RETURN TIMES AT PERIODIC POINTS IN RANDOM DYNAMICS

NICOLAI HAYDN AND MIKE TODD

ABSTRACT. We prove a quenched limiting law for random measures on subshifts at
periodic points. We consider a family of measures {, },cq, where the ‘driving space’
Q) is equipped with a probability measure which is invariant under a transformation
0. We assume that the fibred measures p,, satisfy a generalised invariance property
and are ¥-mixing. We then show that for almost every w the return times to cylinders
A,, at periodic points are in the limit compound Poisson distributed for a parameter
¥ which is given by the escape rate at the periodic point.

1. INTRODUCTION

For sufficiently mixing deterministic systems the return times are in the limit expo-
nentially distributed almost surely, as shown in [A] and [AS]. Moreover, for ¢-mixing
measures it follows from [AV] that for all non-periodic points one obtains in the limit
the exponential distribution for entry and return times, but that at periodic points the
limiting return times distribution have a point mass at the origin. A similar distinction
can be drawn for higher order returns where we know that for ¢-mixing systems return
times at periodic points are in the limit compound Poisson distributed [HV2]. Assuming
the ¢-mixing property we can again conclude that higher order return times are in the
limit Poisson distributed ([HP), Corollary 1]).

For random, stochastic dynamical systems, it was shown in [RT] that the entry times
distributions at periodic points show similar behaviour as in the deterministic setting
if one considers a quenched limit (the annealed result then follows easily). In this case
the limiting distribution has a point mass at the origin and is otherwise exponential.
The splitting is determined by the marginal measure and applies to almost all realisa-
tions. It is assumed that the fibred measures are ¥-mixing. In the present paper we
consider the same setting and prove that higher order return times at periodic points
are compound Poisson distributed. Again the parameter for the compound Poissonian
is entirely determined by the marginal measure and applies to almost all realisations.

The perspective taken here and in the works discussed above is to see the system via
dynamically defined cylinder sets, which makes it essentially a ‘symbolic approach’. We
note that outside this context (hits to balls for example for an interval map), much less
is known in the random setting. However, in [AEV], a Poisson distribution was shown
for first hitting times to balls in the setting of certain random dynamical systems. We
note that this was for systems which were all close to a certain well-behaved system, so
the randomness could be interpreted as (additive) noise. Moreover, this was an annealed
law rather than a quenched one.

1.1. Setting and conditions. Let (2,0, P) be an invertible ergodic measure preserving
system, set ¥ = NYo and let o : & — 3 denote the shift. Let A = {A(w) = (a;;(w)) : w € O}
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be a random transition matrix, i.e., for any w € Q, A(w) is a N x N-matrix with entries
in {0, 1} such that w — @;;(w) is measurable for any ¢ € N and j € N. For any w € Q
define

Yo ={z = (v0,21,...): 2; € Nand a,,,,,(0'w) = 1 for all i € N}
and
E={(w,x):weQreX,} COAx.

We consider the random dynamical system coded by the skew-product S : & — £ given
by S(w,z) = (fw,ox). While we allow infinite alphabets here, we nevertheless call S
a random subshift of finite type (SFT). Assume that v is an S-invariant probability
measure with marginal P on Q. Then we let (p,,),, denote its decomposition on ¥, (see
[Ar, Section 1.4]), that is, dv(w,z) = dp,(z)dP(w). The measures p, are called the
sample measures. Observe that u,(A) = 0if AN, = 0. We denote by pu = [ p, dP
the marginal of v on X. We note that we may replace the assumption of invertibility of
0 by assuming the existence of sample and marginal measures as above.

We also identify our alphabet A with the partition given by 1-cylinders U(a) = {x €
Y : 29 = a}. The elements of the kth join A* = \/f;é oA, k=1,2,... are called
k-cylinders. Put A* for the forward o-algebra generated by Uj>1 A’. The length |A]

of a cylinder set A is determined by |A| = k where k is so that A € A*. Note that
A is generating, i.e. that the atoms of A>™ are single points. If we denote by x4 the
characteristic function of a (measurable) set A C ¥ then we can define the counting
function

Galz) = 3 xa0 ' (2),

z € 3, where N is the observation time given by the invariant annealed measure p. To
wit N = [t/u(A)] for t > 0 a parameter. The value of (4 counts the number of times a
given point returns to A within the time N.

Let us make the following assumptions:

(i) The measures p,, are ¥-mixing: There exists a decreasing function ¢ : N — [0, c0)
so that

|1 (AN B) = o (A)pignrie (B)] < (k) 1o (A) prgnsn,(B)

for all A € o(A") and B € A*.
(ii) The marginal measure pu satisfies the a-mixing property:

(AN T B) — u(A)u(B)| < (k)

for all A € o(A") and B € A*.
(iii) There exist 0 < 19 < 1 so that nf < p(A) for all A € A", all w and all large n.
(iv)
sup sup p,(A) < 1.
w AcA

Our main result, Theorem [7] is that under these conditions, the return times at periodic

points z are compound Poissonian provided the limit ¥(z) = lim, tlAntm(2))

A (=) exists,
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where m is the minimal period of x and A,,(z) € A" denotes the n-cylinder that contains
x. To be more precise, if we denote by (¥ the counting function

N
(2) = Xauw 00 (2)
j=1

with the observation time N,, = [m} (t > 0 is a parameter), then we will show

that p, (¥ =7),r =0,1,2,..., converges to the Polya-Aeppli distribution as n — oo
for P-almost every w.

The first such result was by Hirata [Hi| for the first entry time for Axiom A systems.
For random systems satisfying assumptions (i)—(iv) a similar result was then shown
by Rousseau and Todd [RT] for the first entry time distribution in the quenched case.
Note that, as mentioned above, for systems perturbed by additive noise, which are a
particular case of our systems here, an annealed version of this result is proved in [AFV].
The additivity ‘washes out’ any periodic behaviour.

As in [RT], if we wish to consider shifts on countable alphabets, it is no longer
reasonable to assume condition (iii), but if we drop this and strengthen condition (ii)
to the assumption of the y-mixing property for u, then our results still follow. We close
this section by noting that the conditions on our systems here are the same as those in
[RT], so the main result here also applies to all the applications given there.

1.2. Structure of the paper. In Section [2 we describe the compound Poisson distri-
bution and state an auxiliary limiting result on which the proof of the main result is
based. The main part of the proof of the main result consists of estimating the contribu-
tions made by short returns which are outside the periodicity of the periodic point and
for which the mixing property cannot be well applied. This is done in Section |3 The
compound part is determined by the periodic behaviour near the periodic point where
it generates geometrically distributed immediate returns. For the long returns the mix-
ing property comes into play and results in exponentially distributed returns between
clusters of short returns whose numbers are in the limit geometrically distributed. We
state our main result in Section [4] and provide examples in Section

Acknowledgements. This work was begun at the Conference on Extreme Value Theory
and Laws of Rare Events at Centre International de Rencontres Mathématiques (CIRM),
Luminy and part of it continued at the American Institute of Mathematics (AIM). The
authors thank both institutions for their hospitality.

2. FACTORIAL MOMENTS AND A LIMITING RESULT

This section is used to recall a result on the approximation of the compound Poisson
distribution with a geometric distribution, i.e. the Polya-Aeppli distribution. More gen-
eral compound Poisson distributions were considered in [F] and more recently (e.g. [CR]
BCL]) there have been efforts to approach compound Poisson distributions using the
Chen-Stein method. Although the treatment in [CR] applies to more general setting, the
result is far from applicable to our situation. Proposition (1| is the compound analogue
of other theorems for the plain Poisson distribution as for instance in [Sel, HV1].
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2.1. Compound Poisson distribution. For a parameter p € [0, 1) define the polyno-

mials
—1
Zp”l— (T )
JI\J—-1

r=1,2..., where Py =1 (r = 0). The distribution e *P.(¢t,p), r = 0,1,2,... is the
Polya-Aeppli distribution [JKW] which has the generating function

o0

gp(z) = e_t Z ZTPT — 6tlz:plz .
r=0
It has mean = and variance t( ) Forp =0: e 'P.(t,0) = 6_”, and one recovers the

Poisson dlstrlbutlon whose generating function go(z) = €!*=Y is analytic in the entire

plane whereas for p > 0 the generating function g,(z) has an essential singularity at %.

The expansion at zo = 1 yields g,(z) = > o, (z — 1)*Qx where

Ultrp) = ’“Z (]—1)

(Qo = 1) are the factorial moments.

2.2. Return times patterns. Let M and m < M be given integers (typically m << M)
and let N € N be some (large) number. For r = 1,23, ... we define the following:

(I) G,(N): We denote by G,(N) the simplex of r-vectors v = (vy,...,v,) € N" for
which 1 <y <vy < -+ < v, <N.

(I) G, ;(N): We write G, as the disjoint union J; G, ; where G, ; consists of all v' € G,
for which we can find j indices 41, 4s,...,4; € {1,2,...,7}, 43 = 1, so that v, —v,_; < M
if k # 1a,...,1; and so that vy — vy > M for all k =iy,...,1;.

For ¢ € G, the values of v; will be identified with returns; returns that occur within
less than time M are called immediate returns and if the return time is > M then we
call it a long return (i.e. if v;1; — v; < M then we say v;;1 is an immediate return and
if v;11 —v; > M the we call v; a long return). That means that G, ; consists of all
return time patterns ¢ which have » — j immediate returns that are clustered into j
blocks of immediate returns and 7 — 1 long returns between those blocks. The entries
v, k =1,...,7, are the beginnings (heads) of the blocks (of immediate returns). We
assume from now on that all short returns are multiples of m. (This reflects the periodic
structure around periodic points as in condition (b) of Proposition [1])

(III) G, ;w(N): For ¥ € G, the length of each block is vy, ,—1 —v;, k= 1,...,j —
1. Consequently let us put wy, = %(vk — vg_1) for the individual overlaps, for k #
i1,142,...,4;. Then ZZ’“?JA wy = (vikﬂ,l — v;,) is the overlap of the kth block and
w=w(V) =) 2, 4.0, Wk the total overlap of U. If we put G, ;,, = {V € G, : w(¥) =
w} then G, ; is the disjoint union |J,, G j.w-

(IV) A(¥): For ¥ in G, ; we put

A(U) =min{v;, —v;,—1: k=2,...,7}

for the minimal distance between the ‘tail’ and the ‘head’ of successive blocks of imme-
diate returns.
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2.3. Compound Poisson approximations. We shall use the following result:

Proposition 1. Let m be as above and assume that there are sequences {M(n) :
nt, {,N(n) : n} and 0,1-valued random variables p;, for j = 1,...,N(n), on some
Y. For v € G.(n) put ps = [[; pum- Choose 6(n) > 0 and define the ‘rare set’
R.(n) = Uj_, R.j, where R, ; = {v € G, ; : A(V) < 6}. Let p be a probability measure
on X which satisfies the following conditions:
(a)
> ulps) = Qu(tp)

UEG,\Ry

as n — oo for some p € (0,1].

(b)
> wlps) =0

FER,
as n — oo.
Then for every r

(G =1) = "' Pi(t,p)
as n — oo, where ¢, = Zj\f:(f) Pin-
Proof. The result follows by the moment method (see for example [Bi, Section 30]) that

1(¢8) converges to Q,(t, p) for each r, where () = Co(Co — 1)+ (¢ — r + 1) is the
factorial moment. Since M(Q(f)) = > sec, M(py) we obtain by assumptions (a) and (b)

that
w7 = > ulps) + > plps) = Qu(t,p)
’l_)‘EGr\Rr VER,
since the second term goes to zero and the first term converges to Q. i

In the following we will apply this proposition to situations that typically arise in dy-
namical systems. There the stationarity condition (a) of the proposition is implied by
the invariance of the measure. The random variables p; will be the indicator function
of a cylinder set pulled back under the jth iterate of the map. Condition (a) is then
implied by the mixing property. The more difficult condition to satisfy is (b) because
it involves ‘short range’ interaction over which one has little control and which requires
more delicate estimates (see Lemma 4| below).

3. @/J—MIXING MEASURES AND THE RARE SET

In this section we only assume Assumption (i), that is the measures y,, are ¢-mixing
i.e. satisfy

}/v‘w(U No™ " "V) — pi(U) prgmen,(V )‘ < P(m) peo (U) prgmenio (V)

for all U € o(A™), V € o(A*) and for all m,n > 0, where 1)(m) — 0.

For instance equilibrium states for Holder continuous potentials on Axiom A systems
(which include subshifts of finite type) or on the Julia set of hyperbolic rational maps
are ¥-mixing.

For r > 1 and (large) 7 € N let as above G,(N) be the r-vectors v = (vy,...,v,) € Z"
for which 1 < vy < vy < -+ < v, < N. Let t be a positive parameter, W C ¥ and



6 NICOLAI HAYDN AND MIKE TODD

put 7 = [t/p(W)] be the normalised time. Then the entries v; of the vector ¥ € G, (N)
are the times at which all the points in Cy = ﬂ;:1 o~ %W hit the set W during the

time interval [1, N]. The following lemma, a random version of [HVI, Lemma 4], is
immediate.

Lemma 2. Let (o, p,) be v-mizing. Forr > 1 letn; > 1,i = 1,...,r — 1, be given

numbers and i = (ny,...,ny—1). Let W; € o(A™) and assume that v € G,.(N) is such
that vigy —v; >n; (i=1,....,7—1). Then

Huw (ﬂle o "W;)

[Tiy tovie(Wi)

and d(’l?, ﬁ) = minlgigr_l(viﬂ —V; — TLZ)

— 1| < (L+(d(v,7))) " =1,

Remark 3. Asin [RT], Lemma 2.1], and similarly to the above lemma, under conditions
(1) and (iv) there exists 0 <y < 1 so that for all large n

NW(A) <n
for all A € A", and P-a.e. w.

3.1. Estimate of the rare set. Next we will estimate the size of the rare set. As
before we put Cyz = (,_, 0 "W for 7 € G,(N) where W € o(A") for some n. Let
0 > 0 and put

Rr,j(N) = {17 S an(N) : mljn(vik'i‘l — Uy, — TL) < 5},

where the values v;,,...,v;; are the beginnings of the j blocks of immediate returns
(notation as in section [2.2 (II)). Then we put R, = J; R..;.

Lemma 4. Let the class of measures y,, be yp-mizing. Let {A, € A, : n} be a sequence of
cylinders and {M,, < n :n} a sequence of integers so that for all large n, A,No=*A, # 0
for £ < M = M, implies that ¢ is a multiple of some given integer m.
Then there exists a constant K so that
g1,
r— J— 1 esﬂw@ﬁ)s r—1 m\r—j

D malCe) SE0 D ) ( ) 1) e G (U0

GER, =2 s=1 -\
for 6 =6, > n and R, as above, where Cy = (\_;0 " A,, v = 14+ 9¢(0 —n) and
o' > 1+1(0).

Proof. Put Ry ; for those v € R, ; for which v;1; —v; > d for s — 1 indices ¢1,...,%5_1
and iy = r (s < j — 1) indicate the tails of the blocks which are followed by a large
gap. Similarly we put Ry, for the set R, N R, ;,. We consider two separate cases:
(A) s >2and (B) s =1.

(A) Assume s > 2 and 7,1y, ...,i; be the j tails of blocks (i} = r) which are charac-
terised by vy 11 —vy = M fork=1,...,j—1 (and vy =v;). We have {i), : k} C {7}, : k}
where the j — s many indices in {7} : k} \ {ix : £} mark the gaps which are > M and
smaller than . Moreover, the remaining r — 7 return times are immediate short returns
of lengths € [m, M). Let us put

Wy = AnNo mA, N GEMA (oM g q gmg
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where uy is the overlap for the kth block. The ¢-mixing property yields the following
estimate

:uw( (H :U’Hemw ) Hovem™ (An) S (04277T>Uklu9“kmw(f4n)7

where ap = 1+ (0) and where we used that (see the Remark [3]) ./ (A.,) < nf* for any
w’. By Lemma

J
Ll (Cg) < Ll (m O_—(vi;c—uk)wi;c>
i=k

where v = 1 4+ ¢(6 — n), and the components of 7 = (n4,...,n,) as in Lemma [2 are
given by n;, =n for k =1,...,s (for the long returns between clusters, i.e., > §) and
n; = M for i # iy, k=1,...,s, where u = ) u, is the total overlap. We have used
that p,(Ay) < 0 for any w.

To count the number of return times vectors, note that there are (’Jnj) many possi-
bilities to choose the j positions 7}, . .. ,i; of the returns > M. Out of those we can pick
in (ij) many ways the long return (> 0) positions iy, ...,is. Moreover, each choice
allows for < ¢’7° many ways to fill in the actual 7 — s many intermediate return times
(between M and 9).

For every fixed set of j returns larger than M and for a fixed value of overlaps u
there are (:;L) many ways to distribute the u overlaps into the remaining » — 7 many
returns which are shorter than M.

For each fixed set of long (> §) return times v;,, ..., v;, and given value of overlaps u

there are consequently
J—1\(r—1 sis( T 1
s—1)\y—1 r—j—1

many possibilities. We thus obtain:

D)7t )ey e E

7"] u
iy <o <viy <N k=1

(oD e (Saan)
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Therefore, since p,,((F) = Zf\il i, (An),

) R(CE R G G DU B VD R

UERS .
ERT,J,M

(B) If s = 1 then all returns between blocks are less than § for all k. In the same way
as above we obtain

3 ety () (11 e

T, J,U
Summing over s and using the estimates from (A) and (B) yields

3 (G - zz > Y e

TER, i s=1 u=r—j veR?

T,J,U

2800 “wiﬁﬁ"ww-%;:i) 2 (52 e

u=r—j
s5—1 ]_1 MW(C:S)S Myj—s r—1 04277?1 T
: ZV Z( S e () (7

(e%e] u—1 u o x q : 0627]in /M : /
(as >, (q_l):v = (%)"). The lemma now follows since ey < O with an «

slightly larger than as. i

IN

4. DISTRIBUTION NEAR PERIODIC POINTS FOR 1/J—MIXING MEASURES

We will also need the almost sure convergence of (¥ = zj\/:nl XA, © 0/ (where N, =
[t/1(A,(x))]) which is proved in [RT]. The following lemma requires the Assump-
tion (iii). The proof follows as in [RT], Lemma 4.5], the main difference being that
we're considering A, rather than A, \ A,..,, so we do not yet require that the limit in
below exists.

Lemma 5. If there is q¢ > ZL‘E—Z; such that ¥(k)k? — 0 as k — oo, then u,(CE) —t for
P-almost every w.

Let us put ¢, Zk 0 XAnima © 0%, where N = (A . We will assume that the limit

An m
(1) 9(z) = lim 1(Anim(2))
n—oo (i Ay (7))
exists. Then u(¢y,) = Nu(Anima) = “(;‘("t:’)w)t converges to 9%t as n — oco. By the

same argument as in Lemma [5| we conclude the following result of which Lemma [5| is
the special case u = 0.

Corollary 6. If 1(k)k? — 0 as k — oo for some q > 2%‘;?—2; and the limit ¥(x) =

lim,, oo % exists, then

oo (Cnu) — VU8

as n — oo for P-almost every w.
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Although for a periodic point  with (minimal) period m the limit lim,_,o 3 [log t(Agn(2))]

always exists, we cannot necessarily conclude that the limit ¢ = lim,, % exists.

For ¢t > 0 and integers n we put ¢! for the counting function Z;V:”O X An(z)) ©07 with the
observation time N,, = [t/u(A,(x))] (where x is periodic with minimal period m). For
equilibrium states for Holder continuous potentials f (with zero pressure) on Axiom A
systems, Hirata [Hi] has shown that 9(z) = exp ", f(07x) for periodic points x with
minimal period m, see Example [5.3]

In order to satisfy the assumptions of Proposition [I| we put v = a, 71 = ad,n" and
Y2 = an™

Theorem 7. Suppose that we have a random SE'T driven by an invertible ergodic mea-
sure preserving system (2, 0,P) with marginal measure u and satisfying conditions (i)-

(iv), where the function ¢ is such that there is q > 2}2221 with Y(k)k? — 0 as k — oo.

Let x € ¥ a periodic point with minimal period m and assume the limit defining ¥ exists
and let © =1 — 9.
Then

po(Gy = 1) — 7' P(Ot, 1)
as n — oo for P-a.e. w.
Proof. We use Proposition [I| and have to verify conditions (a) and (b).
Let v € G,; \ Ry and let v;;, vy, ..., v;, be the heads of the blocks of short returns,

that is 47 = 1 and v;, —v;,1 > 0 for k = 2,...,j. Moreover v, — v;—1 < M for
¢ & {ir,...,i;}. By Lemma[2 (A is as defined in section [2.2)

/~Lw v H:ue”’kw An-&-mwc) < ((1 +¢( ( >_ n)) —1 Hﬂe ik An—l—muk)

k=1 k=1

where uy, is the overlap of the kth block beginning with v;,. One can also write

ipp1—1

—v
Aneruk: ﬂ oA,

t=iy,

Then, summing over the total overlaps (see (III)) yields

Sr(n) = Z 1 (C) = Z(l + O(j(6 Z Z H:“e Vit o (Antmay,)

ﬁGGr\Rr Jj=1 u>r—j UEG’I‘] u\Rr J,u k=1

-1 . . . . .
and, as there are (;_1) many ways to choose the indices 7y, ...,;, we can now write

J . J
Z H ,ugvikw(An—i-muk) = (T _ 1) Z Z H Meww(Aneruk) + E’r,j,ua

T€Gr j,u\Rr ju k=1 J U1+ Fuj=u welG; k=1

where the error splits into two parts: E,;, = E,;, + E/; . The summation over
ug, ..., u; is such that the total overlap u has been divided into r — j non-empty sections

for the short returns and then are clustered into the j clusters where some of the uy
might be zero which happens when there is no short return in the associated cluster (i.e.
1 = U + 1)
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The first part of the error term £ ;, accounts for the overcounting of those combi-
nations that do not occur since not all u; are always assumed. Since every overlap wuy
has to be generated by at least one of the r — j short returns each of which in its turn

is bounded by M we obtain for E, ;(n) = >_; E; ;, the following upper bound

SO H i)

u>r—j u1+---+uj—u
ming ug > M

J

2. 2 HW

u> M up+-- +uj—u k=1

- u+j—1\ .,
= C”sz( )

u>M
- m

IN

for n large enough. Hence Ej(n) =3_; ( DE.; — 0asn — oo (as 2 > o — o)
for almost every w. '
The second part is given by ., = > - Brjn 11—, towiw(Antmu, ). For nlarge enough

.7, .
we obtain as at the end of the proof of Lemma [4]

r—1 Jj—1 ot = u—1 "
D () I AHELC ol S
r—1 j—1 St 9\
(SR ()
Since j — s > 1 we get that E, = E/ + E — 0 as n — oo provided 6/N — 0.

We thus obtain

ST(”) - Z <; : i) (1 + O ]dj Z Z ]' H (; Meww n+muk>> + Er;

J u>r—j ur+-tuj=u

1
128

IN

IN

and let 6 — oo with n — oco. Hence we obtain for almost every w the innermost sum is
te (G ) — 10" and consequently

u>r—j
1 ety (r—1\ ,._;
- )
@_w; G-

The combinatorial factor (Tfj_.il
distributed into r — j short returns < M (and which are then clustered into j clusters

where some of them might be empty). This implies

Sr(n) — @Q,(6t, )

) expresses the number of ways in which u overlaps are

and thus verifies condition (a) of Proposition [1}
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To verify assumption (b) we obtain

> 1,(Cy) < Ky~ 122(?91) (M)~ suwié‘g”)s (;j ) (™),

VER, 7j=2 s=1

where o = 1+ 1(0). Hence condition (II) of Proposition [1]is satisfied since j —s > 1.1

5. EXAMPLES

Since here we focus on the recurrence properties around periodic points we do not
require the entropy to be finite (which is necessary in order to get finite entropy or the
theorem of Shannon-McMillan-Breiman).

5.1. Two-element Bernoulli shifts. Some classes of examples of random SFTs to
which our results apply was given in [RT, Section 6], including examples in the infinite
alphabet case. However, to give the reader some idea of systems to which our methods
apply, we first give an elementary example (this is a simple version of [RSV) Example
19)).

Let Q = X = {0, 1} and let P be a Gibbs measure on {2 (i.e., P need not be Markov).
Then fixing a, § € (0, 1), for w = (wp,w, ...) € Q, let

a ifwy =0,
p(w) = .
6 ifwy=1.

Then we can define a random Bernoulli measure by

,uw[.fo, v >‘rn] = Pzxo (w>pw1 (9&)) © Pz, <0nw>

P (W) = {p(w) i =0,

1 —pw) ifx;=1

where

As shown in [RSV) Example 19], this system satisfies conditions (i)—(iv). Moreover,
if x € ¥ is a periodic point of period m, the Bernoulli property of our sample measures
and f-invariance of P allow us to compute that

00) = [ P, (0) (07 1) dB).

5.2. i.i.d. infinite alphabet systems. Let [ be a measurable space with a measure m
and let Q = I™° be equipped with the product measure P. Let ¥ = NYo with the left shift
map o be the full shift over a countable alphabet and p: Q — (0,1)Y a function that
depends only on the zeroth coordinate, i.e. p(w) = p(wy), and satisfies Y~ | pn(wpy) =1
for all wy, where p,, are the components of p. Assume that sup,,, , pn(wo) < 1. For every
w = (wo,wr,...) € Q we thus obtain a Bernoulli measure p,, on ¥ defined by

e (T0s - -+ 5 Tn) = Pag(W)Pay (Ow) - -+ P, (0" w).

Clearly, p,, satisfies the Assumptions (i) and (iv). The marginal measure  is Bernoulli

with weights p, = [, Pn(wo) dP(w) and consequently ¢)-mixing. Assumption (iii) there-

fore need not be met.
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If x € ¥ is a periodic point of minimal period m then, as before,
m—1
J(x) = /pﬂto (@)pa (0w) -+~ Pa, s (Qm_lw) dP(w) = H Da; = (o1 -+ Typ1)
Q =0

by @-invariance of P and since P(wow; -« - wy—1) = HT:_OI P(w;). Equivalently, if N, =

{j € {0,...,m — 1} : x; = s}| denotes the number of times the symbol s € N occurs
during a period of x, then
9(x) = [ P2

5.2.1. Two-element Bernoulli revisited. In the special case above when the two element
alphabet {0,1} is used we can equip Q = {0,1}Y with the Bernoulli measure with
weights p,q = 1 —p, p,g > 0. Then py = ap + fq and p; = (1 — a)p+ (1 — 5)q and
consequently
0 = (ap+ B9) (1 —a)p+ (1 - B)g)" ™,

where ¢ is the number of times the symbol 0 occurs on the period string xg- - x,,_1. In
the deterministic case when a = 3 we obtain ¥ = a(1 — o)™ ¢ which is in accordance
with Hirata’s result.

5.2.2. Infinite entropy system. Let us now choose I = [, 1] with the normalised Lebesgue
measure and € € (0,1). One can then define a family of probability vectors {p(w)}weq
by

G(wo)

n(W) = ———,

Pal) nlog'™n

if n > 3, and equal to 0 if n = 1,2, where G(wp) € R, is a normalising constant for

every wg € I. The marginal measure p is Bernoulli with weights p,, = f; nli(ﬁztn lths

where G(t) ~ . Its entropy is infinite since
hu) = _zn:/: nl(f;(ltztn 1Cﬁfz€log/€1 nl((jg(ﬂtn 1?6
> zn:/: nl(i;(li)tn 16255 (logn+loglogn—log/: G(t) 16?6)
: Zn:/l _clzn:/:nli(fztnlci:“

as the second term converges, where we used that log1+tn < loén and ¢; = log f; G(t) 1%.

Again, if x € ¥ is periodic with minimal period m then ¥(x) = PyoPay -+ * Dayy_y -

G(t) dt
nlogn 1—¢

5.3. Equilibrium states for Axiom A systems. It is standard to code Axiom A
dynamical systems to understand their ergodic properties, see [Bo]. In this case, a
Holder potential gives rise to a Gibbs state. Here we briefly discuss the random case,
going directly to the symbolic setting, and show how our results apply here.

Let €2 be equipped with an invertible transform 6 and an invariant measure P. We
assume X is a topologically mixing subshift of finite type and {f,}weq a family of
Holder continuous functions on ¥ whose Holder norms are uniformly bounded. For
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some & € (0,1), the #-Holder norm of a function f : ¥ — R is given by || f] =
| floo + sup,, A~ ""var, f, where var, f = sup,._, i< |f(z) — f(y)| is the n-variation of f.

By [K] there exist random equilibrium states p, that satisfy the generalised in-
variance property op, = g, The fibred measures pu, are Gibbs with respect to
fu- We can assume that the functions f,, have zero pressure. We conclude from the
Gibbs property that the fibred measures are ¢-mixing where v decays exponentially
at some rate k < 1. Recall that (see e.g. [Bo]) p = hwv, where h, are the nor-
malised eigenfunction for the largest eigenvalue of the transfer operator and v, are the
associated eigenfunctionals which are e /“-conformal, i.e. if o is one-to-one on a set
A C X then v, (cA) = [, e dy,(x). If we replace f by the normalised function

Jo = fo +logh, —loghy, o o then p, is e Jv-conformal. We now assume that i, is
e~ Jv-conformal for every w. Moreover, if U(a) is the n-cylinder which is determined by
the n-word «, then

paU(@) = [ xvioydi = [ Lixw e = [ 9 dufa),

where L, is the transfer operator for the normalised function f,, f = Z?:—Ol foois the
n-th ergodic sum of f,, and aux is the concatenation of a and = (subject to the transition
rules).

Let p1 = [ p1, dP(w) be the marginal measure. We now want to establish that p is
Y-mixing and for this purpose assume that the family of functions { f, },cq satisfies the
following additional regularity assumption with respect to w: Assume there exists a

constant K so that for every n:

|fw - fw"oo S KR"

for w,w” € Q for which w; = w)V|i| < n. The supremum norm is over .
Let a be an n-word in ¥ and denote by V' = U(a) C ¥ the associated n-cylinder.
Similarly for an m-word 8 we write W = U([3) for the associated m-cylinder. Then

p(VNo M) = /Q (VN o™ F W) dP(w)

_ / o (Vg (W) (1 + O(5¥)) dP(w)

n

— (140G / / 2O () / IO e () dP().
QJY >

Define w™k(w) € Q by putting w§””“)

1 >n+ g This implies for all z € X

7k) —

= w; for i < n+ % and W™ = Wi (k) for

[MIES

folax) — flun(ax) = O(k2),

and for all y

[SIES

fo"n—r,(BY) — Jon—kynk) (By) = O(k2).
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Hence

w(V o " M)

M\zs-

= (14+O(k2)

// Fl oy (@ Lo () /ef;nn ko (i) (BY) dMe kg, (y) dP(w)
= (1+0(k % // f("’“)w z) dP(w //69"’“<"’“>(6yduenkw()dp()

Hence replacing the the modified w™*) again by w we obtain

// P ®@ (1) dP(w) = (14045 // ©2) () dP(w) = (1+O(&

and similarly

[NES

NU(a)),

/Q /E Iinratn) P g () = (14 OGE) (U (B)).

We thus obtain
p(VNo W) = (14 O(™) u(V)u(W),

that is, the marginal measure g is 1)-mixing at rate ' = max{x, Vi }.
Let us note that condition (iii) is satisfied since p is 1-mixing.
Thus, if x is a periodic point with minimal period m, then with a = zg--- z,,_1,

1(Anim(2)) = / / XAy () o AP (w)

_ / / Do) () dpten(y) dP(w)
= (1+0(x / /uw n(2))) dP(w).

A
9 = lim 1 Anym (1))

oo (A (1))
exists and converges exponentially: % = 9 + O(xk"). We can then choose d(n)
to be proportional to |log u(A,(x))|, or equivalently a multiple of n, and obtain the
following result.

In particular the limit

Theorem 8. Let 0,% be an Aziom A system and {p,}weq be a family of equilib-
rium states for Hélder continuous potentials { f, }weq whose Hélder norms are uniformly
bounded. We moreover assume that the family of functions { f,, }weq s Hélder continuous
mw.

If x € X 1s periodic with minimal period m, then the value ¥ = lim, #ldnim(2))

1(An ()
exists. Moreover for every parameter value t >0 and r =0,1,... one has

P(r =7) — e 'P.(O,9)
asn—o00 (O=1-1).
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