dm(y))

( f:ul van dlu’l(y)) < n%E(n) i
n2fu1 (y,rn)) dpa(y) — ~ n? n

S

AN

N

So the third term satisfies the desired decay rate. By an analogous argument
it can be shown that the fourth term is also bounded above by a constant
multiple of n~7/2. This completes our proof. O

3. ONE ORBIT CASE: CONDITIONING AND EXPECTATION

In this section and the next we fix (X, T, u) satisfying the assumptions of
Theorem [Bl We also fix 5 > 0 satisfying the inequalities listed in this the-
orem. By the definition of Frostman dimension and the early return expo-
nent, we can choose F, 1) Du, C > 0 so that the following properties hold:

o (B(z, ))<C7"FH for all x € X and r > 0.
* u(A;(n)) < CrPu for all 7 > 0 and n € N.
e 3(Cu— Du) <1

° ﬁ(C” u) < 1.

We now set out to prove that p-almost every x satisfies
o #{0<i£j<n: [Tz —T2| < 5}
lim 5 = =
n—o00 n? [ (B (2,;5)) du(z)
for all s > 0. Assuming we have fixed s > 0 we associate the random variable

Sn(z) = Lp(ria, =) (T 2).

0<ij<n

We will prove Theorem [B] via a second moment analysis of S,, as in the proof
of Theorem However, in this case, because we are now considering a
single orbit instead of two orbits, we have lost a degree of independence
that was crucial in our earlier calculations, so for example, even computing
the expectation of S,, becomes a significant task. To overcome this issue
it is necessary to introduce a conditioning argument. We will outline this
argument in the next subsection. In this section we use it to estimate the
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expectation, or first moment, of our S,,. In the next section we will estimate
the second moment and give the proof of Theorem [B]

3.1. A conditioning argument. Given s > 0, in what follows we define
the sequence (ry,), via the equation

s

nB

for all n € N. We suppress the dependence on s in this notation. When we
refer to a sequence (r,) we are implicitly making a choice of s.

Ty =

The conditioning argument we will use throughout our proof involves intro-
ducing a parameter € > 0, and for each n € N we let m € N be the unique
integer satisfying

27 < plte < gmmAL (3.1)
In our notation we will suppress the dependence of m on €. Our conditioning
is provided by the dyadic partition provided by intervals of size 27™. With
this in mind we introduce the following notation: let

1 k k+1
IO = |:O’27TL:| and Ik = <27n,2—:b:| forlSkSQm—l

Given e >0 and 0 < k£ < 2™ — 1 we also let
k 1 _ k 1
B,j ::B<2ma7“n+2m> and By 3:B(2m,7"n—2m>.

Again we suppress € from our notation.

We observe that the partition {7, k}zzo_ ! has the property that for all z,y € I
we have

1, () - ﬂka(y) <15, (%) - 1y, (y) < 1, (2) - 13; (y)- (3.2)
Moreover, it is an obvious fact that for x € [0,1] and 4, j € Ny we have
am_1
]lB(Tiw,rn)(zj) = Z 1p, (sz) : ]lB(Ti:v,rn)(zj)' (3.3)
k=0
Combining and yields
2m—l 2m—1
> 1,(T'2)1 B (T72) < Lpepigy,)(Tiz) < Y 1y, (T'2)1 B (TVz).
k=0 k=0

(3.4)
Crucially the left hand side and right hand side of (3.4)) are in a form where
our mixing assumptions can be applied. This is the important property that
our conditioning approach provides.

We also highlight the following straightforward counting bounds that will
be used throughout our proofs. Suppose that ¢ > 0 and that m is defined
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by (3.1]), then for any z € [0, 1] we have

> (@) S 27 S (3.5)

We will also regularly use the trivial fact that for any = € [0, 1] we have

2m—1
> () =1 (3.6)
k=0

We will also need the following technical lemma which controls the error
when [ u(B(z,ry)) du(x) is approximated by a sum over the dyadic partition
corresponding to a choice of € and m. In the proof of this lemma and at
many points later on in our discussion, we will need the following equality
which follows from the definition of correlation dimension:

/ p(B (7)) dps(x) = n~ oD, (3.7)

Lemma 3.1. Let s > 0. Given € > 0 and m defined by , we have the
following

2m_1 3

S utton (B5) = [ (e, ) duw)| 5 [ (B (o5 ) ) dute)

k=0

< pPCu(1+e/2)

and

2m_1 3

S utton (5;) = [ utte, ) dn@)| 5 [ (B (o5 ) ) dute)

k=0

< pBCu(l+e/2),

Moreover, we always have the bound

2m—1

> ulu (Bi) S nfCrel),
k=0

Proof. In the proof below we just prove the first statement for the set of
balls {B; }7"!. The second statement follows by an analogous argument.
Our final bound is a consequence of our first statement and ((3.7)).
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Let g : [0,1] — {%}izal be the function given by the rule g,,(z) = % if
z € I;.. Then

Thus to prove our result it remains to establish suitable upper bounds for
the two integrals appearing in the final line of the above. We will just show
how to bound the first of these integrals. The other is handled similarly.
Let p € N be the unique integer satisfying

P p+1
gm =S Tgm

Then we have the following

/u (B (gm(w) + T, ;)) dp(x)

om _q

<Y nln <B (W;))

k=0
1/2

am_1 12 som_q Etp 3\)\2
< ( Z L (Ik)2> ( Z L <B <2mp, 2m>> ) (Cauchy-Schwarz)
k=0 k=0
1/2

() (Sa((E2)) =

We now bound the two terms appearing in (3.8)). The following bound is
obvious
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For the second term we have

QZZ:_:M (5(£2)) =% 3 wthegn

IA
(]
=
=
S
=

< 6/u <B (:c ;ﬂ)) du(z). (3.10)

Substituting (3.9)) and (3.10]) into (3.8)), and using the definition of correla-
tion dimension and @ now yields

[ (5 (0 ) ) o <7 (8 (22)) it

< pBCu(1+e/2),

This completes our proof. O

3.2. Expectation estimate. We next give the main result from this sec-
tion, an estimate on E(S,). Recall that 3, D, F, and C,, satisfy

B(C,—D,) <1,8(C,—E,) <1, BC, <2.

Proposition 3.2. There exists €1 > 0 such that for any s > 0 we have

Proof. We start by stating the following simple bound and equality:

> /HB(Ti(:c)m(zj) dp(z) < E(Sy) (3.11)
i €[0.n)
j=il>em)

and
BS) = Y [ Lo (T70) duta) (3.12)

i,j€[0,n)
lj—i|=€(n)

+ > /]IB(Ti(x),rn)(T]w) du(z).
4,j€[0,n)
l7—il<t(n)
Thus to prove our result it is sufficient to obtain suitably good upper and
lower bounds for the sum over the well separated indices, and an upper
bound for the sum over close indices. We begin by proving an upper bound
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for the summation over well separated indices. Let € > 0 and m be defined
by (3.1). By our exponential 4-mixing on intervals assumption, the right

hand inequality in (3.4]), and Lemma we have:

Z /ILB (T*(z),rn) TJ )d/’b( )

4,J€[0,n)
|7—4[>€(n)

< ¥ Z/]lfk” 1 (T2) du(a)

3,j€[0,n) k=0
[7—i[>£(n)

- XS (sn(a) o)

i,j€[0,n) k=0
l7—i>£(n)

< 2 (/M(B(w,rn))du(x) +0 (n—ﬁgu(”e/”)) +O(2me )

1,5€[0,n)
l7—i|>£(n)

< ¥ M(B(x,rn))dﬂ(xHo(nHWHe/?)). (3.13)
1,7€[0,n)
il>E(n)

In the final line we have used that 2™e~%(") decays to zero faster than any
polynomial (recall Definition , and so can be absorbed into our final
error term. It can similarly be shown using the first inequality in (3.4]) that

> / Lp(7i(a),ra) (T72) dpu() (3.14)
4,j€[0,n)
5=l >t(n)

=D / ”(B(xafn))du(x)+O(n2750u(1+e/2>)'
1,J€[0,n)
|5 —i|>€(n)

Combining (3.7)), (3.13)), (3.14), and using that
#{i,j € 0,n) :|j —i[ > £(n)} = n® + O(nl(n)),

we have that there exists €] > 0 sufficiently small that does not depend on
our choice of s such that

S [ taw(T) duw) = [ u(Bla, ) du(e) + 0> 2%~
i,j€[0,n) / o ) /
|7 —i|>£(n)

(3.15)

We now need to bound the contribution coming from those indices satisfying
|7—i| < £(n). Using the T-invariance of yu and the inequality 3(C,—D,,) < 1,
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it follows that there exists €}, > 0 sufficiently small such that does not depend
on s such that the following holds:

> [ tan @) dulo)

4,j€[0,n)
|7—i]<l(n)
< > [t due
i,5€[0,n),i>]
l7—i|<fl(n)
b @)
4,j€[0,n), 5>1
l7—i|<e(n)
< Y [ taea@d)
i,j€[0,n), 1>
l7—i|<fl(n)
+ Y /]lArn(j—i)(x)d,u(x)
4,j€[0,n), 5>1
|7—i|<f(n)
= 3 A, — i) St nbn) S 0t PeB L g(n)
,J€[0,n)
|7—i|<t(n)
< n? s, (3.16)

In the penultimate line we have used the definition of r,. In the final line
we have used that (C), — [)#) < 1is equivalent to 2 — fC,, > 1 — Duﬁ, and
that £(n) = n°Y). Combining (3.15) and (3.16) it is clear that our result
holds if we take €; = min{e), e }. O

4. THE ONE ORBIT CASE: SECOND MOMENT ARGUMENT
We now turn our attention to E(S2). We start by observing that

E(S) =4 > > /]lB(Til(:v),'rn)(le‘r)]lB(TQ(x),rn)(szx) dp(z).
11<J1€[0,n) i2<j2€[0,n)

When analysing this expression for E(S?2) it is useful to consider the ordering
of the quadruple (iy,12,J1,j2). We start by highlighting that because our
indices always satisfy 41 < j; and i3 < ja, there are six possible orderings
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for these indices:

ir < g1 < iz < (Case A)
i1 <12 <J1<J2 (Case B)
i1 <12 <J2<J1 (Case C)
ip < jo < i1 < i (Case D)
i2 <11 <J2<J1 (Case E)
iz < i1 < j1 < jo. (Case F)

We emphasise that after relabelling we see that Case A is equivalent to
Case D, Case B is equivalent to Case E, and Case C is equivalent to Case
F. In what follows whenever we speak of a quadruple of indices (i1, i2, ji, j2)
we will always implicitly assume that ¢; < j; and i2 < jo. In addition to
focusing on these cases it will be necessary to consider the gaps between
successive indices.

4.1. Well separated indices. We say that a quadruple (i1,i2, j1,j2) €
[0,n)* is well separated if all terms are separated by a factor at least £(n),
i.e.

min {|iy — 42|, |11 — jul, [iv = jal, [z — jal, [i2 = ol [j1 = Jo[} = £(n).

The following proposition considers the case when the indices are well sep-
arated, and as we will see, it captures the dominant term in our expansion

of E(S2).

Proposition 4.1. There exists ea > 0 such that for any s > 0, if (i1, i2, j1, j2)
are well separated then

[ U0 T L irigo o (T2) i) = ( [ B du(fv))2

S n—Q,BCu—eg ]

Proof. In this proof we will assume that we are in Case A. The other cases
are handled similarly. We first establish a suitable upper bound. Let € > 0

and m be defined by (3.1)). The following inequality is a consequence of the
right hand side of (3.4):
/]lB(Til(m),rn)(le‘r)]lB(TiZ(x),rn)(Thx) dp(z)

2m—12m—1
<> Y /Iljk(Tilx)-Iljl(TiQx)-JIB;(lex)JlBlJr(Tan;) du(z). (4.1)
k=0 [=0

Let us now fix 0 < k < 2™ 1land 0 < < 2m 1, Repeatedly using the T-
invariance of p and our exponential mixing for BV against L°° assumption,
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we have

/ 17, (T%2) - 17,(T2x) - 1 Bt (Tz) -1 B (T72x) dp(z)

/ Ly, (@) - L (T2 7)1 (T7 1) - L+ (1727 ) dp(w)
e / Ly, (2) - L (T "22) - 1y (T2 "2) du(x)—l—(’)(e_w”))
= u (L) p (L) / 1 () Ly (T2 1) da(z) + O ()

= (I (B (B) + O (7).

Using the equality above, together with Lemma (3.7) and (4.1) yields

/]lB(Til @) T2 L iy (3 oy (T72) dpa()

2mzl om_ 1< (L) (B u(B}) + O (e—GZ(n)>>
k=0 [1=0
< (z,72)) du(x) + O(n_ﬁcu(1+€/2)))2 o) (4me—0an)>

= < / u(B(x, ) du(%))2 +O(n~ POy L O (4%‘9’5(70) ,

Using that our second error term decays to zero faster than any polynomial,
it follows from the above that there exists €| > 0 that does not depend on
our choice of s such that

/]lB(Til(x),rn)(lew)ﬂB(Tlé(x),rn)(TjQx) du(x)

: (/ p(B(z,r)) du<x>> o), (4.2)

It can similarly be shown using the left hand side of (3.4) that there exists
€y > 0 that does not depend on s such that

/]lB(Til(x),rn)(leff)ﬂB(Tiz(x),rn)(Tj2$) du(x)

2
> ( / u(B(x,rn»du(x)) T O(n by, (43)
Together (4.2]) and (4.3) imply our result. O

4.2. Not well separated indices. We now consider what happens when
our indices are not well separated. For our purposes, we just need to bound
from above the contribution to E(S2) coming from those terms. We proceed
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via a case analysis based on how many large gaps there are between success-
ive indices. Before doing this it is necessary to introduce some terminology.
Given a quadruple of indices (i1, 42, j1, j2) we inductively define

1 = min{iy, iz, j1, jo }
and
vi = min{{i1, d2, 1, 2} \ Ui {n}}}
for 2 < ¢ < 4. When there isn’t a unique minimum then we choose ar-

bitrarily. Notice that the set {7;} satisfies {v1,7v2,73,74} = {i1,42, 1,72}
and

M <72 <7< M.
It is this second property that will be more useful for our purposes. The
cases we will study are defined as follows.

e We say that (i1, 42, j1, j2) has no gaps if

Yig1 — vi < £(n)
forall 1 <3 <3.

e We say that (i1,1i9,J1,j2) has one gap if there exists a unique 1 <
1 < 3 such that

Yit1 — v = €(n).
e We say that (i1,49,j1,j2) has two gaps if there exists precisely two
indices i, j € {1,2, 3} satisfying
Yit1 — ¥ = €(n) and vj11 — ;5 = L(n).

We emphasise that a quadruple (i1, 12, j1, j2) is either well separated, has no
gaps, has one gap, or has two gaps. We will obtain bounds for each of these
cases in turn. We recall again, for use in the next propositions, that 3, Du
and }3’# satisfy

B(C,—D,) <1,8(C,—E,) <1, BC, <2.

4.2.1. The no gaps case. In the case of no gaps we have the following bound:

Proposition 4.2. There exists e3 > 0 such that for any s > 0 we have

Z /]lB(Til(x),rn)(lex)]lB(TQ(x)mn)(TjQ‘T) dp(x) S nt2HCes,
(i1,42,41,52)

(41,i2,41,52) has
no gaps

Proof. We start our proof by introducing two estimates. The first is the
following straightforward counting bound that follows from our choice of ¢:

#{(i17i27j17j2) : (i17i27j17j2) has no gaps} S n1+0(1)‘

The second estimate is the following integral bound:

/ﬂB(Th(z),rn)(lex)]lB(Tiz @)y (TP2) dp(z) S n~ PPk,
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Recalling that i1 < j1, we now see that this bound is a consequence of the
following inequalities:

/]lB(Til(x),rn)(lex)ﬂB(Tiz(x),rn)(Thx) dp(x)
< /HB(Til(:c),rn)<Tj1x) dp(x)
— [ Va0 (T @) (o)
~ [ L i@ (o)

= u( A, (1 — 1)) S0 PP,

Combining these two estimates yields:

2 / Lz (@),) (T 8) Lp(ria 2., (T72) dpil()
(i1,12,41,72)
(41,i2,41,j2) has no gaps

< n1=BDuto(1)

The existence of €3 now follows from the inequality 4 — 28C), > 1 — ﬁf)#.

This inequality holds because of our assumptions 1 > §(C, — D,) and
2> BC,. a

4.2.2. The one gap case. The following proposition considers the case when
the quadruple of indices has one gap.

Proposition 4.3. There exists e4 > 0 such that for any s > 0 we have

> /]lB(Til @) (TP D) L ia () oy (TP) dpu() St 200,
(41,82,41,52)
(i1,42,41,52) has
one gap
Proof. We begin by stating the counting bound that follows from our choice
of function #:

#{(i1,72, j1,72) : (i1, 79, j1, j2) has one gap} < n>ToW).

It remains to show that if (i1, 9, j1, j2) has one gap then

/lB(Til(x),rn)(lefﬂ)ﬂB(Tiz(x),rn)(Tj293) dp(z) S P20 (4.4)

for some € > 0 that does not depend on s. We will do this via a case
analysis. We will start by studying Cases B and C.

Cases B and C. In these two cases we have either i1 < iy < j; < jg or
11 < 19 < jo < j1. Now notice that it follows from these inequalities that if we
have one gap, then we must have either j; —i; > £(n) or jo —ia > £(n). Let
us assume j; — i1 > ¢(n). The other subcase is handled similarly. Let € > 0
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and m be defined by (3.1). Then by Lemma (13.4), (3.6), exponential

4-mixing on intervals, and the T-invariance of u, we have

/ L(ris @) (T 0) Ls(ria ), (T7) dpa()
27” 1 27” 1

< Z Z ]l]k ]l]l (TiQ_ill') . ]le- (le_ill‘) . ]lBl+ (Tj2_i1$) du(w)
k=0 [=0

2m—12m—1

DY / 11,(2) - 14(T2) - 1 (T ~'2) dp(a)
k=0 (=0
= Z /H]k le ) du(z)

(Iw (B)) + 02me M) = O(n=FCute)),

IN

A
[\o}
MF

k=0

It follows from the above and our assumption BC),, < 2, which implies
—pC,, < 2—2p3C,, that there exists €] such that for any s > 0 we have

/HB(TH(z),rn)(lex)]lB(Tiz (@) (T722) dp(z) S n? 280,

Case A. Recall that in this case we have i1 < j1 < iy < jo. If j1 —i1 > £(n)
or jo — iy > £(n) then the arguments given for Cases B and C above can be
replicated to obtain the required bound. It remains to consider the subcase
where 79 — j; > ¢(n). In this case, the following is a consequence of ,
T-invariance of u, exponential 4-mixing on intervals and . Let € > 0
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and m be defined by ({3.1]), then we have

/]lB(Tn(x),rn)(lefﬂ)ﬂB(Tiz(x),rn)(Tj2$) du(x)

2m—12m—1
< Z Z /llk B* (T ~"g)  15,(T2 ") - IlBlJr(TJT“x) du(x)
2TrL 1277L 1 ‘ ‘ ‘ )
I3 [ 1@ 15 (@7 0) o) [ 1) 1y (1) dia)
k=0 [=0
+ O(4me04m)
2m—12m—1
<

Z Z /1A4rn(31 —i1) )'HB;(le_ilx) du(zx)
X /1A4rn(j2_i2)(m) . ]lBlJr(TJé—izx) dp(z) +O(4me—0£(n))

<02 [ Ly i @) @) [ Ly, i @) dsa) + O(ame 01

5 n255_26DH_

In the final line we have used that there exists C' > 0 such p(A,(n)) < CrP»
for all » > 0 and n € N, and the fact our error term decays to zero faster
than any polynomial. It is a consequence of our assumption 1 > 3(C), — Du)
that if we choose € sufficiently small then 25¢ — QBEM < 2-2BC,. Therefore
it follows from the above that in this case there exists €, > 0 such that for
any s > 0 we have

/ﬂB(Til(x),rn)(lex)]lB(Tiz () (T722) dp(z) S 0?7200,

(4.4) can be verified for Cases D, E and F via a similar argument and
appealing to the symmetry between these cases and Cases A, B and C.

We've shown that (4.4) holds for some € for all s > 0 in all cases, taking
the minimum of these €’ yields a uniform estimate and we can conclude that
(4.4) holds. This completes our proof. O

4.2.3. The two gaps case. We now consider the case when we have two gaps
between our indices. We split our analysis into two cases across the following
two propositions.

We begin by considering the case where there are two gaps between our
indices and one of these gaps is between the two smallest indices, i.e., yo —
m > 4(n).
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Proposition 4.4. Let (i1,1i2, j1,j2) have two gaps and v2 —y1 > €(n), then
there exists €5 > 0 such that for any s > 0 we have

/ﬂB(Til(x),rn)(lew)]lB(Tiz(x),rn)(TjQﬂC) dp(z) < n'm2PCH=es,

Proof. For concreteness let us suppose we are in one of Case A, Case B or
Case C so min{iy, i3, j1,j2} = i1. The other cases are handled similarly. Let
e > 0 and m be defined by (3.1). By T-invariance and (3.4) we have

/]lB(Til(z),rn)(lex)]lB(Ti2(x),rn)(Tij) du(x)
2m—_12m—1

DI [ 1@ LT ) U () 1 (TP ) du).

By exponential mixing for BV against L*°, T-invariance and the inequality
i9 < jo2, we can find a,b,c > 0 such that either a = 0 or b = 0 (depending
on which of i3 and j; is larger) and

2m—12m—1

>3 / 17, (2) - Lp (T 2) - 1y (T ) - 1 (T 12) dp()
k=0 [=0

2m—12m—1

Z Z /lll T ZC) B};F(Tblﬁ) . ]le(TCx) du(:n) +O(4me—9£(n))'

We now want to bound the integral over the triple product appearing in this
summation. An application of exponential 4-mixing on intervals allows us to
bound this integral from above by a product of two integrals plus some small
error. This product over two integrals is of the form where one integral is
over one of our indicator functions and the other is over the product of our
two remaining indicator functions. The two indicator functions appearing
in this latter integral correspond to the successive indices that are close, i.e.
the 7, vit1 satisfying |vi+1 — 7| < €(n). Consequently after an application
of our exponential 4-mixing of intervals assumption and 7T-invariance there
are three possible forms the resulting bound can take:

e Case 1: There exist d,e > 0 such that either d = 0 or e = 0 and

2m—12m—1

Z Z / 1, (T%(2)) - 1 (1) - 1y (1) ()

2m—12m—1

Z Z /]lB,j(Td(w)) . ﬂBf(Te(:c)) dp(z) +O(4mefef(n))‘
k=0 [=0
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e Case 2: There exist d,e > 0 such that either d =0 or e = 0 and

am_19m_1
Z Z /]llz “(z)) - 1py (T*z) - L+ (Tz) du(z)
am_12m_1
S (B [ A(T0) 1 (7)) (o) + O™ "),
k=0 1=0

e Case 3: There exist d,e > 0 such that either d =0 or e = 0 and

2m—12m—1
S 3t [ 10T 15y T%) 1y (T°0) o
k=0 (=0

2m—12m—1

<> D sln(B) / L+ (T%(x)) - 1,(T%(2)) dpa(x) + O(4™e ™).
k=0 [=0

We now consider each one of these cases in turn.

Case 1. It follows from the definition of m and our Frostman parameter F, "

that u(f;) S n=BFu for all 0 < 1 < 2™ — 1. Using this bound together with
the T-invariance of y, (3.5) and Lemma we see that the following holds:

om_12m_1
S 3w [ 1 (1) - 1y (1°(0)) (o)
k=0 [=0
Cgm_y
< peBhu Z M(Ik)/]lglj(f) du(x)
k=0
2m—1
SnPPEN" () w(BY)
k=0
< pBe=BE.~BCuto(1)

Using our assumption that 3(C, — F, ) < 1, which is equivalent to —BF W=
Cu < 1-25C,, and that 4me=0ln) decays to zero faster than any polynomial,
we see that if we choose our original parameter € to be sufficiently small then
there exists €] > 0 such that in this case, for any s > 0

/ Lz (@) (T @) Lp(pin o) ) (T220) dpa() S ' 20004,
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Case 2. In this case it follows from the inequality io < jo that d = 0. Using
Lemma our early returns assumption, and (3.5 the following holds:

om_19m 1
> 3 wtu(BL) [ 1) L (@) dia)
k=0 [=0
2m—1 2m—1
= 3" wuB) Y [ 1y(@) - 1y (@) dua)
k=0 =0

2m_1
S o S [ @) (1) di)
=0

2m—1
<Pt ST [ 14, 0@ Ly (T9(0) du(o)
=0

St 14, (e dula)

< nﬁe—ﬂf)“—ﬁcu—i-o(l)'
Now using that our error terms decays to zero faster than any polynomial,
and our assumption 5(C,, — D,) < 1, which is equivalent to —8D,, — C,, <

1-23C),, it follows that if we choose our parameter € to be sufficiently small
then in this case there exists €, > 0 such that for any s > 0 we have

/]lB(Til @)y (L7 2) L iz (2 oy (TP 3) dpa() S 200,

Case 3. In this case we will use the Frostman bound u(B;") < n~BFu.
Using this bound, (3.6) Lemma the T-invariance of p, and duplicating

the analysis given is Case 1, we obtain:
/]lB(Til (x),rn)(lex)]lB(TiQ (m)77‘n)(T]2x) dﬂ(x) SJ niﬁﬁ‘uiﬁc‘ﬁrO(l)'
Now using our assumption 5(C,, — F, u) < 1, which is equivalent to —BF, =

BC, < 1—2BC,, we see that in this case there exists €5 > 0 such that for
any s > 0 we have

/ Lp(rts (a)r) (TP 0) L 1) ) (T720) dp(ar) S m' =200 %,

Our result now follows from the three cases considered above by taking
e5 = min{e), €, €5} O

The following proposition addresses the remaining case when there are two
gaps but the first two indices satisfy y5 —v1 < £(n).
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Proposition 4.5. Let (i1,1i2, j1, j2) have two gaps and v2 —y1 < €(n), then
there exists eg > 0 such that for and s > 0 we have

/ L (e (a),r) (T 0) L p(ria )y (T720) dpa() S 2700,

Proof. For concreteness let us again suppose we are in one of Case A, Case
B or Case C so min{iy, i2, j1,j2} = ¢1. The other cases are handled similarly.
Let € > 0 and m be defined by . We start with the familiar bound that
follows from the T-invariance of pu and :

/lB(Tn(x),rn)(lefﬁ)]lB(Tiz(x),rn)(Tj2x) du(x)
2m_12m—1

< Z Z /Il],C (z)- 1, (T2 "2) - ILB:(Tjrilm) . ]lBl+ (T2~ ) du(z).

k=0 =0

We emphasise that it follows from our assumptions that y3 —v2 > ¢(n) and
v4 — 3 > £(n). We will now apply exponential 4-mixing on intervals to
bound the integrals appearing in the summation above by the product of
two integrals plus some error. Using the fact that io < jo, we see that after
an application of 4-mixing we are left with two possibilities:

e Case 1: If j; > iy then either iy < iy < j; < jo (Case B) or
i1 < iz < jo < j1 (Case C). In which case there exists a,b > 0 such
that a = 0 (first subcase) or b = 0 (second subcase), |a — b| > ¢(n),
and

>N /]llk(m)-]lll(TiQ“a:)-]lBlj(leilx)-]lBlJr(TjQ“m) du(x)

<SS [ 1@ 1T ) due) [ 15 (1% Ly (1) dula)

e Case 2: If j; < i then we must be in Case A where i1 < j; < iy < js
since we always have i3 < jo. We also have the bound jo — i9 >
¢(n) by our underling assumptions. In this case, an application of
exponential 4-mixing on intervals yields

2m—12m 1

>N / ]llk(m)-]lIZ(TiQ_“:U)-]lB;(le_ilm)-IlBlJr(TjTil:L") du(z)
k=0 [=0
2m—12m—1

<SS [0l 1y () due) [ L) Ly (1) duta)

k=0 1=0
+ (’)(4me_%(”)).
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We consider these two cases in turn. Because the error terms appearing in
these two cases decay to zero faster than any polynomial they can be ignored
in what follows. As such, we will just focus on bounding the integral terms.

Case 1. In this case we use our mixing assumption in the second integral
and then the Cauchy-Schwarz inequality to obtain:

2m—_12m—1
Z Z / 1y, (2) - 11, (T %) du(a) / 1 (T7) - 15y (1) dp(e)

2m—12m—1

> 2 M(BZ)M(Bfr)/]lfk(a:) 1 (T2 ) dp() + O™ e
~0 =0

IN

IN

gm_19m_1 1/2
(Z Z :U'(Blj)2/]lfk(x) ’ Hfz(TiQ_ilx) d:u@:))
k=0 1=0
om_12m_1 1/2
(Z Z / 1y, (2) - 15, (T 1) du<x>> + O@me o),
k=0 1=0

Now using the Frostman bounds w(Bi) <n —BF, (B <n —BFy together
with ( ., and Lemma it follows from the above that

2m—12m—1

Z Z /ﬂjk Ay, (TR0 )du(m)/]le(Tax) . ]lBr(Tbm) du(x)
2m1 1/2 Comg 1/2
< (n_ﬁF” > M(Ik)M(B;j)> (n_ﬂF" > M(Il)M(Bf)>

k=0 1=0
+ O(4me )y
< = BR—BCu+o(l) | o(gme—0tn))

S n—ﬁﬁu—ﬁcu‘f'o(l) .

In the final line we have used that our error term decays to zero faster
than any polynomial. Now using our assumption 3(C, — Fu) < 1, which
is equivalent to —3F u— BC, < 1—=23C,, it follows that in this case there
exists €] > 0 such that for all s > 0 we have

/ﬂB(Til(z),rn)(lex)]lB(Tiz 2y (1722 dp(z) S n' 7200, (4.5)
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Case 2. Using our mixing assumptions in the second integral, Lemma (3.1
our early return assumption, and (3.5)) we obtain

S [ @) 1 (@) dute) [ 100 15 (T7%0) d(o)
<Y S wmu(BY) [ 1) Ly (1 70) dute) + Oame)
2m—1
S0 3 [0, (0) - Ly (1 40) da) + O™ 0)
k=0

2m—1
< PCuto) §7 / Lay,, i) (@) L (T 12) du(z) + O(47e )
k=0

Sn# oD [y (o) du(o) + O 1)

< nﬁe—ﬁbu—ﬁc*ﬁo(l) + O(4me—9€(n))

< pPe=PDu=BCuto(1),
In the final line we used that our error term decays to zero faster than any
polynomial. It follows now from our assumption 3(Cy, — D,) < 1, which is

equivalent to —BDM - BC, <1-2BC,, that if € is chosen to be sufficiently
small, then there exists €}, > 0 such that for all s > 0 we have

/ﬂB(Til(m),rn)(lex)]]-B(Ti2(a:),rn)(TjQ‘T) dp(z) S n' 2P0, (4.6)

Our result now follows from (4.5) and (4.6) by choosing e sufficiently small
and letting €5 = min{e}, €,}. O

Combining Propositions [£.4] and [£.5] we have the following result.

Proposition 4.6. There exists e; > 0 such that for all s > 0 we have

2 / Uit o)) (T2 2) U (2 0,y (T72) dpi() S 72707,
(7:177:27j17j2)
(i1,92,41,52) has
two gaps

Proof. This result follows immediately from Propositions [£.4] and the
following straightforward upper bound that follows from our choice of func-
tion ¢ (recall Definition [2.6)):

#{(i1,12, j1,72) : (1,12, j1, j2) has two gaps} < n3to(l)
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4.2.4. The not well separated conclusion. Now combining Propositions
and [4.6] we can conclude the following statement.

Proposition 4.7. There exists eg > 0 such that for all s > 0 we have

2 / L (21 (T 0) Lisria (a),r) (T72) dpa(iw) S mit=29Cnms,
(11,92,51,32)
(41,92,41,J2) s not
well separated

4.3. Proof of Theorem Equipped with the expectation estimates es-
tablished in the previous section we are now in a position to prove Theorem
Bl Our proof is similar to the proof of Theorem

Proof of Theorem [B, Our proof relies upon showing that there exists § > 0
such that for any s > 0 we have the following second moment estimate:

Sn ? _ E(Sr%) — E(Sn)2 —
; <<E<sn> -1) ) B CHEREL o

Once is established we can apply the same arguments as used in the
proof of Theorem to complete our proof. In particular, we can apply
Markov’s inequality and the Borel-Cantelli lemma to show that for a fixed
s > 0 we have the desired convergence for p-almost every z along some
sequence (nK )n. where K does not depend on s. We then use an approx-
imation argument and our assumption that p has continuous mean scaling
to upgrade this statement to show that for u-almost every x, for any s > 0
we have the desired convergence along the integers. The only minor dif-
ference between the proofs is that in the proof of Theorem we use the
simple formula for E(S,,) provided by . Whereas in the one orbit case
we have to use the following more complicated formula for E(S,,) which is a
consequence of Proposition

B(S,) = [ B, due) + O P,

Because the error term is of a lower order than the integral term this causes
no significant issues.

We now turn our attention to establishing (4.7). By Proposition and
, to show that holds for some & > 0 for all s > 0, it is sufficient to
show that
E(S7) — E(Sn)®
nt ([ u(Ba,ra)) du(a))®
for some § > 0 for all s > 0. Recall that

E(S) =4 > > /lB(Til(x),rn)(T‘jlfﬂ)ﬂB(Tiz(x),rn)(Tj2$) du(z).

71 <j16[07n) i2<j26[0,n)

<n? (4.8)

~
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Combining Propositions and [4.7 with (3.7), and using the fact that
#{ (1,42, 1, 2) : (i1,12, j1, j2) is well separatedi; < j; and iz < ja}
n’ 3+0(1)
-2 4o
4 + (n )7

for any s > 0 we have

E@@—M(/MB@mmdmmf

IN
=

> /ﬂB(Til(a:),rn)(lex)]]'B(TZ?(:c),rn)(Thx) du(x)
(41,92,51,32)
2
ot ([ B ) dute) )

(il,iz,jl,jz) is
> /ﬂB(Til(z),rn)(lex)ﬂB(TQ(x),rn)(Tj2x) du(x)

+
=

well separated
(41,42,51,52)

(il,iz,jl,jg) is not
well separated

nA—26Cu—c2 | 4-280,—es | 3-26C,+o(1)

IZANRZA

n47250‘u*min{63,68}' (4.9)

In the last line we have assumed that min{es, eg} < 1, which we may freely
do without loss of generality. Moreover by Proposition and the
well known equality 22 —y? = (z —y)? +2(x —y)y for x,y € R, for any s > 0
we have

S n4—QBCM—251 + n4—ZBCM—61+o(1)

W&V—#(/mm%m»wwﬁg

S n4_250“_51+0(1). (4.10)

Combining the triangle inequality, (4.9), (4.10) and (3.7)), for any s > 0 we
have that

E(Sr%) - E(Sn)2 : < n4—260H—min{61,63,63}+o(1) - min{€1’63768}/2'
n* ([ w(B(z,ry)) du(z)) nA—2BC,+o(1)

Taking 6 = min{eq, €3, €g}/2 we see that (4.8)) holds and so (4.7) also holds.
This completes our proof. O
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5. APPLICATIONS

Here we will first apply our results to acips for Gibbs-Markov maps and the
Gauss map, which is the content of Corollaries and We then give
examples of non-acip cases where our results apply, and finally an (acip)
example of a slow mixing system where the conclusion of Corollary does
not hold.

5.1. Acips for Gauss and Gibbs-Markov maps. Here we will prove

Corollaries [.5] and [L.6]

Lemma 5.1. If p1, uo are acips on [0, 1] with densities p1, p2 in BV, then

/ 1 (B, 7)) dpua() ~ 2r / (prp2) (z) d.

Proof. Let m € N be arbitrary. Then for r < 1/2m we have

4 / 11 (B(w,7)) dua(x).

[ L rUliEd - B

m m

For the second term we have

—_

m—

I, i (Ba.r)) dysa(z) < 2°m i oo 2]l

l 1+1 1+1
1=0 Y o TrIV(S = o]
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In our analysis of the first term we will use Var’(p;) to denote the total
variation of p; on a closed interval [a, b]. In this case we have

> / BT dra)

s ’I“
m

m—1

< 2r/p1< o2() iz + 2 o Z Var

=0

p1)

L
L
m

=20 ([ m(eala) do + Lo )

In the final line we have used that the total variation is additive on closed
intervals. Combining the estimates above we have

/ w1 (B, 7)) dpss(x)

1
<2 ([ m@iate) do+ lallVork(on) + rnlnlllel )

We see that all of the terms in the large bracket apart from [ p1ps dz can
either be made arbitrarily small by choosing m sufficiently large, or tend to
zero as r — (0. This implies

) d
lim sup f,u1 ) dua()
r—0 2r f(mpg)( ) dx
The corresponding lower bound for the liminf follows from a similar argu-
ment. O

<1

We are now in a position to prove the corollaries.

Proof of Corollary[1.5 Since our maps are Gibbs-Markov or the Gauss map,
the acips p1 and po have densities p; and p2 in BV. Moreover, p; and po are
both bounded away from 0 and bounded above. In particular this means
that C, 4, = 1 and p1 and po have continuous mean scaling. Furthermore,
(X, T;, ;) have exponential mixing for BV against L™ for i = 1,2, see for
example [Ry] for the Gibbs-Markov case and [BDT, Section 2.6] for that
case, done in more details, and for the Gauss map case. Therefore this
result follows from Theorem [A] and Lemma [5.7] O
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Proof of Corollary[I.6. This proof is almost the same as that for Corol-
lary The correlation dimension exists and g has continuous mean scal-
ing by the arguments above. By [Z, Lemma 4.16] we satisfy the required
exponential 4-mixing on intervals assumption. The Frostman dimension is
1 since the density is bounded above. Moreover, by [HNT), Lemma 3.4] the
early return property holds with exponent D, = 1. Our result now follows
from Theorem [B] and Lemma 5.7 O

5.2. The continuous mean scaling property. Since our applications
require the continuous mean scaling property, which is not always easy to
check in non-acip settings, we give an alternative criterion for the single
measure case in the following lemma.

Lemma 5.2. Suppose that 1 has the property that there existsrg > 0, D > 1
and C > 1 such that for any x € supp(p) and r € (0,79) we have
u(B(z, Dr)) > Cu(B(z, ).

Then p has the continuous mean scaling property.

Note that we can iterate the relation above: so long as D" 1 < r,
u(Bla, D'r)) = C"u(B(a, ). (5.1)
As we will see, this condition is satisfied by many dynamically defined meas-

ures, but the fact that it holds for acips with density bounded above and
below and Ahlfors regular measures is immediate.

Proof. Fix p satisfying our assumptions and s, ¢, 5 > 0. Then for any § > 0
we have

u(B(z, (s + 6)/n?)) du(z)
J u(B(z,s/nP)) du(z)
_ [ u(B(z, (s +6)/n°) \ B(z,s/n")) du(z)
J u(B(z,s/nf)) dp(x)
_ [ u(Bla + 5/n?,5/n)) duz)
= Ju(B(=z,s/nf)) du(z)
L LB = /0, 5/n")) du()
J w(B(z,s/nP)) dp(x)
We will now show that we can choose dy > 0 such that when 0 < § <

then
[ u(B(@ + 5/n®,3/n") du(a)
J u(B(z,s/n?)) du(x)
for all n € N. The argument we present can easily be adapted to find dy > 0
for which
J (Bl = s/n%,5/n%)) du(x)
J u(B(z,s/n?)) du(x)

ogf —1

<€/2

<€/2



42 S. BAKER AND M. TODD

for all 0 < § < Jg and n € N, and to show that for any s,5,e¢ > 0 there
exists dg > 0 such that

J 1(B(z, (s — 8)/n)) du(x)
J u(B(z, s/nP)) du(x)
for all 0 < § < §p for all n € N. Thus p will have continuous mean scaling.

Given § > 0 and n € N let L € N be such that

—1|<e

2—L—1<%§2—L

and w € Ng be such that

Letting I; = [%, #) for 0 < j < 2871 we have

2L 1 3
[ Bt s/n 50) du(o) < 37 L) Y wllss)
J=0 p=—
3 2L
< Z Z (L) (L 4o-+p)
p=—3 j5=0
3 2L 1 1/2
< DD () Y illrwsp)’
=0

p=—3
2l 1
<7 Z pu(I;)?
j=0

Where we have used the Cauchy-Schwarz inequality in the penultimate line.
For any P > 0 and interval I we let P - I be the interval with the same
centre as I expanded by a factor of P. Since s is fixed, for any P > 1 we
can choose dg > 0 to be sufficiently small so that for any 0 < § < §p and
n € N we have

2k —1

[ s ) duta) = 3wl 1)

j=0
Combining the estimates above, we have shown that for any P > 1 we can
choose dy > 0 so that for any 0 < § < dg and n € N we have

[ n(Bo + s/n®,6/n) due) _ TE5" ()
J (B, s/nP) du(z) = 2 (P - 1)

It follows now from (/5.1]) that for any e > 0, we can choose §yp > 0 and P > 1
so that ((5.2) holds for all 0 < § < g and n € N, and for any interval I of

(5.2)
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at length at most 2dg satisfying (1) > 0, we have u(I) < §- (P -1I). Using
this final inequality in (5.2 implies

J #(B(@ + 5/n%,8/n?)) dp(a)
J u(B(x,s/nP)) du(x)
for all 0 < 6 < §g for all n € N. Which was what we wanted to show.

<€/2

O

5.3. Cookie cutters: the general case. Here we outline how we can
apply our results to cookie cutters and their associated equilibrium states.

Recall Definition [I.4] and the discussion on cookie cutters after Corollary
We begin by remarking that there is some minimal gap G > 0 such
that dist(P, P') > G for distinct P, P’ € P. Now let P, denote the set of
n-cylinders, i.e., maximal intervals P such that for each i = 0,...,n — 1,
T*P C P; for some P; € P. The bounded distortion property, along with the
regularity and expansion properties, implies that g;:ﬁf’ for x,y € P € P, is
uniformly bounded from above and below. Hence there is G’ > 0 such that
if P,P' € P, are distinct and P C P” € P,_1, then dist(P, P") > G'|P"|.
Note that by the bounded distortion property there also exists by > 0 such
that |P| > br|P"|.

We next briefly explain the thermodynamic formalism associated to cookie
cutters, see for example [PUL Chapter 5] for proofs of the claims made below.

We note that for ¢ : X — R Holder continuous there is a unique equilibrium
state e, that is pu4 is the unique T-invariant measure satisfying

We) + [ & dno = P(0)i=sup {0 + [0 dvsv e a

where M is the space of T-invariant probability measures. Moreover, there
is a Holder continuous p (bounded away from zero and infinity) such that
for = ¢ +1logp —logpoT — P(¢) < —cg < 0, for some ¢y > 0, g is also
an equilibrium state for v, but it is furthermore v -conformal: this means
that if T': A — T'(A) is bijective on a measurable set A, then

polT(A) = [ & dp

Iterating this we obtain that if 7" : A — T™(A) is bijective, then
R

where S,(z) == S 075 (TFx).

Noting that the above means that if ¢ is a-Holder then so is v, we will
immediately obtain some additional regularity for .Sy, which is provided by
the following lemma.
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Lemma 5.3. If ¢ is a-Hélder then there exists K > 1 such that for any
neN, forx,y e P e Py,

|Sutp(x) = Sp(y)| < KTz — Ty|".

Proof. Suppose |t)(x)—1(u)| < K|z—y|®. Then recalling that [DT| > X > 1,

n—1 n—1

% 2 = = . 1
[Sutb(@) = S < K Y |TH(@) = TH)I* < KT = T"y|* Y 1o
k=0 k=0
< K|P"a — T
for K = K /(1 —\~9). 0

We will now prove that the assumptions appearing in our main theorems
hold for equilibrium states associated to Holder continuous potentials. First
note that by |[Ry| and [Z, Lemma 4.16], the mixing properties required in

Theorems and hold. As in [PW], C), exists for equilibrium states
associated to cookie cutters, see also [PU, Chapter 9]. Note that D, (), the
g-Renyi dimension was first rigorously shown to exist for equilibrium states
associated to cookie cutters in [Ra], and the proof that Dy(u) = C,, was
given in the other references.

Lemma 5.4. Let p1 be an equilibrium state with Frostman exponent F),. For

any F, < F,, there exists C > 0 such that u(A.(n)) < Crku for allrT >0
and n € N. Thus the early return exponent satisfies D, > F,,.

The proof is adapted from [HNT| Lemma 3.4].

Proof. Fix FM < F, and let C > 0 be such that

w(B(z,r)) < Crie (5.3)
for all z € [0,1] and r > 0. Let » > 0 and n € N. We consider A4,(n) N P
for some P € P,. For simplicity assume T”\ p is orientation preserving,
otherwise the proof is similar. Since T™ is expanding on P the map z —
T™x — x is strictly increasing on P. Thus, if a solution exists there exists a
unique l’; € P such that T”m; = x; + r, and similarly, if a solution exists
there exists a unique x, € P such that T”x; = xp — r. If no solution to
Trz = x + r exists then we define a:; € P to be such that T”x; — xJIS =
maXgcp T™z — 2. If no solution to 7"z = x — r exists then we define Tp P
to be such that T”x; — Tp = Mingep T"z — z. Since there always exists
x € P satisfying T"a —z = 0, it follows that we always have T”xjg — :EJIS <r
and T":L‘I_D —xp > —r. Thus in all cases we have T”(:UIS,:CJIS) C (zp —
T, :cj{, + r). Then due to the monotonicity of x — T"z —xz on P, if x € P
satisfies © < zp then  — T™(z) > r, and if x > x5 then T"(z) — = > r.
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Hence A,.(n)N P = (:EP,:L‘P) So we wish to estimate u(xp,x5). Firstly we
estimate the length of 7" (x5, 25). Using that =+ T"(z) — = is expanding
by at least A" and the inclusion T"(zp,25) C (zp — r,ah + 7), it can be
shown that |(zp,25)| < 2r/(A\"—1). Using this inequality and the inclusion
T™(zp,23) C (xp — 2 p + 1) again, we have the estimate

([T (ap, af)| < |(@p — 1,2 + 1)
=|(@p —r2p)l+]@ 2+ (=", 2" +7)

2r 21
< .
AM—1"A-1

<2r+

Let xp € P be the unique point such that T"(xp)~: zp. It is clear that
zp € (zp,xp). Using this fact, the bound for |T™(zp,z})| above, and
Lemma [5.3] the following holds

Suiter) — ) < K (25)

whenever x € (zp,25). So by ¥-conformality,

pap —rap+r)>p (T"@;,x;)) - / e 5% dy

(zp.z})

> oK (325)" o =Snv(ap)

Manipulating the above and using ([5.3)) implies

K 2Ar \& _ _ —
wlap,ap) < XCE) e Er) (yap, o) + plap — r,ap) + plap, ap + 1))

< MO S en) (o, aif) +20r ). (5.4)

Since we know that ¢ < —cg < 0, there exists 7 > 0 such that for r small
enough

K (R20)" eSntlor) < K (X21)" gmes < (1—mn). (5.5)

Combining ((5.4)), (5.5)) and the trivial bound e K(321)" < e which holds for
all r sufﬁmently small we have the bound

20 K Sn(xp) Fu < ZCeKesnw(a:p) Fy
21

1— eK(A—l)aeSnw(xP) o

p(@p,ap) < (5.6)

whenever r is sufficiently small. Since -conformality also implies that there
exists yp € P such that e¥¥Wr) = ;(P), and this yp satisfies | S, (zp) —

Spt(yp)| < K by Lemma (5.6)) implies

26« 2K ,(P) =
n
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Using this expression and summing over P € P, now yields

~e2K N
p(Ar(n)) = D plzp,ah) < (20 >TFM

PeP, 77

for all r sufficiently small. Thus our result holds for r sufficiently small.
This implies our result for an arbitrary choice of r > 0 after choosing a
potentially larger constant. ([l

Lemma 5.5. p satisfies the continuous mean scaling property.

Proof. We begin by proving a claim on how cylinders scale.

Claim. There exists ® > 1 such that if P € P,, and P’ € P,,_1 with P C P/,
then u(P') > ou(P).

Proof. There must be some Q € P,, where Q C P’ and Q # P. By conform-
ality,
1 B ,LL(T"_IP') B fp/ e~ Sn—1¢ du B e—Sn,1¢(x)H(P/)
M(T‘n—lQ) B u(f‘n—lQ) B fQ e=Sn—1% dpy e Sn—19() 1y(Q)
for some x € P’ and y € Q. By Lemma we know that [S,_1¢(z) —
Sn—1¥(y)| < K. This implies
wQ) = e Fu(T1Q)u(P') = e ¥ Mu(P')

for M :=inf 4 p 1(Q) € (0,1), where we are using the fact that 7" 1Q e
P1. So as

W(P') > p(Q) + u(P) > e K Mu(P') + u(P),

Setting P .= ﬁ

completes the claim. O
Let x € supp(p) and r > 0. Suppose that n is maximal such that B(z,r)NX
is contained in some P € P,,. Here we also assume that r is small enough that
n > 2. So pu(B(x,r)) < u(P). By construction, r > G'|P|, since otherwise
B(z,r) N X is contained in some (n + 1)-cylinder. Then for P’ € P,_;
such that P C P’, defining D := 1/(brG’) we have Dr > |P’| so B(x, Dr)
contains P’. Hence by the claim above

p(B(x,Dr)) > p(P') = @u(P) > op(B(x,1)).

Combining the above with Lemma [5.2] we see that u satisfies the continuous
mean scaling property. ([

The following gives a very rough Frostman bound, which seems only likely
to be optimal in special cases, but it is sufficient for our purposes here. We
first define
Amax := sup |[DT(z)| > X > 1
zeX
and recall ® in the proof of the lemma above.
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Lemma 5.6. Let ® be as in the claim in Lemma [5.8. The Frostman di-

: . log &
mension of p satisfies Fy = log Amax

Proof. Tt is sufficient to prove that u(P) < |P |b;% where P is a cylinder,
since a suitable bound then passes to any interval via an approximation
argument. If P € P,, then u(P) < &~ by repeatedly applying the claim in
Lemma and |P| > A by an application of the mean value theorem

max

log &
and the chain rule. Hence u(P) < |P|lks Ao . ]

Hence we can apply Theorem [B]to these systems. Note that by Lemma
the condition 3(Cy, — D,) < 1is is implied by 5(C, — Fj,) < 1.

We have also shown that Theorem [A] holds when our systems are both
the same. In the other case, we have not proved the existence of C),, ,,,
see |[AW] Section 5] to see the types of issues two different measures can
cause. Nevertheless, if we have some estimates in these cases, we may apply
Theorem 2.11

5.4. Cookie cutters: geometric potentials. A particularly natural class
of equilibrium state for a cookie cutter corresponds to the case when the
potential is given by ¢(z) = ¢s = —d log |DT(z)| for § € R and = € X. Note
that this map is always Holder. Bowen’s formula, see [Bow] implies that
there is a unique h > 0 such that P(¢p) = 0 and moreover the Hausdorff
dimension of X equals h. Setting p = 4, we see that as in Section 1 is
y-conformal where () = —hlog | DT (z)| 4 log p(x) — log p o T'(:) where p
is the Holder density function for p. So for example, if T : A — T"(A) is
bijective, then

. o™
e
A P

It can therefore be shown that in this case p is A-Ahlfors regular. Hence
C), exists and equals h. Moreover, by h-Ahlfors regularity and Lemma
we must have F,, = h and D, > h. Consequently the only constraint in
applying Theorems [A] and [B| to this system is that 5 € (0,2/h). This is the
optimal parameter space for 5.

5.5. Cookie cutters: an explicit example. Here we will give a simple
example of a linear cookie cutter with a Bernoulli measure exhibiting mul-
tifractal behaviour, where we can compute our quantities explicitly.

Let Iy = [0,1/4] and I = [3/4,1] and T(z) =4x forz € I and T(x) = 423
for x € Io. Then T is a linear cookie cutter. Let p be the corresponding

(o, 1 — «v)-Bernoulli measure for o € (0,1/2]. We first note that by standard
arguments, for example an analogue of [GRS| Lemma 13] or an adaptation
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of the conditioning argument in Section [3.1], we have

lo 2
C = liminf 8 2qce, Q)
B Tn—oo —nlog4
where Q,, is the set of intervals of the form [/, %F] for some k € N.

We have a similar expression for C), involving the limsup. Using these
expressions we can show that in this case C), exists and that it equals
—log (a2 + (1 - a)Q) /log4. For the Frostman exponent we can compute
F, = —log(1 — a)/log 4.

9
Suppose now that & = 1/3. Then C, = los(2) and F, = 8 s Then

log 4
by Lemma C,—D,<C,—-F, = ~ 0.132. So the conditions

log%
log 4

B(Cy —D,) <1 and B(C, — F,) < 1 become 3 < 7.604..., and BC, < 2

2logd ~ 3.538. Hence the conclusion of Theorem [B| holds in

log £

the optimal range of parameters 5 € (0, C%) We note that Theorem [A|also

becomes [ <

applies for T} = T, = T and w1 = po = u, and Theorem may also apply
if p1 and pa have different o corresponding to them.

5.6. A counterexample. Consider the version of the Manneville-Pomeau
map given by

o1 42%2%)  ifxe(0,1/2),
Te) = {23; 1 if z € [1/2,1].

with parameter o € (0,1). Then let o be the associated acip. It is shown in
[RT, Proposition 3.2] that C;, = 2(1 — «) when o € (1/2,1): indeed there
exists K > 0 such that for all » € (0,1) we have

T2(1_a)

e < /u (B(z,7)) du(z) < Kr2(1=9), (5.7)
The continuous mean scaling property can be easily checked here, and it can
be shown that the Frostman dimension satisfies F,, = 1 — «, which would
not cause problems in terms of the statement of Theorem |B|for § € (0, 2];
however, as in [S, Corollary 1], the mixing rate here is polynomial, so the
conditions for our main results do not hold. We will consider the particular
case of 8 =1 and show that the conclusion of Theorem [B]| does not hold.

As in, for example, [S, Corollary 1], let yo = 1, and for n > 1 let y, €
(0,9n_1) be such that T'(y,) = yn_1. As proved there, y, ~ ¢/n*/®. Let
kn = |(nlogn)®| so that yi, ~ —-—. Let v € (0, ) and observe that

nlogn*
n®*(logn)? ) - kn
[(nlogn)®]

2
for n sufficiently large. This inequality and the fact y, ~ c¢/n mean
that for any s > 0, for n sufficiently large, if 7"z € (0,y, ) then T"" 'z €

kn —n%*(logn)” =k, <1 -

1/«
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(0, Y, —i) € (0,s/2n) for all 0 < i < n%(logn)?. Therefore for all s > 0, for
n sufficiently large, if 7"z € (0, yg, ) then

# {O <i#j<n+n*logn)’: |Tz —Tz| < ;} > n?*(logn)®
n

Using this counting bound and ([5.7)), we see that for any s > 0, for n
sufficiently large, if T"x € (0, yg, ) then

#{0<i#j<2n:|T'x—Tiz|< £}
(2n)? [ 1 (B (2, 5,)) du(z)
1 . . Z .
=t {0 <i#F g <2n:|T'z—Taf < %} 2 (1ogn)2(75.8)

Since the Lebesgue measure of (0,y, ) is at least a constant multiple of
nl;gn for all n € N, hence not summable, by [G Theorem 1.1] for p almost
every x, there are infinitely many n such that 7"z € (0,yg, ). Hence for
any s > ( there exists infinitely many n so that is satisfied. Hence for
B =1, for p almost every x the conclusion of Theorem [B| does not hold for

any s > 0.
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