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Abstract. We study the pair correlation statistics of orbits generated
by maps on the interval. We show that under suitable mixing and multi-
fractal assumptions, the pair correlation statistics of an orbit will almost
surely exhibit the same asymptotic behaviour as a suitable sequence of
i.i.d. random variables. We will also show that, under suitable hypo-
theses, the pair correlation statistics defined by two orbits will almost
surely exhibit the same behaviour as two suitable sequences of i.i.d. ran-
dom variables. Specific dynamical systems to which our results apply
to include Gibbs-Markov maps and the Gauss map. We also give an ex-
ample of a slowly mixing system for which the pair correlation statistics
of an orbit almost surely behave distinctly to an i.i.d. sequence.

1. Introduction

Understanding the distribution of sequences of real numbers modulo one is
a well-studied and important problem in mathematics [B, KP]. One of the
first topics one encounters in this field is the notion of uniform distribution:
a sequence of real numbers (xn)n is uniformly distributed modulo one if for
any 0 ≤ a < b < 1 we have

lim
n→∞

#{1 ≤ i ≤ n : xi mod 1 ∈ [a, b]}
n

= b− a.

It is a consequence of the strong law of large numbers that if (Xn)n is
a sequence of i.i.d. random variables distributed according to the uniform
measure on [0, 1], then (Xn)n will be uniformly distributed modulo one al-
most surely. This statement, and the concept of uniform distribution mod-
ulo one, can be generalised to other measures rather than just the uniform
measure. It is a well studied problem to determine whether a sequence, of-
ten of some dynamical or number theoretic origins, is uniformly distributed
with respect to some measure. The famous Birkhoff Ergodic Theorem [Wal,
Theorem 1.14] shows that for ergodic, measure-preserving transformations
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the orbit of a typical point will behave like a suitable sequence of i.i.d. ran-
dom variables and be uniformly distributed with respect to the underlying
measure.

A more fine scale understanding of the distribution of a sequence is provided
by the pair correlation statistics. Namely, given a sequence of real numbers
(xn)n, β ∈ (0, 2) and s > 0, we would like to understand the asymptotic
behaviour of

#
{
1 ≤ i ̸= j ≤ n : ∥xi − xj∥ ≤ s

nβ

}
as n → ∞. Here and throughout we let ∥x∥ = min{|x − n| : n ∈ Z} for
x ∈ R. It is known that if β ∈ (0, 2) and (Xn)n is a sequence of i.i.d. random
variables distributed according to the uniform measure on [0, 1], then for any
s > 0 we have

lim
n→∞

1

n2−β
#
{
0 ≤ i ̸= j < n : ∥Xi −Xj∥ ≤ s

nβ

}
= 2s

almost surely. Just as in the case of uniform distribution, there is an ana-
logue of this statement for more general measures than the uniform measure.
Of particular interest is the case where β = 1. In this case a sequence of
real numbers (xn)n is said to have Poissonian pair correlations if

lim
n→∞

1

n
#
{
0 ≤ i ̸= j < n : ∥xi − xj∥ ≤ s

n

}
= 2s

for all s > 0. It is known that if (xn)n has Poissonian pair correlations then
it is uniformly distributed modulo one [ALP, GL]. This result has been
generalised to higher dimensions and sequence of points on manifolds in [M].
The opposite implication however does not hold, the sequence (αn)n does not
have Poissonian pair correlations for any α ∈ R, but is uniformly distributed
modulo one whenever α ∈ R \ Q. Thus the pair correlation statistics can
be viewed as providing more detailed information about the distribution of
a sequence than being uniformly distributed, and consequently they give a
more sophisticated measure for how random a sequence is.

With the above in mind, suppose we were given a sequence of some dy-
namical or number theoretic origins: it is natural to ask whether it behaves
like a sequence of i.i.d. random variables at the level of pair correlation
statistics. This is a particularly natural question to ask in the dynamical
context given that the discussion above demonstrates that pair correlation
statistics can provide more detailed information than the conclusion of the
Birkhoff Ergodic Theorem. Moreover, it fits into an ongoing and active area
of research in dynamics that is concerned with determining to what extent
orbits behave like a sequence of i.i.d random variables, for example Cent-
ral Limit Theorems/Stable Laws and Large Deviations results stemming
from works such as [Y, AD] and [MN, RY] respectively, and more recently
functional limit theorems such as [MZ, FFT2]. We will also later mention
results involving recurrence properties, which are more directly relevant to
this paper, on hitting time statistics, shrinking target problems and extreme
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value theory. This being said, very little is known about the pair correlation
statistics of orbits generated by dynamical systems. Indeed to the best of
the authors’ knowledge, this is the first paper to consider this problem for
general families of dynamical systems. The same cannot be said for number
theory, where understanding the pair correlation statistics of a sequence of
some number theoretic origin is an active area of research. The case when
(xn)n = (αqn)n where (qn) is a sequence of natural numbers and α ∈ R has
received significant attention [ALL, ALT, BCGW, W]. This is in part due
to the connection between (αqn) having Poissonian pair correlations for Le-
besgue almost every α and the additive energy of the sequence (qn)n. There
are also interesting connections between this problem and the Berry-Tabor
conjecture from quantum mechanics [RS]. Another well studied problem
is to determine those values of θ > 0 for which (nθ)n has Poissonian pair
correlations. We refer the reader to [LST] for more on this problem, and for
a proof that (nθ) has Poissonian pair correlations for all θ ∈ (0, 14/41). We
also refer the reader to [EM] and [EBMV] where a deep connection between

the distributional properties of (n1/2)n and homogeneous dynamics is ex-
ploited. In [AB] powers of real numbers were studied, and it was shown
that for Lebesgue almost every α > 1 the sequence (αn)n has Poissonian
pair correlations.

In this paper we study the pair correlation statistics of orbits generated by
maps T : X → X where X ⊂ I = [0, 1]. More formally, given s > 0, β > 0,
n ∈ N and x ∈ X, we are interested in the almost sure asymptotic behaviour
of

#
{
0 ≤ i ̸= j < n : |T ix− T jx| ≤ s

nβ

}
.

Proceeding via analogy with the i.i.d case, one would expect that if µ is a
T -invariant probability measure that is suitably mixing, then for an interval
of β, for µ-almost every x we should have

lim
n→∞

#
{
0 ≤ i ̸= j < n : |T ix− T jx| ≤ s

nβ

}
n2
∫
µ(B(z, s

nβ )) dµ(z)
= 1 (1.1)

for all s > 0. In Theorem B we verify this prediction for a family of interval
maps and measures. Notice that the divisor here is n2 multiplied by the
probability that |x − y| ≤ s/nβ for x, y chosen independently according to
µ, which if µ equals Lebesgue is 2sn2−β.

We will also consider the pair correlations statistics generated by two orbits.
That is for s > 0, β > 0, n ∈ N and x, y ∈ X, we are interested in the almost
sure asymptotic behaviour of

#
{
0 ≤ i, j < n : |T ix− T jy| ≤ s

nβ

}
.

Again we would expect that if µ is a T -invariant probability measure that
is suitably mixing, then for an interval of β, for (µ× µ)-almost every (x, y)
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we should have

lim
n→∞

#
{
0 ≤ i, j < n : d(T ix, T jy) ≤ s

nβ

}
n2
∫
µ(B(z, s

nβ )) dµ(z)
= 1 (1.2)

for all s > 0. Theorem A similarly verifies this prediction for a family of
interval maps and measures.

Our main applications are to interval maps with good mixing properties, for
example Gibbs-Markov interval maps and their absolutely continuous (with
respect to Lebesgue measure) invariant probability measure (acip), but as we
show, our results also apply more widely to invariant probability measures
with non-trivial multifractal behaviour. We note here that a dynamical
question similar to ours was considered in [NP], though for a special class of
dynamical systems that were amenable to number theoretic techniques, in
contrast to the dynamical systems we consider. We also consider cases where
the conclusion of our theory does not hold, i.e. the pair correlation statistics
of a µ-typical point do not coincide with those of a suitable i.i.d. sequence.
Such examples are known to exists for ergodic transformations, e.g. by the
discussion above irrational rotations of the circle have this property. This
could however be attributed to the failure of the mixing property for these
dynamical systems. It is natural to ask whether a quantitative rate of mixing
would be sufficient to guarantee that the orbit of µ-almost every x behaves
like an i.i.d. sequence from the perspective of pair correlation statistics.
A natural place to look for examples, as in the case of the least distance
problem (described below) in [RT], is interval maps with subexponential
mixing. By considering a suitable class of Manneville-Pomeau maps, we
show that even a polynomial rate of mixing is insufficient to guarantee this
property (see Section 5.6).

We finish this opening discussion by highlighting a connection between pair
correlation statistics and the notion of recurrence in dynamical systems.
The foundational result in the study of recurrence is Poincaré’s recurrence
theorem [Wal, Theorem 1.4] which states that if (X,A, µ) is a probability
space and T : X → X is a measure preserving transformation, then for any
A ∈ A for µ almost every x ∈ A there exist infinitely many n ∈ N such that
Tnx ∈ A. Under fairly modest assumptions, it can be shown that if X is
equipped with a metric d, then Poincaré’s recurrence theorem implies that
lim infn→∞ d(Tnx, x) = 0 for µ-almost every x. It is natural to ask whether a
more quantitative statement holds. Following earlier work of Boshernitzan
[B] this problem has recently received significant interest. We refer the
reader to [ABB, BF, BK, BLR, B, FFT1, HT, KKP, HKKP, LLSV, Sau] and
the references therein for more on this quantitative approach to recurrence.
One approach to this problem is to study the smallest distance between all
pairs of points chosen from an orbit, and between pairs of points chosen from
two distinct orbits. More formally, this means understanding the quantities

Mn(x) := min{d(T ix, T jx) : 0 ≤ i ̸= j < n}
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and
Mn(x, y) := min

{
d(T ix, T jy) : 0 ≤ i, j < n

}
for x, y ∈ X and n ∈ N. The study of Mn(·) and Mn(·, ·) is related to
longest substring problems in probability [AW], which have applications in
the comparison of DNA strands [RSW, Wat]. The study of pair correlation
statistics can be viewed as a counting counterpart to this problem, where
we count how many times a rate of recurrence is observed within an orbit.
In [BLR], the authors considered how the quantity Mn(x, y) scales with n
for (µ× µ)-almost every (x, y) for µ a T -invariant probability measure. For
sufficiently nice dynamical systems and measures it was shown that

lim
n→∞

− logMn(x, y)

log n
=

2

Cµ

for (µ×µ)-almost every (x, y), where Cµ is the correlation dimension (defined
below). This result is significant as it tells us that the optimal range of β
for which we could expect the convergence in (1.1) and (1.2) to hold is
β ∈ (0, 2/Cµ). Moreover, [BLR] introduces techniques which are useful for
the problems addressed in the current paper. In the case of a single orbit,
where there are extra challenges with dependence which don’t exist in the
two-orbit case, a similar result was proved in [Z]. A more precise analysis
of the two-orbit case was done in [KKPT], where near-optimal results were
proved for liminf and limsup subsets defined in terms of the behaviour of
Mn(·, ·). We also note that the case of random iteration was considered in
[GRS]. Recently for (αqn)n, where (qn)n is a sequence of integers and α ∈ R,
the analogue of this minimal gaps problem was considered in [Ru, Re]. There
the results relied on properties of the additive energy of the sequence.

1.1. Definitions and main theorems. We first define properties associ-
ated with our measures. Given a Borel probability measure µ supported on
[0, 1], we define the upper correlation dimension of µ to be

Cµ := lim sup
r↘0

log
∫
µ(B(x, r)) dµ(x)

log r
.

Similarly we define Cµ the lower correlation dimension of µ via the liminf.
We generalise this to two Borel probability measures µ1, µ2, by defining the
upper correlation dimension of (µ1, µ2) to be

Cµ1,µ2 := lim sup
r↘0

log
∫
µ1(B(x, r)) dµ2(x)

log r

and similarly Cµ1,µ2 using the liminf (note that by Fubini’s theorem, switch-
ing µ1 and µ2 does not change these quantities).

Given s > 0 we say that a Borel probability measure µ is s-Ahlfors regular
if there exists C > 0 such that

1

C
rs ≤ µ(B(x, r)) ≤ Crs
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for all x ∈ supp(µ) and 0 < r < 1. Particular examples of 1-Ahlfors regular
measures are absolutely continuous invariant probability measures (acips)
with density uniformly bounded away from zero and infinity. Acips are
known to exist, and to satisfy the mixing assumptions appearing in our the-
orems, when T is a Gibbs-Markov map (see Definition 1.4). Gibbs-Markov
maps include piecewise smooth full branched interval maps with bounded
distortion. Some of the measures we will consider will not be s-Ahlfors reg-
ular for any s > 0. In this case a relevant scaling quantity is the Frostman
dimension. We define the Frostman dimension of a Borel probability meas-
ure µ supported on [0, 1] to be the supremum of those s > 0 for which there
is C > 0 such that

µ(B(x, r)) ≤ Crs

for all x ∈ [0, 1] and 0 < r < 1. We denote the Frostman dimension of such
a measure by Fµ.

Definition 1.1. We say that two Borel probability measures µ1 and µ2 have
continuous mean scaling if for any s, β, ε > 0, there exists δ0 > 0 such that
0 ≤ δ ≤ δ0 implies ∣∣∣∣1− ∫ µ1(B(x, (s± δ)/nβ)dµ2∫

µ1(B(x, s/nβ)dµ2

∣∣∣∣ < ε

for all n ∈ N. If µ1 = µ2 we say that µ1 has continuous mean scaling.

We next define the mixing properties of our dynamical systems.

Definition 1.2. Let (X,T, µ) denote a measure preserving system where
X ⊂ [0, 1], and let (C1, ∥ ·∥1) and (C2, ∥ ·∥2) be Banach spaces of observables
on [0, 1]. If there exists C, θ > 0 such that for all ψ ∈ C1 and ϕ ∈ C2,∣∣∣∣∫ ψ · ϕ ◦ Tn dµ−

∫
ψ dµ

∫
ϕdµ

∣∣∣∣ ≤ C∥ψ∥1∥ϕ∥2e−θn,

then we say that (X,T, µ) has exponential mixing for C1 against C2.

We will usually assume that C1 are the functions of bounded variation BV
with the usual norm ∥ψ∥BV = |ψ|V ar + ∥ψ∥L1 , and that C2 = L∞ with the
sup norm.

Definition 1.3. Let (X,T, µ) denote a measure preserving system where
X ⊂ [0, 1]. If there exist C ′, θ′ > 0 such that whenever 11,12,13,14 are
indicator functions on intervals and 0 ≤ a < b ≤ c, then∣∣∣∣∫ 11 · 12 ◦ T a · 13 ◦ T b · 14 ◦ T c dµ−

∫
11 · 12 ◦ T a dµ

∫
13 · 14 ◦ T c−b dµ

∣∣∣∣
≤ C ′e−θ

′(b−a),

then we say that (X,T, µ) has exponential 4-mixing for intervals.
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Note that in the definition of exponential 4-mixing for intervals that if we
set 11 = 14 = Id then we obtain a similar statement but for products of
two indicator functions on intervals. This statement coincides with what
one would obtain from assuming exponential mixing for BV against L∞.
The exponential 4-mixing for intervals property is known to hold for Gibbs–
Markov interval maps, see [Z, Lemma 4.16].

Our first main theorem is as follows; note that a version not assuming the
existence of Cµ1,µ2 is given later in Theorem 2.1.

Theorem A. Suppose that (X,T1, µ1) and (X,T2, µ2) satisfy the following
properties:

• (X,Ti, µi) have exponential mixing for BV against L∞ for i = 1, 2.
• Cµ1 , Cµ2 and Cµ1,µ2 exist, belong to (0,∞), and satisfy Cmax > 0 for
Cmax := maxi=1,2 {2Cµ1,µ2 − Cµi}.

• µ1 and µ2 have continuous mean scaling.

Then for β ∈ (0, 2/Cmax), for (µ1 × µ2)-a.e. (x, y), for all s > 0,

lim
n→∞

#
{
0 ≤ i, j < n : |T i1x− T j2 y| ≤ s

nβ

}
n2
∫
µ1
(
B
(
z, s

nβ

))
dµ2(z)

= 1.

An example of an application of Theorem A is to the following type of
interval map, which we give a particular version of.

Definition 1.4. Let X̃ ⊂ [0, 1] be a set that can be written as X̃ = ∪P∈PP

where P is an at most countable collection of intervals. Suppose T̃ : X̃ → I
is a function satisfying the following properties:

• for each P ∈ P, T̃ (P ) ∩ X̃ is a union of elements of P;

• T̃ is C1 on each P ∈ P and there exist ι, Cι > 0 such that for any
P ∈ P, if x, y ∈ P then |DT̃ (x)−DT̃ (y)| ≤ Cι|x− y|ι;

• there exists λ > 1 such that |DT̃ (x)| ≥ λ for all x ∈ X̃;
• we have bounded distortion: there exists C > 0 such that if x, y ∈
P ∈ P then

∣∣∣DT̃ (x)
DT̃ (y)

− 1
∣∣∣ ≤ C|x− y|;

• there exists b0 > 0 such that Diam(T̃ (P )) ≥ b0 for all P ∈ P.

Define the attractor to be

X = XT̃ :=
{
x ∈ X̃ : T̃ ix ∈ ∪P∈PP for all i ≥ 0

}
.

We denote the restriction of T̃ to X by T : X → X and call T a Gibbs-
Markov map.

Note that we will sometimes abuse notation and discuss T acting outside
of the attractor X. If XT̃ = I, then these maps have a unique acip, with
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density ρ in BV and bounded away from 0 and ∞, and which satisfies the
mixing conditions of our main theorems: in this case we will write T = T̃ .
Basic examples of these maps are x 7→ kx mod 1 for k ∈ N, see also Farey
maps and Lüroth maps (eg [KMS]). At the same time as considering these
maps we will consider the Gauss map x 7→ 1/x mod 1 with acip given by the
Gauss measure. We emphasise that the Gauss map behaves like a Gibbs-
Markov map, see for example [BDT, Section 2.6.3], despite there being a
point x where |DT (x)| = 1 (i.e., for x = 1). The proof of the following is
given in Section 5.

Corollary 1.5. Suppose that (I, Ti) are Gibbs-Markov maps or the Gauss
map, with acips and densities denoted by µi and ρi for i = 1, 2, respectively.
Then for β ∈ (0, 2),

1

n2−β
∫
(ρ1ρ2)(t) dt

#
{
0 ≤ i, j < n : |T i1x− T j2 y| ≤

s

nβ

}
→ 2s,

for µ1 × µ2 a.e. (x, y).

So in the special case when µ1 = µ2 = Lebesgue, for β ∈ (0, 2)

1

n2−β
#
{
0 ≤ i, j < n : |T i1x− T j2 y| ≤

s

nβ

}
→ 2s.

A Gibbs-Markov map where P is a finite set, its elements have disjoint
closures and T̃ (P ) = I for all P ∈ P is called a cookie cutter, a version of
which is in [Ra]. Note that here XT̃ ̸= I and the Hausdorff dimension h

of XT̃ is strictly less than 1. If ϕ : X̃ → R is Hölder on each P ∈ P then
there is a unique equilibrium state µ = µϕ. Note one example of this is

ϕ = −h log |DT̃ |, in which case µϕ is the natural ‘geometric measure’ and is
h-Ahlfors regular. It is the analogue to the acips mentioned above in this
case. The system (X,T, µ) then satisfies the conditions of our main theorems
as we show in Section 5, and hence we have the conclusion of Theorem A
for this family of maps and measures. This conclusion will also hold more
generally for equilibrium states (see Section 5 for the definition).

Our second main theorem considers the case of a single orbit. This intro-
duces significantly more dependence and has a much more involved proof.
In this case we require an extra condition (as well as exponential 4-mixing
for intervals). Given a measure preserving transformation (X,T, µ) where
X ⊂ [0, 1], let

Ar(n) := {x : |Tnx− x| < r }.
We say that (X,T, µ) satisfies the early return property if there exist C, s > 0
such that

µ (Ar(n)) ≤ Crs (1.3)

for all r > 0 and n ∈ N. We let Dµ denote the supremum of those s > 0 for
which (1.3) holds for some C > 0 and call Dµ the early return exponent. We
give examples of systems satisfying the early return property in Section 5.
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Theorem B. Assume that (X,T, µ) satisfies the following properties:

• (X,T, µ) has exponential mixing for BV against L∞ and exponential
4-mixing for intervals.

• (X,T, µ) has the early return property with exponent Dµ.
• The correlation dimension of µ exists and is strictly positive. We
denote it by Cµ.

• µ has continuous mean scaling.

Then for β ∈ (0, 2/Cµ) satisfying the following inequalities:

• β(Cµ −Dµ) < 1,
• β(Cµ − Fµ) < 1,

for µ almost every x, for all s > 0 we have

lim
n→∞

#
{
0 ≤ i ̸= j < n : |T ix− T jx| ≤ s

nβ

}
n2
∫
µ
(
B
(
z, s

nβ

))
dµ(z)

= 1.

As in the two-orbit case, if we have an acip with a density in BV, as for
example in the case of Gibbs-Markov or Gauss maps, we have a result which
is simpler to state.

Corollary 1.6. Suppose that (I, T ) is a Gibbs-Markov map or the Gauss
map, with acip µ and density ρ. Then for all β ∈ (0, 2), for µ-a.e. x and all
s > 0,

1

n2−β
∫
ρ(t)2 dt

#
{
0 ≤ i ̸= j < n : |T ix− T jx| ≤ s

nβ

}
→ 2s.

So again in the special case when µ = Lebesgue, for β ∈ (0, 2)

1

n2−β
#
{
0 ≤ i ̸= j < n : |T ix− T jx| ≤ s

nβ

}
→ 2s,

for Lebesgue-a.e. x. We also have applications to cookie cutters and their
associated equilibrium states, see Section 5.

Remark 1.7. We note that there are other possible shrinking sequences that
we could use to define our pair correlation statistics that we can cover using
our techniques, but the polynomial decay is a helpful property here, and the
literature is mostly concerned with sequences of the form (s/nβ)n, so we
restrict ourselves to these sequences here.

Structure of the paper: The rest of the paper is organised as follows. In
Section 2 we prove Theorem 2.1 which implies Theorem A. Our proof of
Theorem B is split across Sections 3 and 4. In Section 3 we introduce
a conditioning argument that will underpin our proof of Theorem B and
obtain some useful expectation bounds. Finally in Section 4 we complete
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our proof by obtaining suitable second moment estimates. In Section 5 we
explain why Corollaries 1.5 and 1.6 follow from our theorems and include
some additional examples. We also include in this section the details for
the aforementioned example of an interval map and invariant measure with
a polynomial rate of mixing for which the orbit of almost every point does
not have the expected pair correlation statistics.

Notation: For sequences (an)n and (bn)n in [0,∞) we write an ≲ bn if there
is C > 0 such that an ≤ Cbn for all n. The notation an ≳ bn is defined
similarly. If an ≲ bn and an ≳ bn, we write an ≍ bn. We write an ∼ bn
if an

bn
→ 1. For (cn)n with cn ∈ R we also write cn = O(bn) if |cn| ≲ bn.

Finally, if (an)n in [0,∞) satisfies limn→∞ an = 0, then we will sometimes
write an = o(1).

Acknowledgements. SB was partially funded by his EPSRC New Investig-
ators Award (EP/W003880/1). MT was partially funded by his EPSRC
grant UKRI1120. MT also thanks the University of Loughborough for their
hospitality.

2. Proof for the two orbit case

Theorem A follows immediately from the following more general statement.
We note that after setting γ to be any positive constant less than 2−βCµ1,µ2
so that (2.1) is satisfied, to satisfy (2.2) for some α ∈ (0, 2γ) for i = 1 and
i = 2, it is sufficient to satisfy that β(2Cµ1,µ2 − Cµ1) and β(2Cµ1,µ2 − Cµ2)
are less than 2. This is precisely the second assumption in Theorem A.

Theorem 2.1. Suppose that (X,Ti, µi) have exponential mixing for BV
against L∞ for i = 1, 2 and µ1 and µ2 have continuous mean scaling. Let
β > 0. For γ ∈ (0, 2), suppose that for all s > 0,

n2
∫
µ1

(
B
(
x, s/nβ

))
dµ2(x) ≳ nγ , (2.1)

where the implied constant may depend on s. Moreover, suppose that there
is α ∈ (0, 2γ) such that

n2
∫
µi

(
B
(
x, s/nβ

))
dµi(x) ≲ nα (2.2)

for i = 1 and i = 2, where again the implied constant may depend on s.

Then for µ1 × µ2 a.e. (x, y), for all s > 0 we have

lim
n→∞

#
{
0 ≤ i, j < n : |T i1x− T j2 y| ≤ s

nβ

}
n2
∫
µ1 (B (z, s/nβ)) dµ2(z)

= 1.

The following lemma clarifies how (2.1), (2.2) and Cµ1,µ2 are related.
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Lemma 2.2. (a) If Cµ1,µ2 <∞ then (2.1) is satisfied for s, β, γ whenever

β < 2−γ
Cµ1,µ2

.

(b) If Cµ1,µ2 > 0 and (2.1) is satisfied for s, β, γ, then β < 2−γ
Cµ1,µ2

.

(c) If Cµ > 0 then (2.2) is satisfied for s, β, α whenever β > 2−α
Cµ

.

Proof. For (a) it is sufficient to set s = 1. Then for ε > 0 and n sufficiently
large,

log
∫
µ1(B(x, 1/nβ)) dµ2(x)

−β log n
< Cµ1,µ2 + ε.

So

n2
∫
µ1(B(x, 1/nβ)) dµ2(x) > n2−β(Cµ1,µ2+ε).

Therefore if β < 2−γ
Cµ1,µ2+ε

, we are finished, so we conclude by noting that

ε > 0 was arbitrary.

For (b), for ε > 0 and sufficiently large n,
log

∫
µ1(B(x,s/nβ)) dµ2(x)

log(s/nβ)
≥ Cµ1,µ2−ε

and (2.1) imply

nγ ≲ n2
∫
µ1(B(x, s/nβ)) dµ2(x) ≤ n2

( s

nβ

)Cµ1,µ2
−ε
,

so n−β ≳ n
γ−2

Cµ1,µ2
−ε for all ε > 0, so β < 2−γ

Cµ1,µ2

as required.

Part (c) follows similarly. □

We will require the following straightforward lemmas, see Lemmas 3.2 and
3.3 of [KKPT].

Lemma 2.3. Suppose that (X,µ1), (X,µ2) are Borel probability spaces with
X ⊂ Rn. Then there exists K > 0 such that if r > 0 is sufficiently small
then for y ∈ X,

µi(B(y, r)) ≤ K

(∫
µi(B(x, r)) dµi(x)

) 1
2

for i = 1, 2.

Hence also∫
µi(B(x, r))2 dµj(x) ≤ K

(∫
µi(B(x, r)) dµi(x)

) 1
2
∫
µi(B(x, r)) dµj(x).

for (i, j) = (1, 2), (2, 1).

Lemma 2.4. Let (X,µ) denote a Borel probability space where X ⊂ R. For
any r > 0, ψr : X → R given by y 7→ µ(B(y, r)) is a function of bounded
variation with total variation bounded above by 2.

Remark 2.5. We observe that the first part of Lemma 2.3 implies that if
Cµ1 , Cµ2 and Cµ1,µ2 exist and lie in (0,∞), as in Theorem A, then Cmax ≥ 0.
Recall that Cmax = maxi=1,2 {2Cµ1,µ2 − Cµi} .
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It will be useful in our proofs to use the following function.

Definition 2.6. Let ℓ : N → R+ be a function satisfying the conditions:

• for any δ > 0, ℓ(n)
nδ → 0 as n→ ∞;

• for any p > 0 and δ > 0, npe−δℓ(n) → 0 as n→ ∞.

So for concreteness, we can choose ℓ(n) = log n log log n.

Proof of Theorem 2.1. Suppose, without loss of generality, that the expo-
nential mixing constants are the same for both systems.

Let us fix β > 0, γ ∈ (0, 2) and α ∈ (0, 2γ) so that our assumptions are
satisfied. For s > 0, let rn = s/nβ. Then for x, y ∈ X, define

Sn(x, y) :=
∑

i,j∈[0,n)

1
B(T j

2 y,rn)
(T i1x).

Our proof depends on showing that the following second moment bound is
satisfied: Let γ̂ := γ− α

2 > 0 (see (2.2)), then for all s > 0 there exists C > 0
such that

E
(

Sn
E(Sn)

− 1

)2

<
C

n
γ̂
2

. (2.3)

for all n ∈ N. We will now explain why our result follows from (2.3) before
returning to its proof. Using Markov’s inequality, we deduce

(µ1 × µ2)

(∣∣∣∣ Sn
E(Sn)

− 1

∣∣∣∣ ≥ 1

n
γ̂
8

)
= (µ1 × µ2)

((
Sn

E(Sn)
− 1

)2

≥ 1

n
γ̂
4

)

≤ n
γ̂
4E
(

Sn
E(Sn)

− 1

)2

≤ C

n
γ̂
4

.

So taking a subsequence (nK)n where K > 4/γ̂, we see that

(µ1 × µ2)

(∣∣∣∣ SnK

E(SnK )
− 1

∣∣∣∣ ≥ 1

nK
γ̂
8

)
≤ C

n
Kγ̂
4

,

which is summable. Hence, by the Borel-Cantelli lemma for µ1 × µ2 a.e.
(x, y),

SnK (x, y)

E(SnK )
→ 1,

i.e.,

lim
n→∞

#
{
0 ≤ i, j < nK : |T i1x− T j2 y| ≤ s

nβK

}
n2K

∫
µ1 (B (z, s/nKβ)) dµ2(z)

= 1. (2.4)

This establishes our desired convergence along a subsequence for a fixed
choice of s. It remains to establish this convergence along the integers and
for arbitrary s > 0.
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Recalling that our sequence of radii are (s/nβ)n where s > 0 was arbitrary,
it follows from the above and the fact that a countable union of sets of
measure zero has measure zero, that for µ1 ×µ2 a.e. (x, y), for any s ∈ Q>0

we have

lim
n→∞

#
{
0 ≤ i, j ≤ nK : |T i1x− T j2 y| ≤ s

nKβ

}
n2K

∫
µ(B(z, s/nKβ)) dµ(z)

= 1. (2.5)

We emphasise that here we are using the fact that γ̂ and K are independent
of s.

We will now explain why for µ1 × µ2 a.e (x, y) for any s > 0 we have

lim
n→∞

#
{
0 ≤ i, j ≤ n : |T i1x− T j2 y| ≤ s

nβ

}
n2
∫
µ(B(z, s/nβ)) dµ(z)

= 1.

Let us fix (x, y) belonging to the full measure set for which (2.5) holds for
every s ∈ Q>0. For n ∈ N let m ∈ N be such that mK ≤ n < (m + 1)K ,
then for this choice of x, y we have

lim sup
n→∞

#{0 ≤ i, j ≤ n : |T i1x− T j2 y| ≤ s
nβ }

n2
∫
µ(B(z, s/nβ)) dµ(z)

≤ lim sup
n→∞

#{0 ≤ i, j ≤ (m+ 1)K : |T i1x− T j2 y| ≤ s
nβ }

m2K
∫
µ(B(z, s/(m+ 1)Kβ)) dµ(z)

= lim sup
n→∞

#{0 ≤ i, j ≤ (m+ 1)K : |T i1x− T j2 y| ≤ s
(m+1)Kβ

(m+1)Kβ

nβ }
m2K

∫
µ(B(z, s/(m+ 1)Kβ)) dµ(z)

≤ inf
s′∈Q:s′>s

lim sup
n→∞

#{0 ≤ i, j ≤ (m+ 1)K : |T i1x− T j2 y| ≤ s′

(m+1)Kβ }
m2K

∫
µ(B(z, s/(m+ 1)Kβ)) dµ(z)

≤ inf
s′∈Q:s′>s

lim sup
n→∞

#{0 ≤ i, j ≤ (m+ 1)K : |T i1x− T j2 y| ≤ s′

(m+1)Kβ }
(m+ 1)2K

∫
µ(B(z, s′/(m+ 1)Kβ)) dµ(z)

×
∫
µ(B(z, s′/(m+ 1)Kβ)) dµ(z)∫
µ(B(z, s/(m+ 1)Kβ)) dµ(z)

× (m+ 1)2K

m2K

= 1× inf
s′∈Q:s′>s

lim sup
n→∞

∫
µ(B(z, s′/(m+ 1)Kβ)) dµ(z)∫
µ(B(z, s/(m+ 1)Kβ)) dµ(z)

= 1.
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In the final line we have used our assumption that µ1 and µ2 have continuous
mean scaling. It can similarly be shown that

lim inf
n→∞

#{0 ≤ i, j ≤ n : |T ix− T jy| ≤ s
nβ }

n2
∫
µ(B(z, s/nβ)) dµ(z)

≥ lim inf
n→∞

#{0 ≤ i ̸= j ≤ mK : |T ix− T jy| ≤ s
nβ }

(m+ 1)2K
∫
µ(B(z, s/mKβ)) dµ(z)

≥ lim inf
n→∞

#{0 ≤ i ̸= j ≤ mK : |T ix− T jy| ≤ s
mKβ

mKβ

nβ }
(m+ 1)2K

∫
µ(B(z, s/mKβ)) dµ(z)

≥ sup
s′∈Q:s′<s

lim inf
n→∞

#{0 ≤ i ̸= j ≤ mK : |T ix− T jy| ≤ s′

mKβ }
(m+ 1)2K

∫
µ(B(z, s/mKβ)) dµ(z)

≥ sup
s′∈Q:s′<s

lim inf
n→∞

#{0 ≤ i ̸= j ≤ mK : |T ix− T jy| ≤ s′

mKβ }
m2K

∫
µ(B(z, s/mKβ)) dµ(z)

×
∫
µ(B(z, s′/mKβ)) dµ(z)∫
µ(B(z, s/mKβ)) dµ(z)

× m2K

(m+ 1)2K

= 1× sup
s′∈Q:s′<s

lim inf
n→∞

∫
µ(B(z, s′/mKβ)) dµ(z)∫
µ(B(z, s/mKβ)) dµ(z)

= 1.

Where in the final line we used that µ1 and µ2 have continuous mean scaling.
Thus (x, y) satisfies

lim
n→∞

#{0 ≤ i ̸= j ≤ n : |T ix− T jy| ≤ s
nβ }

n2
∫
µ(B(z, s/nβ)) dµ(z)

= 1

for any s > 0. This completes our proof up to verifying (2.3).

Let us fix s > 0 and define rn = s/nβ. We now set out to prove (2.3) for
this choice of s. Using T1-invariance of µ1 and T2-invariance of µ2 we first
compute

E(Sn) = n2
∫
µ1(B(y, rn)) dµ2(y) ≳ nγ . (2.6)

Next, note that the left hand side of (2.3) is equal to E(S2
n)−E(Sn)2

E(Sn)2
. Since

we already have an expression for E(Sn) we proceed to estimate E(S2
n). We

have

E(S2
n) =

∑
i1,i2,j1,j2∈[0,n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x)·1B(T
j2
2 y,rn)

(T i21 x) dµ1(x)dµ2(y).

In what follows we will often assume that i1 ≤ i2 and j1 ≤ j2 since for
the three other combinations of inequalities, the upcoming arguments will
give the same bound. Similarly to the proof of [BLR, Theorem 3], we will
split the summation above according to the subcases corresponding to the
following inequalities: |i2 − i1| ≤ ℓ(n), |i2 − i1| > ℓ(n), |j2 − j1| ≤ ℓ(n),
|j2 − j1| > ℓ(n), where we recall ℓ from Definition 2.6.
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For i2− i1 > ℓ(n) and j2−j1 > ℓ(n), i.e. the totally separated case (the cases
i1 − i2 > ℓ(n) and/or j1 − j2 > ℓ(n) follow similarly), the following holds

∑
i1,i2∈[0,n)
i2−i1>ℓ(n)

∑
j1,j2∈[0,n)
j2−j1>ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x)1B(T
j2
2 y,rn)

(T i21 x) dµ1(x)dµ2(y)

=
∑

i1,i2∈[0,n)
i2−i1>ℓ(n)

∑
j1,j2∈[0,n)
j2−j1>ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(x)1
B(T

j2
2 y,rn)

(T i2−i11 x) dµ1(x)dµ2(y)

≤
∑

i1,i2∈[0,n)
i2−i1>ℓ(n)

∑
j1,j2∈[0,n)
j2−j1>ℓ(n)

(∫
µ1(B(y, rn))µ1(B(T j2−j12 y, rn)) dµ2(y)

+O
(
e−θℓ(n)

))
≤

∑
i1,i2∈[0,n)
i2−i1>ℓ(n)

∑
j1,j2∈[0,n)
j2−j1>ℓ(n)

((∫
µ1(B(y, rn)) dµ2(y)

)2

+O
(
e−θℓ(n)

))

≤ n4

4

((∫
µ1(B(y, rn)) dµ2(y)

)2

+O
(
e−θℓ(n)

))
=

E(Sn)2

4
+O

(
n4e−θℓ(n)

)
,

where the first two inequalities follow from our exponential mixing assump-
tions, in the second inequality we have also used Lemma 2.4. Applying the
same argument to the other three cases then gives us a bound of

∑
i1,i2∈[0,n)
|i2−i1|>ℓ(n)

∑
j1,j2∈[0,n)
|j2−j1|>ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x)1B(T
j2
2 y,rn)

(T i21 x) dµ1(x)dµ2(y)

≤ E(Sn)2 +O
(
n4e−θℓ(n)

)
. (2.7)

We emphasise that the second term on the right hand side of (2.7) decays
faster than any polynomial by our choice of function ℓ (recall Definition 2.6).
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For 0 ≤ i2 − i1 ≤ ℓ(n) and 0 ≤ j2 − j1 ≤ ℓ(n), i.e. the totally non-separated
case, we have∑
i1,i2∈[0,n)

0≤i2−i1≤ℓ(n)

∑
j1,j2∈[0,n)

0≤j2−j1≤ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x) · 1B(T
j2
2 y,rn)

(T i21 x) dµ1(x)dµ2(y)

≤
∑

i1,i2∈[0,n)
0≤i2−i1≤ℓ(n)

∑
j1,j2∈[0,n)

0≤j2−j1≤ℓ(n)

∫
µ1(B(T j12 y, rn)) dµ2(y)

≤ ℓ(n)2n2
∫
µ1(B(y, rn)) dµ2(y) = ℓ(n)2E(Sn).

Again the cases where 0 ≤ i1 − i2 ≤ ℓ(n) and/or 0 ≤ j1 − j2 ≤ ℓ(n) follow
similarly, and together yield∑

i1,i2∈[0,n)
0≤|i2−i1|≤ℓ(n)

∑
j1,j2∈[0,n)

0≤|j2−j1|≤ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x) · 1B(T
j2
2 y,rn)

(T i21 x) dµ1(x)dµ2(y)

≲ ℓ(n)2E(Sn). (2.8)

For i2 − i1 > ℓ(n) and 0 ≤ j2 − j1 ≤ ℓ(n), i.e. a half-separated case, we have∑
i1,i2∈[0,n)
i2−i1>ℓ(n)

∑
j1,j2∈[0,n)

0≤j2−j1≤ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x) · 1B(T
j2
2 y,rn)

(T i21 x) dµ1(x)dµ2(y)

=
∑

i1,i2,j1,j2∈[0,n)
i2−i1>ℓ(n)

0≤j2−j1≤ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(x) · 1
B(T

j2
2 y,rn)

(T i2−i11 x) dµ1(x)dµ2(y)

≤
∑

i1,i2∈[0,n)
i2−i1>ℓ(n)

∑
j1,j2∈[0,n)

0≤j2−j1≤ℓ(n)

(∫
µ1(B(T j12 y, rn))µ1(B(T j22 y, rn)) dµ2(y)+

+O
(
e−θℓ(n)

))
≤

∑
i1,i2∈[0,n)
i2−i1>ℓ(n)

∑
j1,j2∈[0,n)

0≤j2−j1≤ℓ(n)

(∫
µ1(B(y, rn))

2 dµ2(y) +O
(
e−θℓ(n)

))

≤ n3ℓ(n)

(∫
µ1(B(y, rn))

2 dµ2(y) +O
(
e−θℓ(n)

))
,

where in the penultimate line we have used the Cauchy-Schwarz inequality
and T2-invariance of µ2. In the case where 0 ≤ i2 − i1 ≤ ℓ(n) and j2 − j1 >
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ℓ(n), by an analogous argument we obtain:

∑
i1,i2∈[0,n)

0≤i2−i1≤ℓ(n)

∑
j1,j2∈[0,n)
j2−j1>ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x) · 1B(T
j2
2 y,rn)

≤ n3ℓ(n)

(∫
µ2(B(y, rn))

2 dµ1(y) +O
(
e−θℓ(n)

))
.

Similar estimates can be obtained in the half separated case when i2 ≤ i1
and j2 ≤ j1. In summary, in the half-separated case we have the following
bound:∑
i1,i2∈[0,n)
|i2−i1|>ℓ(n)

∑
j1,j2∈[0,n)

0≤|j2−j1|≤ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x) · 1B(T
j2
2 y,rn)

(T i21 x) dµ1(x)dµ2(y)

+
∑

i1,i2∈[0,n)
0≤|i2−i1|≤ℓ(n)

∑
j1,j2∈[0,n)
|j2−j1|>ℓ(n)

∫ ∫
1
B(T

j1
2 y,rn)

(T i11 x) · 1B(T
j2
2 y,rn)

(T i21 x) dµ1(x)dµ2(y)

≲ n3ℓ(n)

(∫
µ1(B(y, rn))

2 dµ2(y) +O
(
e−θℓ(n)

))
(2.9)

+ n3ℓ(n)

(∫
µ2(B(y, rn))

2 dµ1(y) +O
(
e−θℓ(n)

))
.

Combining (2.7), (2.8), and (2.9) we have

E(S2
n)− E(Sn)2

E(Sn)2
≲
n4e−θℓ(n)

E(Sn)2
+
ℓ(n)2E(Sn)
E(Sn)2

+
n3ℓ(n)

∫
µ1(B(y, rn))

2 dµ2(y)

E(Sn)2

+
n3ℓ(n)

∫
µ2(B(y, rn))

2 dµ1(y)

E(Sn)2
+
n3e−θℓ(n)ℓ(n)

E(Sn)2
.

We now consider each of the terms on the right hand side of the above and
show that they are each bounded above by a constant multiple of n−γ̂/2.
This will in turn imply that (2.3) holds. The first and fifth terms decay to
zero faster than any polynomial by our choice of function ℓ. Thus these two
terms can be bounded above by a constant multiple of n−γ̂/2.

For the second term, using (2.6) we have

ℓ(n)2E(Sn)
E(Sn)2

≲
ℓ(n)2

nγ
≲

1

n
γ̂
2

.

So this term satisfies the desired upper bound.
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For the third term we apply Lemma 2.3 for (i, j) = (1, 2) and use (2.1) and
(2.2) to obtain

n3ℓ(n)
∫
µ1(B(y, rn))

2 dµ2(y)

E(Sn)2

≲
n3ℓ(n)

(∫
µ1(B(y, rn)) dµ1(y)

) 1
2
∫
µ1(B(y, rn)) dµ2(y)

n4
(∫

µ1(B(y, rn)) dµ2(y)

)2

=
ℓ(n)

(
n2
∫
µ1(B(y, rn)) dµ1(y)

) 1
2

n2
∫
µ1(B(y, rn)) dµ2(y)

≲
n

α
2 ℓ(n)

nγ
≲

1

n
γ̂
2

.

So the third term satisfies the desired decay rate. By an analogous argument
it can be shown that the fourth term is also bounded above by a constant
multiple of n−γ̂/2. This completes our proof. □

3. One orbit case: conditioning and expectation

In this section and the next we fix (X,T, µ) satisfying the assumptions of
Theorem B. We also fix β > 0 satisfying the inequalities listed in this the-
orem. By the definition of Frostman dimension and the early return expo-
nent, we can choose F̃µ, D̃µ, C > 0 so that the following properties hold:

• µ(B(x, r)) ≤ CrF̃µ for all x ∈ X and r > 0.

• µ(Ar(n)) ≤ CrD̃µ for all r > 0 and n ∈ N.
• β(Cµ − D̃µ) < 1.

• β(Cµ − F̃µ) < 1.

We now set out to prove that µ-almost every x satisfies

lim
n→∞

#
{
0 ≤ i ̸= j < n : |T ix− T jx| ≤ s

nβ

}
n2
∫
µ
(
B
(
z, s

nβ

))
dµ(z)

= 1

for all s > 0. Assuming we have fixed s > 0 we associate the random variable

Sn(x) =
∑

0≤i ̸=j<n
1B(T ix, s

nβ )(T
jx).

We will prove Theorem B via a second moment analysis of Sn as in the proof
of Theorem 2.1. However, in this case, because we are now considering a
single orbit instead of two orbits, we have lost a degree of independence
that was crucial in our earlier calculations, so for example, even computing
the expectation of Sn becomes a significant task. To overcome this issue
it is necessary to introduce a conditioning argument. We will outline this
argument in the next subsection. In this section we use it to estimate the
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expectation, or first moment, of our Sn. In the next section we will estimate
the second moment and give the proof of Theorem B.

3.1. A conditioning argument. Given s > 0, in what follows we define
the sequence (rn)n via the equation

rn =
s

nβ

for all n ∈ N. We suppress the dependence on s in this notation. When we
refer to a sequence (rn) we are implicitly making a choice of s.

The conditioning argument we will use throughout our proof involves intro-
ducing a parameter ϵ > 0, and for each n ∈ N we let m ∈ N be the unique
integer satisfying

2−m < r1+ϵn ≤ 2−m+1. (3.1)

In our notation we will suppress the dependence ofm on ϵ. Our conditioning
is provided by the dyadic partition provided by intervals of size 2−m. With
this in mind we introduce the following notation: let

I0 :=

[
0,

1

2m

]
and Ik :=

(
k

2m
,
k + 1

2m

]
for 1 ≤ k ≤ 2m − 1.

Given ϵ > 0 and 0 ≤ k ≤ 2m − 1 we also let

B+
k := B

(
k

2m
, rn +

1

2m

)
and B−

k := B

(
k

2m
, rn −

1

2m

)
.

Again we suppress ϵ from our notation.

We observe that the partition {Ik}2
m−1
k=0 has the property that for all x, y ∈ I

we have

1Ik(x) · 1B−
k
(y) ≤ 1Ik(x) · 1B(x,rn)(y) ≤ 1Ik(x) · 1B+

k
(y). (3.2)

Moreover, it is an obvious fact that for x ∈ [0, 1] and i, j ∈ N0 we have

1B(T ix,rn)(T
jx) =

2m−1∑
k=0

1Ik(T
ix) · 1B(T ix,rn)(T

jx). (3.3)

Combining (3.2) and (3.3) yields

2m−1∑
k=0

1Ik(T
ix)1B−

k
(T jx) ≤ 1B(T ix,rn)(T

jx) ≤
2m−1∑
k=0

1Ik(T
ix)1B+

k
(T jx).

(3.4)
Crucially the left hand side and right hand side of (3.4) are in a form where
our mixing assumptions can be applied. This is the important property that
our conditioning approach provides.

We also highlight the following straightforward counting bounds that will
be used throughout our proofs. Suppose that ϵ > 0 and that m is defined
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by (3.1), then for any x ∈ [0, 1] we have

2m−1∑
k=0

1B+
k
(x) ≲ 2mrn ≲ nβϵ. (3.5)

We will also regularly use the trivial fact that for any x ∈ [0, 1] we have

2m−1∑
k=0

1Ik(x) = 1. (3.6)

We will also need the following technical lemma which controls the error
when

∫
µ(B(x, rn)) dµ(x) is approximated by a sum over the dyadic partition

corresponding to a choice of ϵ and m. In the proof of this lemma and at
many points later on in our discussion, we will need the following equality
which follows from the definition of correlation dimension:∫

µ(B(x, rn)) dµ(x) = n−βCµ+o(1). (3.7)

Lemma 3.1. Let s > 0. Given ϵ > 0 and m defined by (3.1), we have the
following∣∣∣∣∣

2m−1∑
k=0

µ(Ik)µ
(
B+
k

)
−
∫
µ(B(x, rn)) dµ(x)

∣∣∣∣∣ ≲
∫
µ

(
B

(
x,

8

2m

))
dµ(x)

≲ n−βCµ(1+ϵ/2)

and∣∣∣∣∣
2m−1∑
k=0

µ(Ik)µ
(
B−
k

)
−
∫
µ(B(x, rn)) dµ(x)

∣∣∣∣∣ ≲
∫
µ

(
B

(
x,

8

2m

))
dµ(x)

≲ n−βCµ(1+ϵ/2).

Moreover, we always have the bound

2m−1∑
k=0

µ(Ik)µ
(
B+
k

)
≲ n−βCµ+o(1).

Proof. In the proof below we just prove the first statement for the set of
balls {B+

k }
2m−1
k=0 . The second statement follows by an analogous argument.

Our final bound is a consequence of our first statement and (3.7).
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Let gm : [0, 1] → { k
2m }2m−1

k=0 be the function given by the rule gm(x) =
k
2m if

x ∈ Ik. Then

∣∣∣∣∣
2m−1∑
k=0

µ (Ik)µ
(
B+
k

)
−
∫
µ(B(x, rn)) dµ(x)

∣∣∣∣∣
=

∣∣∣∣∫ µ

(
B

(
gm(x), rn +

1

2m

))
− µ(B(x, rn)) dµ(x)

∣∣∣∣
=

∫
µ

(
B

(
gm(x), rn +

1

2m

)
\B(x, rn)

)
dµ(x)

≤
∫
µ

(
B

(
gm(x) + rn,

1

2m

))
+ µ

(
B

(
gm(x)− rn,

1

2m

))
dµ.

Thus to prove our result it remains to establish suitable upper bounds for
the two integrals appearing in the final line of the above. We will just show
how to bound the first of these integrals. The other is handled similarly.
Let p ∈ N be the unique integer satisfying

p

2m
≤ rn <

p+ 1

2m
.

Then we have the following

∫
µ

(
B

(
gm(x) + rn,

1

2m

))
dµ(x)

≤
2m−1∑
k=0

µ (Ik)µ

(
B

(
k + p

2m
,
3

2m

))

≤

(
2m−1∑
k=0

µ (Ik)
2

)1/2(2m−1∑
k=0

µ

(
B

(
k + p

2m
,
3

2m

))2
)1/2

(Cauchy-Schwarz)

≤

(
2m−1∑
k=0

µ (Ik)
2

)1/2(2m−1∑
k=0

µ

(
B

(
k

2m
,
3

2m

))2
)1/2

. (3.8)

We now bound the two terms appearing in (3.8). The following bound is
obvious

(
2m−1∑
k=0

µ (Ik)
2

)1/2

≤
(∫

µ

(
B

(
x,

8

2m

))
dµ(x)

)1/2

. (3.9)



22 S. BAKER AND M. TODD

For the second term we have
2m−1∑
k=0

µ

(
B

(
k

2m
,
3

2m

))2

=

2m−1∑
k=0

2∑
q=−3

µ(Ik+q)µ

(
B

(
k

2m
,
3

2m

))

≤
2m−1∑
k=0

2∑
q=−3

µ(Ik+q)µ

(
B

(
k + q

2m
,
7

2m

))

≤ 6
2m−1∑
k=0

µ(Ik)µ

(
B

(
k

2m
,
7

2m

))
≤ 6

∫
µ

(
B

(
x,

8

2m

))
dµ(x). (3.10)

Substituting (3.9) and (3.10) into (3.8), and using the definition of correla-
tion dimension and (3.1) now yields∫

µ

(
B

(
gm(x) + rn,

1

2m

))
dµ(x) ≤ 7

∫
µ

(
B

(
x,

8

2m

))
dµ(x)

≲ n−βCµ(1+ϵ/2).

This completes our proof. □

3.2. Expectation estimate. We next give the main result from this sec-
tion, an estimate on E(Sn). Recall that β, D̃µ, F̃µ and Cµ satisfy

β(Cµ − D̃µ) < 1, β(Cµ − F̃µ) < 1, βCµ < 2.

Proposition 3.2. There exists ϵ1 > 0 such that for any s > 0 we have∣∣∣∣E(Sn)− n2
∫
µ(B(x, rn)) dµ(x)

∣∣∣∣ ≲ n2−βCµ−ϵ1 .

Proof. We start by stating the following simple bound and equality:∑
i,j∈[0,n)
|j−i|≥ℓ(n)

∫
1B(T i(x),rn)(T

jx) dµ(x) ≤ E(Sn) (3.11)

and

E(Sn) =
∑

i,j∈[0,n)
|j−i|≥ℓ(n)

∫
1B(T i(x),rn)(T

jx) dµ(x) (3.12)

+
∑

i,j∈[0,n)
|j−i|<ℓ(n)

∫
1B(T i(x),rn)(T

jx) dµ(x).

Thus to prove our result it is sufficient to obtain suitably good upper and
lower bounds for the sum over the well separated indices, and an upper
bound for the sum over close indices. We begin by proving an upper bound



PAIR CORRELATION STATISTICS FOR DYNAMICAL SYSTEMS 23

for the summation over well separated indices. Let ϵ > 0 and m be defined
by (3.1). By our exponential 4-mixing on intervals assumption, the right
hand inequality in (3.4), and Lemma 3.1 we have:∑
i,j∈[0,n)
|j−i|≥ℓ(n)

∫
1B(T i(x),rn)(T

jx) dµ(x)

≤
∑

i,j∈[0,n)
|j−i|≥ℓ(n)

2m−1∑
k=0

∫
1Ik(T

ix) · 1B+
k
(T jx) dµ(x)

=
∑

i,j∈[0,n)
|j−i|≥ℓ(n)

2m−1∑
k=0

(
µ (Ik)µ

(
B+
k

)
+O(e−θℓ(n))

)

≤
∑

i,j∈[0,n)
|j−i|≥ℓ(n)

(∫
µ(B(x, rn)) dµ(x) +O

(
n−βCµ(1+ϵ/2)

))
+O(2me−θℓ(n))

≤
∑

i,j∈[0,n)
|j−i|≥ℓ(n)

∫
µ(B(x, rn)) dµ(x) +O

(
n2−βCµ(1+ϵ/2)

)
. (3.13)

In the final line we have used that 2me−θℓ(n) decays to zero faster than any
polynomial (recall Definition 2.6), and so can be absorbed into our final
error term. It can similarly be shown using the first inequality in (3.4) that∑

i,j∈[0,n)
|j−i|≥ℓ(n)

∫
1B(T i(x),rn)(T

jx) dµ(x) (3.14)

≥
∑

i,j∈[0,n)
|j−i|≥ℓ(n)

∫
µ(B(x, rn)) dµ(x) +O

(
n2−βCµ(1+ϵ/2)

)
.

Combining (3.7), (3.13), (3.14), and using that

#{i, j ∈ [0, n) : |j − i| ≥ ℓ(n)} = n2 +O(nℓ(n)),

we have that there exists ϵ′1 > 0 sufficiently small that does not depend on
our choice of s such that∑
i,j∈[0,n)
|j−i|≥ℓ(n)

∫
1B(T i(x),rn)(T

jx) dµ(x) = n2
∫
µ(B(x, rn)) dµ(x) +O(n2−βCµ−ϵ′1).

(3.15)

We now need to bound the contribution coming from those indices satisfying
|j−i| < ℓ(n). Using the T -invariance of µ and the inequality β(Cµ−D̃µ) < 1,
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it follows that there exists ϵ′2 > 0 sufficiently small such that does not depend
on s such that the following holds:

∑
i,j∈[0,n)
|j−i|<ℓ(n)

∫
1B(T i(x),rn)(T

jx) dµ(x)

≤
∑

i,j∈[0,n), i>j
|j−i|<ℓ(n)

∫
1Arn (i−j)(T

jx) dµ(x)

+
∑

i,j∈[0,n), j>i
|j−i|<ℓ(n)

∫
1Arn (j−i)(T

ix) dµ(x)

≤
∑

i,j∈[0,n), i>j
|j−i|<ℓ(n)

∫
1Arn (i−j)(x) dµ(x)

+
∑

i,j∈[0,n), j>i
|j−i|<ℓ(n)

∫
1Arn (j−i)(x) dµ(x)

=
∑

i,j∈[0,n)
|j−i|<ℓ(n)

µ(Arn(|j − i|)) ≲ r
D̃µ
n · nℓ(n) ≲ n1−D̃µβ · ℓ(n)

≲ n2−βCµ−ϵ′2 . (3.16)

In the penultimate line we have used the definition of rn. In the final line
we have used that β(Cµ− D̃µ) < 1 is equivalent to 2− βCµ > 1− D̃µβ, and

that ℓ(n) = no(1). Combining (3.15) and (3.16) it is clear that our result
holds if we take ϵ1 = min{ϵ′1, ϵ′2}. □

4. The one orbit case: second moment argument

We now turn our attention to E(S2
n). We start by observing that

E(S2
n) = 4

∑
i1<j1∈[0,n)

∑
i2<j2∈[0,n)

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x).

When analysing this expression for E(S2
n) it is useful to consider the ordering

of the quadruple (i1, i2, j1, j2). We start by highlighting that because our
indices always satisfy i1 < j1 and i2 < j2, there are six possible orderings
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for these indices:

i1 ≤ j1 ≤ i2 ≤ j2 (Case A)

i1 ≤ i2 ≤ j1 ≤ j2 (Case B)

i1 ≤ i2 ≤ j2 ≤ j1 (Case C)

i2 ≤ j2 ≤ i1 ≤ j1 (Case D)

i2 ≤ i1 ≤ j2 ≤ j1 (Case E)

i2 ≤ i1 ≤ j1 ≤ j2. (Case F)

We emphasise that after relabelling we see that Case A is equivalent to
Case D, Case B is equivalent to Case E, and Case C is equivalent to Case
F. In what follows whenever we speak of a quadruple of indices (i1, i2, j1, j2)
we will always implicitly assume that i1 < j1 and i2 < j2. In addition to
focusing on these cases it will be necessary to consider the gaps between
successive indices.

4.1. Well separated indices. We say that a quadruple (i1, i2, j1, j2) ∈
[0, n)4 is well separated if all terms are separated by a factor at least ℓ(n),
i.e.

min {|i1 − i2|, |i1 − j1|, |i1 − j2|, |i2 − j1|, |i2 − j2|, |j1 − j2|} ≥ ℓ(n).

The following proposition considers the case when the indices are well sep-
arated, and as we will see, it captures the dominant term in our expansion
of E(S2

n).

Proposition 4.1. There exists ϵ2 > 0 such that for any s > 0, if (i1, i2, j1, j2)
are well separated then∣∣∣∣∣
∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x)−

(∫
µ(B(x, rn)) dµ(x)

)2
∣∣∣∣∣

≲ n−2βCµ−ϵ2 .

Proof. In this proof we will assume that we are in Case A. The other cases
are handled similarly. We first establish a suitable upper bound. Let ϵ > 0
and m be defined by (3.1). The following inequality is a consequence of the
right hand side of (3.4):∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(T

i1x) · 1Il(T
i2x) · 1B+

k
(T j1x) · 1B+

l
(T j2x) dµ(x). (4.1)

Let us now fix 0 ≤ k ≤ 2m−1 and 0 ≤ l ≤ 2m−1. Repeatedly using the T -
invariance of µ and our exponential mixing for BV against L∞ assumption,
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we have∫
1Ik(T

i1x) · 1Il(T
i2x) · 1B+

k
(T j1x) · 1B+

l
(T j2x) dµ(x)

=

∫
1Ik(x) · 1Il(T

i2−i1x) · 1B+
k
(T j1−i1x) · 1B+

l
(T j2−i1x) dµ(x)

= µ (Ik)

∫
1Il(x) · 1B+

k
(T j1−i2x) · 1B+

l
(T j2−i2x) dµ(x) +O

(
e−θℓ(n)

)
= µ (Ik)µ (Il)

∫
1B+

k
(x) · 1B+

l
(T j2−j1x) dµ(x) +O

(
e−θℓ(n)

)
= µ(Ik)µ(Il)µ(B

+
k )µ(B

+
l ) +O

(
e−θℓ(n)

)
.

Using the equality above, together with Lemma 3.1, (3.7) and (4.1) yields∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

(
µ(Ik)µ(Il)µ(B

+
k )µ(B

+
l ) +O

(
e−θℓ(n)

))
=

(∫
µ(B(x, rn)) dµ(x) +O(n−βCµ(1+ϵ/2))

)2

+O
(
4me−θℓ(n)

)
=

(∫
µ(B(x, rn)) dµ(x)

)2

+O(n−βCµ(2+ϵ/4)) +O
(
4me−θℓ(n)

)
.

Using that our second error term decays to zero faster than any polynomial,
it follows from the above that there exists ϵ′1 > 0 that does not depend on
our choice of s such that∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x)

≤
(∫

µ(B(x, rn)) dµ(x)

)2

+O(n−2βCµ−ϵ′1). (4.2)

It can similarly be shown using the left hand side of (3.4) that there exists
ϵ′2 > 0 that does not depend on s such that∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x)

≥
(∫

µ(B(x, rn)) dµ(x)

)2

+O(n−2βCµ−ϵ′2). (4.3)

Together (4.2) and (4.3) imply our result. □

4.2. Not well separated indices. We now consider what happens when
our indices are not well separated. For our purposes, we just need to bound
from above the contribution to E(S2

n) coming from those terms. We proceed
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via a case analysis based on how many large gaps there are between success-
ive indices. Before doing this it is necessary to introduce some terminology.
Given a quadruple of indices (i1, i2, j1, j2) we inductively define

γ1 = min{i1, i2, j1, j2}
and

γi = min{{i1, i2, j1, j2} \ ∪i−1
l=1{γl}}}

for 2 ≤ i ≤ 4. When there isn’t a unique minimum then we choose ar-
bitrarily. Notice that the set {γi} satisfies {γ1, γ2, γ3, γ4} = {i1, i2, j1, j2}
and

γ1 ≤ γ2 ≤ γ3 ≤ γ4.

It is this second property that will be more useful for our purposes. The
cases we will study are defined as follows.

• We say that (i1, i2, j1, j2) has no gaps if

γi+1 − γi < ℓ(n)

for all 1 ≤ i ≤ 3.
• We say that (i1, i2, j1, j2) has one gap if there exists a unique 1 ≤
i ≤ 3 such that

γi+1 − γi ≥ ℓ(n).

• We say that (i1, i2, j1, j2) has two gaps if there exists precisely two
indices i, j ∈ {1, 2, 3} satisfying

γi+1 − γi ≥ ℓ(n) and γj+1 − γj ≥ ℓ(n).

We emphasise that a quadruple (i1, i2, j1, j2) is either well separated, has no
gaps, has one gap, or has two gaps. We will obtain bounds for each of these
cases in turn. We recall again, for use in the next propositions, that β, D̃µ

and F̃µ satisfy

β(Cµ − D̃µ) < 1, β(Cµ − F̃µ) < 1, βCµ < 2.

4.2.1. The no gaps case. In the case of no gaps we have the following bound:

Proposition 4.2. There exists ϵ3 > 0 such that for any s > 0 we have∑
(i1,i2,j1,j2)

(i1,i2,j1,j2) has
no gaps

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n4−2βCµ−ϵ3 .

Proof. We start our proof by introducing two estimates. The first is the
following straightforward counting bound that follows from our choice of ℓ:

#{(i1, i2, j1, j2) : (i1, i2, j1, j2) has no gaps} ≲ n1+o(1).

The second estimate is the following integral bound:∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n−βD̃µ .
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Recalling that i1 < j1, we now see that this bound is a consequence of the
following inequalities:∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x)

≤
∫
1B(T i1 (x),rn)(T

j1x) dµ(x)

=

∫
1Arn (j1−i1)(T

i1(x)) dµ(x)

=

∫
1Arn (j1−i1)(x) dµ(x)

= µ(Arn(j1 − i1)) ≲ n−βD̃µ .

Combining these two estimates yields:∑
(i1,i2,j1,j2)

(i1,i2,j1,j2) has no gaps

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x)

≲ n1−βD̃µ+o(1).

The existence of ϵ3 now follows from the inequality 4 − 2βCµ > 1 − βD̃µ.

This inequality holds because of our assumptions 1 > β(Cµ − D̃µ) and
2 > βCµ. □

4.2.2. The one gap case. The following proposition considers the case when
the quadruple of indices has one gap.

Proposition 4.3. There exists ϵ4 > 0 such that for any s > 0 we have∑
(i1,i2,j1,j2)

(i1,i2,j1,j2) has
one gap

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n4−2βCµ−ϵ4 .

Proof. We begin by stating the counting bound that follows from our choice
of function ℓ:

#{(i1, i2, j1, j2) : (i1, i2, j1, j2) has one gap} ≲ n2+o(1).

It remains to show that if (i1, i2, j1, j2) has one gap then∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n2−2βCµ−ϵ′ (4.4)

for some ϵ′ > 0 that does not depend on s. We will do this via a case
analysis. We will start by studying Cases B and C.

Cases B and C. In these two cases we have either i1 ≤ i2 ≤ j1 ≤ j2 or
i1 ≤ i2 ≤ j2 ≤ j1. Now notice that it follows from these inequalities that if we
have one gap, then we must have either j1− i1 ≥ ℓ(n) or j2− i2 ≥ ℓ(n). Let
us assume j1 − i1 ≥ ℓ(n). The other subcase is handled similarly. Let ϵ > 0
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and m be defined by (3.1). Then by Lemma 3.1, (3.4), (3.6), exponential
4-mixing on intervals, and the T -invariance of µ, we have

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) · 1B+
k
(T j1−i1x) · 1B+

l
(T j2−i1x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) · 1B+
k
(T j1−i1x) dµ(x)

=
2m−1∑
k=0

∫
1Ik(x) · 1B+

k
(T j1−i1x) dµ(x)

≲
2m−1∑
k=0

µ(Ik)µ(B
+
k ) +O(2me−θℓ(n)) = O(n−βCµ+o(1)).

It follows from the above and our assumption βCµ < 2, which implies
−βCµ < 2− 2βCµ, that there exists ϵ′1 such that for any s > 0 we have

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n2−2βCµ−ϵ′1 .

Case A. Recall that in this case we have i1 ≤ j1 ≤ i2 ≤ j2. If j1− i1 ≥ ℓ(n)
or j2 − i2 ≥ ℓ(n) then the arguments given for Cases B and C above can be
replicated to obtain the required bound. It remains to consider the subcase
where i2 − j1 ≥ ℓ(n). In this case, the following is a consequence of (3.4),
T -invariance of µ, exponential 4-mixing on intervals and (3.5). Let ϵ > 0
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and m be defined by (3.1), then we have∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1B+

k
(T j1−i1x) · 1Il(T

i2−i1x) · 1B+
l
(T j2−i1x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1B+

k
(T j1−i1x) dµ(x)

∫
1Il(x) · 1B+

l
(T j2−i2x) dµ(x)

+O(4me−θℓ(n))

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1A4rn (j1−i1)(x) · 1B+

k
(T j1−i1x) dµ(x)

×
∫
1A4rn (j2−i2)(x) · 1B+

l
(T j2−i2x) dµ(x) +O(4me−θℓ(n))

≤ n2βϵ
∫
1A4rn (j1−i1)(x) dµ(x)

∫
1A4rn (j2−i2)(x) dµ(x) +O(4me−θℓ(n))

≲ n2βϵ−2βD̃µ .

In the final line we have used that there exists C > 0 such µ(Ar(n)) ≤ CrD̃µ

for all r > 0 and n ∈ N, and the fact our error term decays to zero faster
than any polynomial. It is a consequence of our assumption 1 > β(Cµ−D̃µ)

that if we choose ϵ sufficiently small then 2βϵ−2βD̃µ < 2−2βCµ. Therefore
it follows from the above that in this case there exists ϵ′2 > 0 such that for
any s > 0 we have∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x) ≲ n2−2βCµ−ϵ′2 .

(4.4) can be verified for Cases D, E and F via a similar argument and
appealing to the symmetry between these cases and Cases A, B and C.

We’ve shown that (4.4) holds for some ϵ′ for all s > 0 in all cases, taking
the minimum of these ϵ′ yields a uniform estimate and we can conclude that
(4.4) holds. This completes our proof. □

4.2.3. The two gaps case. We now consider the case when we have two gaps
between our indices. We split our analysis into two cases across the following
two propositions.

We begin by considering the case where there are two gaps between our
indices and one of these gaps is between the two smallest indices, i.e., γ2 −
γ1 ≥ ℓ(n).
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Proposition 4.4. Let (i1, i2, j1, j2) have two gaps and γ2 − γ1 ≥ ℓ(n), then
there exists ϵ5 > 0 such that for any s > 0 we have∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x) ≲ n1−2βCµ−ϵ5 .

Proof. For concreteness let us suppose we are in one of Case A, Case B or
Case C so min{i1, i2, j1, j2} = i1. The other cases are handled similarly. Let
ϵ > 0 and m be defined by (3.1). By T -invariance and (3.4) we have∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) · 1B+
k
(T j1−i1x) · 1B+

l
(T j2−i1x) dµ(x).

By exponential mixing for BV against L∞, T -invariance and the inequality
i2 ≤ j2, we can find a, b, c ≥ 0 such that either a = 0 or b = 0 (depending
on which of i2 and j1 is larger) and

2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) · 1B+
k
(T j1−i1x) · 1B+

l
(T j2−i1x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

µ(Ik)

∫
1Il(T

ax) · 1B+
k
(T bx) · 1B+

l
(T cx) dµ(x) +O(4me−θℓ(n)).

We now want to bound the integral over the triple product appearing in this
summation. An application of exponential 4-mixing on intervals allows us to
bound this integral from above by a product of two integrals plus some small
error. This product over two integrals is of the form where one integral is
over one of our indicator functions and the other is over the product of our
two remaining indicator functions. The two indicator functions appearing
in this latter integral correspond to the successive indices that are close, i.e.
the γi, γi+1 satisfying |γi+1 − γi| < ℓ(n). Consequently after an application
of our exponential 4-mixing of intervals assumption and T -invariance there
are three possible forms the resulting bound can take:

• Case 1: There exist d, e ≥ 0 such that either d = 0 or e = 0 and

2m−1∑
k=0

2m−1∑
l=0

µ(Ik)

∫
1Il(T

a(x)) · 1B+
k
(T bx) · 1B+

l
(T cx) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

µ(Ik)µ(Il)

∫
1B+

k
(T d(x)) · 1B+

l
(T e(x)) dµ(x) +O(4me−θℓ(n)).
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• Case 2: There exist d, e ≥ 0 such that either d = 0 or e = 0 and

2m−1∑
k=0

2m−1∑
l=0

µ(Ik)

∫
1Il(T

a(x)) · 1B+
k
(T bx) · 1B+

l
(T cx) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

µ(Ik)µ(B
+
k )

∫
1Il(T

d(x)) · 1B+
l
(T e(x)) dµ(x) +O(4me−θℓ(n)).

• Case 3: There exist d, e ≥ 0 such that either d = 0 or e = 0 and

2m−1∑
k=0

2m−1∑
l=0

µ(Ik)

∫
1Il(T

a(x)) · 1B+
k
(T bx) · 1B+

l
(T cx) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

µ(Ik)µ(B
+
l )

∫
1B+

k
(T d(x)) · 1Il(T

e(x)) dµ(x) +O(4me−θℓ(n)).

We now consider each one of these cases in turn.

Case 1. It follows from the definition of m and our Frostman parameter F̃µ

that µ(Il) ≲ n−βF̃µ for all 0 ≤ l ≤ 2m − 1. Using this bound together with
the T -invariance of µ, (3.5) and Lemma 3.1 we see that the following holds:

2m−1∑
k=0

2m−1∑
l=0

µ(Ik)µ(Il)

∫
1B+

k
(T d(x)) · 1B+

l
(T e(x)) dµ(x)

≲ nβϵ−βF̃µ

2m−1∑
k=0

µ(Ik)

∫
1B+

k
(x) dµ(x)

≲ nβϵ−βFµ

2m−1∑
k=0

µ(Ik)µ(B
+
k )

≲ nβϵ−βF̃µ−βCµ+o(1).

Using our assumption that β(Cµ − F̃µ) < 1, which is equivalent to −βF̃µ −
Cµ < 1−2βCµ, and that 4me−θℓ(n) decays to zero faster than any polynomial,
we see that if we choose our original parameter ϵ to be sufficiently small then
there exists ϵ′1 > 0 such that in this case, for any s > 0

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n1−2βCµ−ϵ′1 .
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Case 2. In this case it follows from the inequality i2 ≤ j2 that d = 0. Using
Lemma 3.1, our early returns assumption, and (3.5) the following holds:

2m−1∑
k=0

2m−1∑
l=0

µ(Ik)µ(B
+
k )

∫
1Il(T

d(x)) · 1B+
l
(T e(x)) dµ(x)

=

2m−1∑
k=0

µ(Ik)µ(B
+
k )

2m−1∑
l=0

∫
1Il(x) · 1B+

l
(T e(x)) dµ(x)

≲ n−βCµ+o(1)
2m−1∑
l=0

∫
1Il(x) · 1B+

l
(T e(x)) dµ(x)

≤ n−βCµ+o(1)
2m−1∑
l=0

∫
1A4rn (e)

(x) · 1B+
l
(T e(x)) dµ(x)

≲ nβϵ−βCµ+o(1)

∫
1A4rn (e)

(x) dµ(x)

≲ nβϵ−βD̃µ−βCµ+o(1).

Now using that our error terms decays to zero faster than any polynomial,
and our assumption β(Cµ− D̃µ) < 1, which is equivalent to −βD̃µ−βCµ <
1−2βCµ, it follows that if we choose our parameter ϵ to be sufficiently small
then in this case there exists ϵ′2 > 0 such that for any s > 0 we have∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x) ≲ n1−2βCµ−ϵ′2 .

Case 3. In this case we will use the Frostman bound µ(B+
l ) ≲ n−βF̃µ .

Using this bound, (3.6) Lemma 3.1, the T -invariance of µ, and duplicating
the analysis given is Case 1, we obtain:∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x) ≲ n−βF̃µ−βCµ+o(1).

Now using our assumption β(Cµ − F̃µ) < 1, which is equivalent to −βF̃µ −
βCµ < 1 − 2βCµ, we see that in this case there exists ϵ′3 > 0 such that for
any s > 0 we have∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x) ≲ n1−2βCµ−ϵ′3 .

Our result now follows from the three cases considered above by taking
ϵ5 = min{ϵ′1, ϵ′2, ϵ′3}. □

The following proposition addresses the remaining case when there are two
gaps but the first two indices satisfy γ2 − γ1 < ℓ(n).
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Proposition 4.5. Let (i1, i2, j1, j2) have two gaps and γ2 − γ1 < ℓ(n), then
there exists ϵ6 > 0 such that for and s > 0 we have∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x) ≲ n1−2βCµ−ϵ6 .

Proof. For concreteness let us again suppose we are in one of Case A, Case
B or Case C so min{i1, i2, j1, j2} = i1. The other cases are handled similarly.
Let ϵ > 0 and m be defined by (3.1). We start with the familiar bound that
follows from the T -invariance of µ and (3.4):∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) · 1B+
k
(T j1−i1x) · 1B+

l
(T j2−i1x) dµ(x).

We emphasise that it follows from our assumptions that γ3 − γ2 ≥ ℓ(n) and
γ4 − γ3 ≥ ℓ(n). We will now apply exponential 4-mixing on intervals to
bound the integrals appearing in the summation above by the product of
two integrals plus some error. Using the fact that i2 < j2, we see that after
an application of 4-mixing we are left with two possibilities:

• Case 1: If j1 ≥ i2 then either i1 ≤ i2 ≤ j1 ≤ j2 (Case B) or
i1 ≤ i2 ≤ j2 ≤ j1 (Case C). In which case there exists a, b ≥ 0 such
that a = 0 (first subcase) or b = 0 (second subcase), |a− b| ≥ ℓ(n),
and

2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) · 1B+
k
(T j1−i1x) · 1B+

l
(T j2−i1x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) dµ(x)

∫
1B+

k
(T ax) · 1B+

l
(T bx) dµ(x)

+O(4me−θℓ(n)).

• Case 2: If j1 < i2 then we must be in Case A where i1 ≤ j1 ≤ i2 ≤ j2
since we always have i2 ≤ j2. We also have the bound j2 − i2 ≥
ℓ(n) by our underling assumptions. In this case, an application of
exponential 4-mixing on intervals yields

2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) · 1B+
k
(T j1−i1x) · 1B+

l
(T j2−i1x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1B+

k
(T j1−i1x) dµ(x)

∫
1Il(x) · 1B+

l
(T j2−i2x) dµ(x)

+O(4me−θℓ(n)).
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We consider these two cases in turn. Because the error terms appearing in
these two cases decay to zero faster than any polynomial they can be ignored
in what follows. As such, we will just focus on bounding the integral terms.

Case 1. In this case we use our mixing assumption in the second integral
and then the Cauchy-Schwarz inequality to obtain:

2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) dµ(x)

∫
1B+

k
(T ax) · 1B+

l
(T bx) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

µ(B+
k )µ(B

+
l )

∫
1Ik(x) · 1Il(T

i2−i1x) dµ(x) +O(4me−θℓ(n))

≤

(
2m−1∑
k=0

2m−1∑
l=0

µ(B+
k )

2

∫
1Ik(x) · 1Il(T

i2−i1x) dµ(x)

)1/2

×

(
2m−1∑
k=0

2m−1∑
l=0

µ(B+
l )

2

∫
1Ik(x) · 1Il(T

i2−i1x) dµ(x)

)1/2

+O(4me−θℓ(n)).

Now using the Frostman bounds µ(B+
k ) ≲ n−βF̃µ , µ(B+

l ) ≲ n−βF̃µ together
with (3.6), and Lemma 3.1, it follows from the above that

2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1Il(T

i2−i1x) dµ(x)

∫
1B+

k
(T ax) · 1B+

l
(T bx) dµ(x)

≤

(
n−βF̃µ

2m−1∑
k=0

µ(Ik)µ(B
+
k )

)1/2(
n−βF̃µ

2m−1∑
l=0

µ(Il)µ(B
+
l )

)1/2

+O(4me−θℓ(n))

≲ n−βF̃µ−βCµ+o(1) +O(4me−θℓ(n))

≲ n−βF̃µ−βCµ+o(1).

In the final line we have used that our error term decays to zero faster
than any polynomial. Now using our assumption β(Cµ − F̃µ) < 1, which

is equivalent to −βF̃µ − βCµ < 1 − 2βCµ, it follows that in this case there
exists ϵ′1 > 0 such that for all s > 0 we have

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n1−2βCµ−ϵ′1 . (4.5)
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Case 2. Using our mixing assumptions in the second integral, Lemma 3.1,
our early return assumption, and (3.5) we obtain

2m−1∑
k=0

2m−1∑
l=0

∫
1Ik(x) · 1B+

k
(T j1−i1x) dµ(x)

∫
1Il(x) · 1B+

l
(T j2−i2x) dµ(x)

≤
2m−1∑
k=0

2m−1∑
l=0

µ(Il)µ(B
+
l )

∫
1Ik(x) · 1B+

k
(T j1−i1x) dµ(x) +O(4me−θℓ(n))

≲ n−βCµ+o(1)
2m−1∑
k=0

∫
1Ik(x) · 1B+

k
(T j1−i1x) dµ(x) +O(4me−θℓ(n))

≲ n−βCµ+o(1)
2m−1∑
k=0

∫
1A4rn (j1−i1)(x) · 1B+

k
(T j1−i1x) dµ(x) +O(4me−θℓ(n))

≲ nβϵ−βCµ+o(1)

∫
1A4rn (j1−i1)(x) dµ(x) +O(4me−θℓ(n))

≲ nβϵ−βD̃µ−βCµ+o(1) +O(4me−θℓ(n))

≲ nβϵ−βD̃µ−βCµ+o(1).

In the final line we used that our error term decays to zero faster than any
polynomial. It follows now from our assumption β(Cµ − D̃µ) < 1, which is

equivalent to −βD̃µ − βCµ < 1− 2βCµ, that if ϵ is chosen to be sufficiently
small, then there exists ϵ′2 > 0 such that for all s > 0 we have∫

1B(T i1 (x),rn)(T
j1x)1B(T i2 (x),rn)(T

j2x) dµ(x) ≲ n1−2βCµ−ϵ′2 . (4.6)

Our result now follows from (4.5) and (4.6) by choosing ϵ sufficiently small
and letting ϵ5 = min{ϵ′1, ϵ′2}. □

Combining Propositions 4.4 and 4.5 we have the following result.

Proposition 4.6. There exists ϵ7 > 0 such that for all s > 0 we have∑
(i1,i2,j1,j2)

(i1,i2,j1,j2) has
two gaps

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n4−2βCµ−ϵ7 .

Proof. This result follows immediately from Propositions 4.4, 4.5 and the
following straightforward upper bound that follows from our choice of func-
tion ℓ (recall Definition 2.6):

#{(i1, i2, j1, j2) : (i1, i2, j1, j2) has two gaps} ≲ n3+o(1).

□
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4.2.4. The not well separated conclusion. Now combining Propositions 4.2,
4.3 and 4.6 we can conclude the following statement.

Proposition 4.7. There exists ϵ8 > 0 such that for all s > 0 we have∑
(i1,i2,j1,j2)

(i1,i2,j1,j2) is not
well separated

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x) ≲ n4−2βCµ−ϵ8 .

4.3. Proof of Theorem B. Equipped with the expectation estimates es-
tablished in the previous section we are now in a position to prove Theorem
B. Our proof is similar to the proof of Theorem 2.1.

Proof of Theorem B. Our proof relies upon showing that there exists δ > 0
such that for any s > 0 we have the following second moment estimate:

E

((
Sn

E(Sn)
− 1

)2
)

=
E(S2

n)− E(Sn)2

E(Sn)2
≲ n−δ. (4.7)

Once (4.7) is established we can apply the same arguments as used in the
proof of Theorem 2.1 to complete our proof. In particular, we can apply
Markov’s inequality and the Borel-Cantelli lemma to show that for a fixed
s > 0 we have the desired convergence for µ-almost every x along some
sequence (nK)n where K does not depend on s. We then use an approx-
imation argument and our assumption that µ has continuous mean scaling
to upgrade this statement to show that for µ-almost every x, for any s > 0
we have the desired convergence along the integers. The only minor dif-
ference between the proofs is that in the proof of Theorem 2.1 we use the
simple formula for E(Sn) provided by (2.6). Whereas in the one orbit case
we have to use the following more complicated formula for E(Sn) which is a
consequence of Proposition 3.2:

E(Sn) = n2
∫
µ(B(x, rn)) dµ(x) +O(n2−βCµ−ϵ1).

Because the error term is of a lower order than the integral term this causes
no significant issues.

We now turn our attention to establishing (4.7). By Proposition 3.2 and
(3.7), to show that (4.7) holds for some δ > 0 for all s > 0, it is sufficient to
show that

E(S2
n)− E(Sn)2

n4
(∫
µ(B(x, rn)) dµ(x)

)2 ≲ n−δ (4.8)

for some δ > 0 for all s > 0. Recall that

E(S2
n) = 4

∑
i1<j1∈[0,n)

∑
i2<j2∈[0,n)

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x).
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Combining Propositions 4.1 and 4.7 with (3.7), and using the fact that

#{(i1, i2, j1, j2) : (i1, i2, j1, j2) is well separated i1 < j1 and i2 < j2}

=
n4

4
+O(n3+o(1)),

for any s > 0 we have∣∣∣∣∣E(S2
n)− n4

(∫
µ(B(x, rn)) dµ(x)

)2
∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣∣∣∣
4

∑
(i1,i2,j1,j2)

(i1,i2,j1,j2) is
well separated

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x)

−n4
(∫

µ(B(x, rn)) dµ(x)

)2
∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣∣∣
4

∑
(i1,i2,j1,j2)

(i1,i2,j1,j2) is not
well separated

∫
1B(T i1 (x),rn)(T

j1x)1B(T i2 (x),rn)(T
j2x) dµ(x)

∣∣∣∣∣∣∣∣∣∣∣
≲ n4−2βCµ−ϵ2 + n4−2βCµ−ϵ8 + n3−2βCµ+o(1)

≲ n4−2βCµ−min{ϵ3,ϵ8}. (4.9)

In the last line we have assumed that min{ϵ3, ϵ8} < 1, which we may freely
do without loss of generality. Moreover by Proposition 3.2, (3.7) and the
well known equality x2−y2 = (x−y)2+2(x−y)y for x, y ∈ R, for any s > 0
we have∣∣∣∣∣E(Sn)2 − n4

(∫
µ(B(x, rn)) dµ(x)

)2
∣∣∣∣∣ ≲ n4−2βCµ−2ϵ1 + n4−2βCµ−ϵ1+o(1)

≲ n4−2βCµ−ϵ1+o(1). (4.10)

Combining the triangle inequality, (4.9), (4.10) and (3.7), for any s > 0 we
have that

E(S2
n)− E(Sn)

2

n4
(∫
µ(B(x, rn)) dµ(x)

)2 ≲
n4−2βCµ−min{ϵ1,ϵ3,ϵ8}+o(1)

n4−2βCµ+o(1)
≲ n−min{ϵ1,ϵ3,ϵ8}/2.

Taking δ = min{ϵ1, ϵ3, ϵ8}/2 we see that (4.8) holds and so (4.7) also holds.
This completes our proof. □
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5. Applications

Here we will first apply our results to acips for Gibbs-Markov maps and the
Gauss map, which is the content of Corollaries 1.5 and 1.6. We then give
examples of non-acip cases where our results apply, and finally an (acip)
example of a slow mixing system where the conclusion of Corollary 1.6 does
not hold.

5.1. Acips for Gauss and Gibbs-Markov maps. Here we will prove
Corollaries 1.5 and 1.6.

Lemma 5.1. If µ1, µ2 are acips on [0, 1] with densities ρ1, ρ2 in BV, then

∫
µ1(B(x, r)) dµ2(x) ∼ 2r

∫
(ρ1ρ2)(x) dx.

Proof. Let m ∈ N be arbitrary. Then for r < 1/2m we have

∫
µ1(B(x, r)) dµ2(x) =

m−1∑
l=0

∫
[ l
m
+r, l+1

m
−r]

µ1(B(x, r)) dµ2(x)

+

m−1∑
l=0

∫
[ l
m
, l
m
+r]∪[ l+1

m
−r, l+1

m
]
µ1(B(x, r)) dµ2(x).

For the second term we have

m−1∑
l=0

∫
[ l
m
, l
m
+r]∪( l+1

m
−r, l+1

m
]
µ1(B(x, r)) dµ2(x) ≤ 2r2m∥ρ1∥∞∥ρ2∥∞.
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In our analysis of the first term we will use Varba(ρ1) to denote the total
variation of ρ1 on a closed interval [a, b]. In this case we have

m−1∑
l=0

∫
[ l
m
+r, l+1

m
−r]

µ1(B(x, r)) dµ2(x)

=
m−1∑
l=0

∫
[ l
m
+r, l+1

m
−r]

2rρ1(x) dµ2(x)

+
m−1∑
l=0

∫
[ l
m
+r, l+1

m
−r]

∫ x+r

x−r
ρ1(y)− ρ1(x) dy dµ2(x)

≤ 2r

∫
ρ1(x)ρ2(x) dx+

m−1∑
l=0

∫
[ l
m
+r, l+1

m
−r]

2r ·Var
l+1
m
l
m

(ρ1) dµ2(x)

≤ 2r

∫
ρ1(x)ρ2(x) dx+

2r

m
∥ρ2∥∞

m−1∑
l=0

Var
l+1
m
l
m

(ρ1)

= 2r

(∫
ρ1(x)ρ2(x) dx+

1

m
∥ρ2∥∞Var10(ρ1)

)
.

In the final line we have used that the total variation is additive on closed
intervals. Combining the estimates above we have∫

µ1(B(x, r)) dµ2(x)

≤ 2r

(∫
ρ1(x)ρ2(x) dx+

1

m
∥ρ2∥∞Var10(ρ1) + rm∥ρ1∥∞∥ρ2∥∞

)
.

We see that all of the terms in the large bracket apart from
∫
ρ1ρ2 dx can

either be made arbitrarily small by choosing m sufficiently large, or tend to
zero as r → 0. This implies

lim sup
r→0

∫
µ1(B(x, r)) dµ2(x)

2r
∫
(ρ1ρ2)(x) dx

≤ 1.

The corresponding lower bound for the liminf follows from a similar argu-
ment. □

We are now in a position to prove the corollaries.

Proof of Corollary 1.5. Since our maps are Gibbs-Markov or the Gauss map,
the acips µ1 and µ2 have densities ρ1 and ρ2 in BV. Moreover, ρ1 and ρ2 are
both bounded away from 0 and bounded above. In particular this means
that Cµ1,µ2 = 1 and µ1 and µ2 have continuous mean scaling. Furthermore,
(X,Ti, µi) have exponential mixing for BV against L∞ for i = 1, 2, see for
example [Ry] for the Gibbs-Markov case and [BDT, Section 2.6] for that
case, done in more details, and for the Gauss map case. Therefore this
result follows from Theorem A and Lemma 5.1. □
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Proof of Corollary 1.6. This proof is almost the same as that for Corol-
lary 1.5. The correlation dimension exists and µ has continuous mean scal-
ing by the arguments above. By [Z, Lemma 4.16] we satisfy the required
exponential 4-mixing on intervals assumption. The Frostman dimension is
1 since the density is bounded above. Moreover, by [HNT, Lemma 3.4] the
early return property holds with exponent Dµ = 1. Our result now follows
from Theorem B and Lemma 5.1. □

5.2. The continuous mean scaling property. Since our applications
require the continuous mean scaling property, which is not always easy to
check in non-acip settings, we give an alternative criterion for the single
measure case in the following lemma.

Lemma 5.2. Suppose that µ has the property that there exists r0 > 0, D > 1
and C > 1 such that for any x ∈ supp(µ) and r ∈ (0, r0) we have

µ(B(x,Dr)) ≥ Cµ(B(x, r)).

Then µ has the continuous mean scaling property.

Note that we can iterate the relation above: so long as Dn−1r < r0,

µ(B(x,Dnr)) ≥ Cnµ(B(x, r)). (5.1)

As we will see, this condition is satisfied by many dynamically defined meas-
ures, but the fact that it holds for acips with density bounded above and
below and Ahlfors regular measures is immediate.

Proof. Fix µ satisfying our assumptions and s, ϵ, β > 0. Then for any δ > 0
we have

0 ≤
∫
µ(B(x, (s+ δ)/nβ)) dµ(x)∫
µ(B(x, s/nβ)) dµ(x)

− 1

=

∫
µ(B(x, (s+ δ)/nβ) \B(x, s/nβ)) dµ(x)∫

µ(B(x, s/nβ)) dµ(x)

≤
∫
µ(B(x+ s/nβ, δ/nβ)) dµ(x)∫

µ(B(x, s/nβ)) dµ(x)

+

∫
µ(B(x− s/nβ, δ/nβ)) dµ(x)∫

µ(B(x, s/nβ)) dµ(x)
.

We will now show that we can choose δ0 > 0 such that when 0 < δ ≤ δ0
then ∫

µ(B(x+ s/nβ, δ/nβ)) dµ(x)∫
µ(B(x, s/nβ)) dµ(x)

< ϵ/2

for all n ∈ N. The argument we present can easily be adapted to find δ0 > 0
for which ∫

µ(B(x− s/nβ, δ/nβ)) dµ(x)∫
µ(B(x, s/nβ)) dµ(x)

< ϵ/2
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for all 0 < δ ≤ δ0 and n ∈ N, and to show that for any s, β, ϵ > 0 there
exists δ0 > 0 such that∣∣∣∣∫ µ(B(x, (s− δ)/nβ)) dµ(x)∫

µ(B(x, s/nβ)) dµ(x)
− 1

∣∣∣∣ < ϵ

for all 0 < δ ≤ δ0 for all n ∈ N. Thus µ will have continuous mean scaling.

Given δ > 0 and n ∈ N let L ∈ N be such that

2−L−1 <
δ

nβ
≤ 2−L

and w ∈ N0 be such that

w

2L
≤ s

nβ
≤ w + 1

2L
.

Letting Ij =
[
j
2L
, j+1

2L

)
for 0 ≤ j ≤ 2L−1, we have

∫
µ(B(x+ s/nβ, δ/nβ)) dµ(x) ≤

2L−1∑
j=0

µ(Ij)

3∑
p=−3

µ(Ij+w+p)

≤
3∑

p=−3

2L−1∑
j=0

µ(Ij)µ(Ij+w+p)

≤
3∑

p=−3

2L−1∑
j=0

µ(Ij)
2

1/22L−1∑
j=0

µ(Ij+w+p)
2

1/2

≤ 7
2L−1∑
j=0

µ(Ij)
2.

Where we have used the Cauchy-Schwarz inequality in the penultimate line.
For any P > 0 and interval I we let P · I be the interval with the same
centre as I expanded by a factor of P . Since s is fixed, for any P > 1 we
can choose δ0 > 0 to be sufficiently small so that for any 0 < δ ≤ δ0 and
n ∈ N we have ∫

µ(B(x, s/nβ)) dµ(x) ≥
2L−1∑
j=0

µ(Ij)µ(P · Ij).

Combining the estimates above, we have shown that for any P > 1 we can
choose δ0 > 0 so that for any 0 < δ ≤ δ0 and n ∈ N we have∫

µ(B(x+ s/nβ, δ/nβ)) dµ(x)∫
µ(B(x, s/nβ)) dµ(x)

≤
7
∑2L−1

j=0 µ(Ij)
2∑2L−1

j=0 µ(Ij)µ(P · Ij)
. (5.2)

It follows now from (5.1) that for any ϵ > 0, we can choose δ0 > 0 and P > 1
so that (5.2) holds for all 0 < δ ≤ δ0 and n ∈ N, and for any interval I of



PAIR CORRELATION STATISTICS FOR DYNAMICAL SYSTEMS 43

at length at most 2δ0 satisfying µ(I) > 0, we have µ(I) < ϵ
2 ·µ(P · I). Using

this final inequality in (5.2) implies∫
µ(B(x+ s/nβ, δ/nβ)) dµ(x)∫

µ(B(x, s/nβ)) dµ(x)
< ϵ/2

for all 0 < δ ≤ δ0 for all n ∈ N. Which was what we wanted to show.

□

5.3. Cookie cutters: the general case. Here we outline how we can
apply our results to cookie cutters and their associated equilibrium states.

Recall Definition 1.4 and the discussion on cookie cutters after Corollary
1.5. We begin by remarking that there is some minimal gap G > 0 such
that dist(P, P ′) ≥ G for distinct P, P ′ ∈ P. Now let Pn denote the set of
n-cylinders, i.e., maximal intervals P such that for each i = 0, . . . , n − 1,
T̃ iP ⊂ Pi for some Pi ∈ P. The bounded distortion property, along with the

regularity and expansion properties, implies that DT̃nx
DT̃ny

for x, y ∈ P ∈ Pn is

uniformly bounded from above and below. Hence there is G′ > 0 such that
if P, P ′ ∈ Pn are distinct and P ⊂ P ′′ ∈ Pn−1, then dist(P, P ′) ≥ G′|P ′′|.
Note that by the bounded distortion property there also exists bT > 0 such
that |P | ≥ bT |P ′′|.
We next briefly explain the thermodynamic formalism associated to cookie
cutters, see for example [PU, Chapter 5] for proofs of the claims made below.

We note that for ϕ : X̃ → R Hölder continuous there is a unique equilibrium
state µϕ, that is µϕ is the unique T -invariant measure satisfying

h(µϕ) +

∫
ϕ dµϕ = P (ϕ) := sup

{
h(ν) +

∫
ϕ dν : ν ∈ M

}
where M is the space of T -invariant probability measures. Moreover, there
is a Hölder continuous ρ (bounded away from zero and infinity) such that
for ψ = ϕ+ log ρ− log ρ ◦ T − P (ϕ) ≤ −cϕ < 0, for some cϕ > 0, µϕ is also
an equilibrium state for ψ, but it is furthermore ψ-conformal : this means
that if T : A→ T (A) is bijective on a measurable set A, then

µϕ(T (A)) =

∫
A
e−ψ dµϕ.

Iterating this we obtain that if Tn : A→ Tn(A) is bijective, then

µϕ(T
n(A)) =

∫
A
e−Snψ dµϕ

where Snψ(x) :=
∑n−1

k=0 ψ(T
kx).

Noting that the above means that if ϕ is α-Hölder then so is ψ, we will
immediately obtain some additional regularity for Snψ which is provided by
the following lemma.
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Lemma 5.3. If ψ is α-Hölder then there exists K ≥ 1 such that for any
n ∈ N, for x, y ∈ P ∈ Pn,

|Snψ(x)− Snψ(y)| ≤ K|T̃nx− T̃ny|α.

Proof. Suppose |ψ(x)−ψ(u)| ≤ K̃|x−y|α. Then recalling that |DT̃ | ≥ λ > 1,

|Snψ(x)− Snψ(y)| ≤ K̃
n−1∑
k=0

|T̃ k(x)− T̃ k(y)|α ≤ K̃|T̃nx− T̃ny|α
n−1∑
k=0

1

λαk

≤ K|T̃nx− T̃ny|

for K = K̃/(1− λ−α). □

We will now prove that the assumptions appearing in our main theorems
hold for equilibrium states associated to Hölder continuous potentials. First
note that by [Ry] and [Z, Lemma 4.16], the mixing properties required in
Theorems A, B and 2.1 hold. As in [PW], Cµ exists for equilibrium states
associated to cookie cutters, see also [PU, Chapter 9]. Note that Dq(µ), the
q-Renyi dimension was first rigorously shown to exist for equilibrium states
associated to cookie cutters in [Ra], and the proof that D2(µ) = Cµ was
given in the other references.

Lemma 5.4. Let µ be an equilibrium state with Frostman exponent Fµ. For

any F̃µ < Fµ, there exists C > 0 such that µ(Ar(n)) ≤ CrF̃µ for all r > 0
and n ∈ N. Thus the early return exponent satisfies Dµ ≥ Fµ.

The proof is adapted from [HNT, Lemma 3.4].

Proof. Fix F̃µ < Fµ and let C̃ > 0 be such that

µ(B(x, r)) ≤ C̃rF̃µ (5.3)

for all x ∈ [0, 1] and r > 0. Let r > 0 and n ∈ N. We consider Ar(n) ∩ P
for some P ∈ Pn. For simplicity assume T̃n|P is orientation preserving,

otherwise the proof is similar. Since T̃n is expanding on P the map x →
T̃nx− x is strictly increasing on P . Thus, if a solution exists there exists a
unique x+P ∈ P such that T̃nx+P = x+P + r, and similarly, if a solution exists

there exists a unique x−P ∈ P such that T̃nx−P = x−P − r. If no solution to

T̃nx = x + r exists then we define x+P ∈ P to be such that T̃nx+P − x+P =

maxx∈P T̃
nx−x. If no solution to T̃nx = x− r exists then we define x−P ∈ P

to be such that T̃nx−P − x−P = minx∈P T̃
nx − x. Since there always exists

x ∈ P satisfying T̃nx−x = 0, it follows that we always have T̃nx+P −x+P ≤ r

and T̃nx−P − x−P ≥ −r. Thus in all cases we have T̃n(x−P , x
+
P ) ⊆ (x−P −

r, x+P + r). Then due to the monotonicity of x → T̃nx − x on P, if x ∈ P

satisfies x < x−P then x − T̃n(x) > r, and if x > x+P then T̃n(x) − x > r.
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Hence Ar(n) ∩ P = (x−P , x
+
P ). So we wish to estimate µ(x−P , x

+
P ). Firstly we

estimate the length of T̃n(x−P , x
+
P ). Using that x 7→ T̃n(x)− x is expanding

by at least λn and the inclusion T̃n(x−P , x
+
P ) ⊆ (x−P − r, x+P + r), it can be

shown that |(x−P , x
+
P )| ≤ 2r/(λn−1). Using this inequality and the inclusion

T̃n(x−P , x
+
P ) ⊂ (x−P − r, x+P + r) again, we have the estimate

|T̃n(x−P , x
+
P )| ≤ |(x−P − r, x+P + r)|

= |(x−P − r, x−P )|+ |(x−, x+)|+ |(x+, x+ + r)|

≤ 2r +
2r

λn − 1
≤ 2λr

λ− 1
.

Let xP ∈ P be the unique point such that T̃n(xP ) = xP . It is clear that

xP ∈ (x−P , x
+
P ). Using this fact, the bound for |T̃n(x−P , x

+
P )| above, and

Lemma 5.3, the following holds

|Snψ(xP )− Snψ(x)| ≤ K

(
2λr

λ− 1

)α
whenever x ∈ (x−P , x

+
P ). So by ψ-conformality,

µ(x−P − r, x+P + r) ≥ µ
(
T̃n(x−P , x

+
P )
)
=

∫
(x−P ,x

+
P )

e−Snψ dµ

≥ e−K(
2λr
λ−1)

α

e−Snψ(xP )µ(x−P , x
+
P ),

Manipulating the above and using (5.3) implies

µ(x−P , x
+
P ) ≤ eK(

2λr
λ−1)

α

eSnψ(xP )
(
µ(x−P , x

+
P ) + µ(x−P − r, x−P ) + µ(x+P , x

+
P + r)

)
≤ eK(

2λr
λ−1)

α

eSnψ(xP )
(
µ(x−P , x

+
P ) + 2C̃rF̃µ

)
. (5.4)

Since we know that ψ ≤ −cϕ < 0, there exists η > 0 such that for r small
enough

eK(
2λr
λ−1)

α

eSnψ(xP ) ≤ eK(
2λr
λ−1)

α

e−cϕ < (1− η). (5.5)

Combining (5.4), (5.5) and the trivial bound eK(
2λr
λ−1)

α

≤ eK which holds for
all r sufficiently small, we have the bound

µ(x−P , x
+
P ) ≤

2C̃eKeSnψ(xP )rF̃µ

1− eK(
2λr
λ−1)

α

eSnψ(xP )
≤ 2C̃eK

η
eSnψ(xP )rF̃µ (5.6)

whenever r is sufficiently small. Since ψ-conformality also implies that there
exists yP ∈ P such that eSnψ(yP ) = µ(P ), and this yP satisfies |Snψ(xP ) −
Snψ(yP )| ≤ K by Lemma 5.3, (5.6) implies

µ(x−P , x
+
P ) ≤

2C̃e2Kµ(P )

η
rF̃µ .
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Using this expression and summing over P ∈ Pn now yields

µ(Ar(n)) =
∑
P∈Pn

µ(x−P , x
+
P ) ≤

(
2C̃e2K

η

)
rF̃µ

for all r sufficiently small. Thus our result holds for r sufficiently small.
This implies our result for an arbitrary choice of r > 0 after choosing a
potentially larger constant. □

Lemma 5.5. µ satisfies the continuous mean scaling property.

Proof. We begin by proving a claim on how cylinders scale.

Claim. There exists Φ > 1 such that if P ∈ Pn and P ′ ∈ Pn−1 with P ⊂ P ′,
then µ(P ′) ≥ Φµ(P ).

Proof. There must be some Q ∈ Pn where Q ⊂ P ′ and Q ̸= P . By conform-
ality,

1

µ(T̃n−1Q)
=
µ(T̃n−1P ′)

µ(T̃n−1Q)
=

∫
P ′ e

−Sn−1ψ dµ∫
Q e−Sn−1ψ dµ

=
e−Sn−1ψ(x)µ(P ′)

e−Sn−1ψ(y)µ(Q)

for some x ∈ P ′ and y ∈ Q. By Lemma 5.3 we know that |Sn−1ψ(x) −
Sn−1ψ(y)| ≤ K. This implies

µ(Q) ≥ e−Kµ(T̃n−1Q)µ(P ′) ≥ e−KMµ(P ′)

for M := infQ̂∈P1
µ(Q̂) ∈ (0, 1), where we are using the fact that T̃n−1Q ∈

P1. So as
µ(P ′) ≥ µ(Q) + µ(P ) ≥ e−KMµ(P ′) + µ(P ),

setting Φ := 1
1−e−KM

completes the claim. □

Let x ∈ supp(µ) and r > 0. Suppose that n is maximal such that B(x, r)∩X
is contained in some P ∈ Pn. Here we also assume that r is small enough that
n ≥ 2. So µ(B(x, r)) ≤ µ(P ). By construction, r ≥ G′|P |, since otherwise
B(x, r) ∩ X is contained in some (n + 1)-cylinder. Then for P ′ ∈ Pn−1

such that P ⊂ P ′, defining D := 1/(bTG
′) we have Dr ≥ |P ′| so B(x,Dr)

contains P ′. Hence by the claim above

µ(B(x,Dr)) ≥ µ(P ′) ≥ Φµ(P ) ≥ Φµ(B(x, r)).

Combining the above with Lemma 5.2 we see that µ satisfies the continuous
mean scaling property. □

The following gives a very rough Frostman bound, which seems only likely
to be optimal in special cases, but it is sufficient for our purposes here. We
first define

λmax := sup
x∈X̃

|DT̃ (x)| ≥ λ > 1

and recall Φ in the proof of the lemma above.
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Lemma 5.6. Let Φ be as in the claim in Lemma 5.5. The Frostman di-
mension of µ satisfies Fµ ≥ log Φ

log λmax
.

Proof. It is sufficient to prove that µ(P ) ≤ |P |
log Φ

log λmax where P is a cylinder,
since a suitable bound then passes to any interval via an approximation
argument. If P ∈ Pn then µ(P ) ≤ Φ−n by repeatedly applying the claim in
Lemma 5.5, and |P | ≥ λ−nmax by an application of the mean value theorem

and the chain rule. Hence µ(P ) ≤ |P |
log Φ

log λmax . □

Hence we can apply Theorem B to these systems. Note that by Lemma 5.4,
the condition β(Cµ −Dµ) < 1 is is implied by β(Cµ − Fµ) < 1.

We have also shown that Theorem A holds when our systems are both
the same. In the other case, we have not proved the existence of Cµ1,µ2 ,
see [AW, Section 5] to see the types of issues two different measures can
cause. Nevertheless, if we have some estimates in these cases, we may apply
Theorem 2.1.

5.4. Cookie cutters: geometric potentials. A particularly natural class
of equilibrium state for a cookie cutter corresponds to the case when the
potential is given by ϕ(x) = ϕδ = −δ log |DT̃ (x)| for δ ∈ R and x ∈ X̃. Note
that this map is always Hölder. Bowen’s formula, see [Bow] implies that
there is a unique h > 0 such that P (ϕh) = 0 and moreover the Hausdorff
dimension of X equals h. Setting µ = µϕh we see that as in Section 5.3 µ is

ψ-conformal where ψ(x) = −h log |DT̃ (x)|+ log ρ(x)− log ρ ◦ T̃ (x) where ρ
is the Hölder density function for µ. So for example, if Tn : A → Tn(A) is
bijective, then

µ(Tn(A)) =

∫
A
|DT̃n|h · ρ ◦ T̃

n

ρ
dµ.

It can therefore be shown that in this case µ is h-Ahlfors regular. Hence
Cµ exists and equals h. Moreover, by h-Ahlfors regularity and Lemma 5.4
we must have Fµ = h and Dµ ≥ h. Consequently the only constraint in
applying Theorems A and B to this system is that β ∈ (0, 2/h). This is the
optimal parameter space for β.

5.5. Cookie cutters: an explicit example. Here we will give a simple
example of a linear cookie cutter with a Bernoulli measure exhibiting mul-
tifractal behaviour, where we can compute our quantities explicitly.

Let I1 = [0, 1/4] and I2 = [3/4, 1] and T̃ (x) = 4x for x ∈ I1 and T̃ (x) = 4x−3

for x ∈ I2. Then T̃ is a linear cookie cutter. Let µ be the corresponding
(α, 1−α)-Bernoulli measure for α ∈ (0, 1/2]. We first note that by standard
arguments, for example an analogue of [GRS, Lemma 13] or an adaptation
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of the conditioning argument in Section 3.1, we have

Cµ = lim inf
n→∞

log
∑

Q∈Qn
µ(Q)2

−n log 4
,

where Qn is the set of intervals of the form [ k4n ,
k+1
4n ] for some k ∈ N.

We have a similar expression for Cµ involving the lim sup. Using these
expressions we can show that in this case Cµ exists and that it equals
− log

(
α2 + (1− α)2

)
/ log 4. For the Frostman exponent we can compute

Fµ = − log(1− α)/ log 4.

Suppose now that α = 1/3. Then Cµ =
log( 9

5)
log 4 and Fµ =

log 3
2

log 4 . Then

by Lemma 5.4, Cµ − Dµ ≤ Cµ − Fµ =
log 18

15
log 4 ≈ 0.132. So the conditions

β(Cµ − Dµ) < 1 and β(Cµ − Fµ) < 1 become β < 7.604..., and βCµ < 2

becomes β < 2 log 4

log 9
5

≈ 3.538. Hence the conclusion of Theorem B holds in

the optimal range of parameters β ∈ (0, 2
Cµ

). We note that Theorem A also

applies for T̃1 = T̃2 = T̃ and µ1 = µ2 = µ, and Theorem 2.1 may also apply
if µ1 and µ2 have different α corresponding to them.

5.6. A counterexample. Consider the version of the Manneville-Pomeau
map given by

T (x) =

{
x(1 + 2αxα) if x ∈ [0, 1/2),

2x− 1 if x ∈ [1/2, 1].

with parameter α ∈ (0, 1). Then let µ be the associated acip. It is shown in
[RT, Proposition 3.2] that Cµ = 2(1 − α) when α ∈ (1/2, 1): indeed there
exists K > 0 such that for all r ∈ (0, 1) we have

r2(1−α)

K
≤
∫
µ (B(z, r)) dµ(z) ≤ Kr2(1−α). (5.7)

The continuous mean scaling property can be easily checked here, and it can
be shown that the Frostman dimension satisfies Fµ = 1 − α, which would
not cause problems in terms of the statement of Theorem B for β ∈ (0, 2];
however, as in [S, Corollary 1], the mixing rate here is polynomial, so the
conditions for our main results do not hold. We will consider the particular
case of β = 1 and show that the conclusion of Theorem B does not hold.

As in, for example, [S, Corollary 1], let y0 = 1, and for n ≥ 1 let yn ∈
(0, yn−1) be such that T (yn) = yn−1. As proved there, yn ∼ c/n1/α. Let
kn := ⌊(n log n)α⌋ so that ykn ∼ c

n logn . Let γ ∈ (0, α) and observe that

kn − nα(log n)γ = kn

(
1− nα(log n)γ

⌊(n log n)α⌋

)
>
kn
2

for n sufficiently large. This inequality and the fact yn ∼ c/n1/α mean
that for any s > 0, for n sufficiently large, if Tnx ∈ (0, ykn) then Tn+ix ∈
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(0, ykn−i) ∈ (0, s/2n) for all 0 ≤ i ≤ nα(log n)γ . Therefore for all s > 0, for
n sufficiently large, if Tnx ∈ (0, ykn) then

#
{
0 ≤ i ̸= j ≤ n+ nα(log n)γ : |T ix− T jx| < s

2n

}
≳ n2α(log n)2γ

Using this counting bound and (5.7), we see that for any s > 0, for n
sufficiently large, if Tnx ∈ (0, ykn) then

#
{
0 ≤ i ̸= j < 2n : |T ix− T jx| ≤ s

2n

}
(2n)2

∫
µ
(
B
(
z, s

2n

))
dµ(z)

≍ 1

n2α
#
{
0 ≤ i ̸= j < 2n : |T ix− T jx| ≤ s

2n

}
≳ (log n)2γ .

(5.8)

Since the Lebesgue measure of (0, ykn) is at least a constant multiple of
1

n logn for all n ∈ N, hence not summable, by [G, Theorem 1.1] for µ almost

every x, there are infinitely many n such that Tnx ∈ (0, ykn). Hence for
any s > 0 there exists infinitely many n so that (5.8) is satisfied. Hence for
β = 1, for µ almost every x the conclusion of Theorem B does not hold for
any s > 0.
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