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Abstract

We obtain limit theorems (Stable Laws and Central Limit Theorems, both standard and
non-standard) and thermodynamic properties for a class of non-uniformly hyperbolic flows:
almost Anosov flows, constructed here. The link between the pressure function and limit
theorems is studied in an abstract functional analytic framework, which may be applicable
to other classes of non-uniformly hyperbolic flows.

1 Introduction and summary of the main results

This paper is a contribution to the theory of limit theorems and thermodynamic formalism in the
context of non-uniformly hyperbolic flows on manifolds. In particular we introduce a new class of
‘almost Anosov flows’, a natural analogue of almost Anosov diffeomorphisms introduced in [HY95],
and prove limit theorems for natural observables ¢ with respect to the SRB measure, also giving
the form of the associated pressure function. This example is presented in the context of a general
framework, which may be applicable to a range of other non-uniformly hyperbolic flows. We recall
that various statistical properties for several classes of Anosov flows are known [D98|, D03, [L.04],
but none of these results apply to the class of ‘almost Anosov flows’ considered here.

Given a flow (®;); with a real-valued potential ¢, we suppose that there is an equilibrium state
te. A standard way of studying the behaviour of averages of a real-valued observable v is to
consider a Poincaré section Y and study the induced first return map F' : Y — Y, the induced
potentials ¢ and ¢, with the induced measure - In the discrete time case, in fact in the setting
where all the dynamical systems are countable Markov shifts, [S06, Section 2] showed a one-to-one
relation between limit laws for ¢ and the asymptotic form of the pressure function P(¢ + s1), as
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s — 0. This function experiences a phase transition at s = 0, and its precise form determines the
type of limit laws (in particular, the index of the stable law), see [MTo04} [Z07] and [S06, Theorem
7]. Furthermore, under certain conditions on v, [S06, Theorem 8] gave an asymptotically linear
relation between the induced pressure P(¢ + s1p) and P(¢ + si0). On the limit theorems side,
[MTo04, [Z07] and [SO6, Theorem 7] show how one can go between results on the induced and on
the original system: the first of these also applies in the flow setting. In these cases, the tail of the
roof function/return time to the Poincaré section (both for the flow and the map) plays a major
role in determining the form of the results. Here we will follow this paradigm in the setting of
a new class of flows. The proofs of the main theorems are facilitated by corresponding theorems
in an abstract functional analytic framework. Applying this to the considered example requires
precise estimates on the tails of the roof function, which we prove for our main example.

Our central example is an almost Anosov flow, which is a flow having a continuous flow-
invariant splitting of the tangent bundle TM = E" @ E° @ E® (where Ef is the one-dimension
flow direction) such that we have exponential expansion/contraction in the directions E}, B,
except for a finite number of periodic orbits (in our case a single orbit). We can think of these
as perturbed Anosov flows, where the perturbation is local around these periodic orbits, making
them neutral. A precise description is given in Section [2] Almost Anosov diffeomorphisms have
been introduced in [HY95] and sufficiently precise estimates on the tail of the return function to a
‘good’ set have been obtained in [BT17]. (These estimates are for both finite and infinite measure
preserving almost Anosov diffeomorphisms.) We emphasise that the roof function is not constant
on the stable direction, which is a main source of difficulty. When considering these examples
we choose ¢ so that pgs is the SRB measure. We build on the construction in [BT17] to obtain
the asymptotic of the tail behaviour of the roof functions for almost Anosov flows (when viewed
as suspension flows). The main technical results for these systems are Propositions and [2.4]
These are then used to prove the main result Theorem [2.5]

For a major part of the statements of the abstract theorems in this paper (in contexts not
restricted to almost Anosov flows) we do not require any Markov structure for our system: it is
only when we want to see our results in terms of the pressure function (making the connection
between the leading eigenvalue of the twisted transfer operator of the base map and pressure as
in [S99, Theorem 4]) that this is needed. Our setup requires good functional analytic properties
of the Poincaré map in terms of abstract Banach spaces of distributions. Using the rather mild
abstract functional assumptions described in Section [}, in Sections [5] we obtain stable laws, stan-
dard and non-standard CLT; this is the content of Proposition [5.1} In Section [6] we recall [S06),
Theorem 7] and [MTo04, Theorem 1.3] to lift Proposition [5.1| to the flow, which allow us to prove
Proposition 6.1}

In Section 7| we do exploit the assumption of the Markov structure to relate the definition
of the pressure P(¢ + sv),s > 0, with that of the family of eigenvalues of the family of twisted
transfer operators of the Poincaré map; the twist is in terms of the roof function of the suspension
flow and the potential ¢. Using this type of identification, in Theorem we relate the induced
pressure P(¢ + s10) with the original pressure. Using the main result in Section , in Section
we summarise the results for the abstract framework in the concluding Theorem [8.2] which gives
the equivalence between the asymptotic behaviour of the pressure function P(¢ + si) and limit
theorems. It is this summarising result that can be viewed as a version of Theorems 2—4 and



Theorem 7 of [S06] combined, for flows.

We note that limit theorems for the almost Anosov flows studied here could have been obtained
via the very recent results of limit laws for invertible Young towers as in [MV19, Theorem 3.1]
together with the arguments of lifting limit laws from the suspension to the flow in [MTo04, [Z07]
and [S06, Theorem 7]. Notably [MV19] applies to invertible Young towers and as such to several
classes of billiard maps/flows.

Organisation of the paper: In Section [2] we give the setup of the almost Anosov flow as ODE,
and then translate it to a suspension flow over a Poincaré section. Proposition computes the
tails of the associated roof function. Subsection gives the main limit theorems for the almost
Anosov flow. Section (3| gives the preliminaries of equilibrium states for flows. In Section |4 we give
the abstract background, including abstract hypotheses, of the transfer operator approach. In this
abstract setting, the main result Proposition [5.1]is stated and proved in Section[5] Section [6]states
and proves the limit law for the flow, and Section [7|deals with the asymptotic shape of the pressure
function. In Section [§ we formulate and prove the limit laws for equilibrium states of the flow.
Finally, the appendix gives some technical proofs for Section [5, and then concludes by checking
all the hypotheses of the abstract results. In Appendix [A] we verify the abstract hypotheses of
Proposition [5.1]and Theorem [8.2] for the almost Anosov flows introduced in Section [2] which allows
us to complete the proofs of Theorems [2.5

Notation: We use “big O” and < notation interchangeably, writing a,, = O(b,) or a, < b, if
there is a constant C' > 0 such that a,, < Cb, for all n > 1. We write a,, ~ b, if lim, a, /b, = 1.
Throughout we let —? stand for convergence in distribution. By F being piecewise Holder, etc.
we mean that F'is Holder on the elements a € A, with a uniform exponent, but the Holder norm
of F|, is allowed to depend on a.

Acknowledgements: HB gratefully acknowledges the support of FWF grant P31950-N45. DT
was partially supported by EPSRC grant EP/S019286/1. The authors would like to thank the
Erwin Schrodinger Institute where this paper was initiated during a “Research in Teams” project.
Also the vigilant remarks of the referees are gratefully acknowledged.

2 The setup for almost Anosov flows

2.1 Description via ODEs

Let M be an odd-dimensional compact connected manifold without boundary. An almost
Anosov flow is a flow having continuous flow-invariant splitting of the tangent bundle TM =
E" @ E° @ E° (where EY is the one-dimension flow direction) such that we have exponential ex-
pansion/contraction in the direction of E}, E7, except for a finite number of periodic orbits (in
our case a single orbit I"). After restricting to an irreducible component if necessary, Anosov flows
are automatically transitive, cf. [BS02, 5.10.3]. As noted in the introduction, we can think of



almost Anosov flows as perturbed Anosov flows, where the perturbation is local around I', making
[' neutral.

Let &, : M xR — M be an almost Anosov flow on a 3-dimensional manifold. We assume that
the flow in local Cartesian coordinates near the neutral periodic orbit I' := (0,0) x T is determined
by a vector field X : M — T'M defined as:

@ T z(agz? + agy?)
y’ =X Yyl = —y(bo$2 + b2y2) (21)
2 z 14+ w(z,y)

Whereﬂ ag, as, by, by > 0 with A = asby — agbs # 0, and w is a homogeneous function with exponent
p > 0 as leading term, cf. Remark For the Limit Theorem [2.5] we additionally require ag > bo
(so that § > 1, the finite measure case). We will use a Poincaré section ¥ which is {z = 0} in
local coordinates near I', but which is thought to be defined across the whole manifold so that the
Poincaré maps is defined everywhere on 3. The Poincaré map of the Anosov flow (i.e., before the
perturbation rendering I" neutral) is Anosov itself, and hence has a Markov partition, for instance
based on arcs in W#(p) UW*"(p) for p = (0,0), but not W _(p) U W} .(p) because we want p in the
interior of a partition element. As the perturbation is local around I'" and leaves local stable and
unstable manifolds of I' unchanged, the same Markov partition can be used for the almost Anosov
flow.

Let us call the horizontal (i.e., (x,y)-component) of the flow ®#°". This is the vector field
of [BT17, Equation (4)], with x = 2 and the vertical component is added as a skew product.
Therefore we can take some crucial estimates from the estimates of ®" in [BTI17, Proposition
2.1].

The flow ®; has a periodic orbit I' = {p} x T of period 1 (which is neutral because DX is
zero on '), and it has local stable/unstable manifolds Wg (T') = {0} x (—¢,€) x T! and W2 (T') =
(—e,€) x {0} x Tt Tt is an equilibrium point of neutral saddle type if we only consider ®!°". The
time-1 map f of Pror is an almost Anosov map, with Markov partition {]32-}2-20, where we assume
that p is an interior point of B,

Given g € f~1(B), define

#(q) == min{t > 0: ®"(q) € W*}, (2.2)

where W* is the stable boundary leaf of Py, see Figure . Let W“(y) denote the unstable leaf of f
intersecting (0,4) € W5(p). The function 7 is strictly monotone on W*(y). For y > 0 and T > 1,
let £(y, T) denote the distance between (0,y) and the (unique) point ¢ € W*(y) with 7(q) = T.
The crucial information from [BT17, Proposition 2.1] is

€(y. T) = &(y. T +1)| = B&o(y) "T" PV (1 +0(1)) asT — oo, (2.3)

!The notation and absence of mixed terms ajzy and bixy goes back to [H00], who could not treat mixed
terms. In [BT17], the mixed terms are absent too, in order to make the explicit form of the first integrals possible.
Importantly, (2.1)) ensure that the two vertical coordinate planes are local stable and unstable manifold of T'. The
only linear transformation that preserves this are trivial scalings in the coordinate directions. Such scalings reduce
by/as and ag/by to single parameters, but we didn’t do this to maintain the possibility to compare proofs with
[BT17, [HOO] more easily. It is possible to treat mixed terms to some extent, see [B19], but the additional required
technicalities are beyond the purpose of this paper.
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Figure 1: The first quadrant of the rectangle B,, with stable and unstable foliations of time-1 map
f = ®"°r drawn vertically and horizontally, respectively. Also the integral curve of ¢ is drawn.

for 8 = (ag + by)/(2by) and specific values &(y) given in [BT17, Proof Proposition 2.1]. The
parameters as, by > 0 can be chosen freely, so holds for § € (%, o0), but in this paper we
choose as > by, and therefore 5 € (1,00). Also the “small tail” estimates of are stronger
than the “big tail” estimates needed in our main theorems, but are required for particular results
in the infinite measure setting of [BT17].

Remark 2.1 In fact, for the most general vector fields treated in [BT17, Equation (3)] (i.e., vector
fields with higher order terms), we cannot do better than “big tails” estimates:

£y, T) = &T (1 + 0T + T2 1ogT)), (2.4)

for 5, = min{1, as/ba, by/ap}, see [BT17, Lemma 2.3]. This is due to the perturbation arguments
in [BT17, Section 2.4] that become necessary when higher order terms are present and a precise
first integral from [BT17, Lemma 2.2] is not available. Since the horizontal part of vector field
of here is the ‘ideal” vector field from [BT17, Equation (4)], our small tail estimate
becomes possible.

The next proposition gives an estimate of integrals along such curves. This allows us to estimate
the tail of the roof function (when viewing ®; as a suspension flow) in Proposition and also,
the tail of induced potentials (see Remark 2.6). In the first instance we use it to estimate the
vertical component of the flow ®; (compared to t).

Proposition 2.2 Let  : R?> — R be a homogeneous function with exponent p € R such that
6(x,0) #0# 0(0,y) for x # 0 # y. Then there is a constant C, > 0 (given explicitly in the proof)



such that for every q with 7(q) =T as in (2.2)),

T C,T5(1+0(1)  ifp<2,
O(T) = / 0(®,(¢,0)) dt = { C,log(T)(1+o(1)) if p=2, (2.5)
’ C,(1+o(1)) if p> 2.

For the proof of Proposition we recall some notation and the form of the first integral L(z,y)
from [BT17, Lemma 2.2], replacing x from that paper by 2. Recall that A := asby — agbs # 0. Let
u,v € R be the solutions of the linear equation

(u+ 2)ag = vby that i u = 22 (ag + by), (2.6)
at is: .
(U+2)b2:ua2 v = %(a2—|—b2)_
Note that u,v and A all have the same sign. Define:
ao + bo u+v+2 as + by u—+v+2 co = ap + by
B 2ay 0 fi=5 20, 2 7 ce=ax+b (2.7)

Note that % = 4 dou i—g and By, B > + (or = % if we allow by = 0 or ay = 0 respectively). The

v? bov 2

content of [BT17, Lemma 2.2] is that
(2.8)

is a first integral of (i.e., preserved by) ®" (and therefore of ®;).

For the proof of Proposition 2.2 we follow the proof of [BT17, Proposition 2.1]. In comparison,
we have k from [BT17, Proposition 2.1] equal to 2, our current integrand is more complicated, but
we only need first order error terms.

Proof of Proposition Fix 7 such that the local unstable leaf W2 (0,7) intersects

f—1(]50) \ B, Recall from the text below (2.2) that, given T large enough, there is a unique
point (§(n,T),n') € Wig.(0,n) such that

(& w(n, T)) = @5 (€, T). 7)) € Wie(Co,0),

where I/T/ZSOC(CO, 0) is the local stable leave forming the right boundary of Py, see Figure[2, Assuming
W2 (0,1) and W, (Co, 0) are straight horizontal and vertical lines respectively, induces a negligible
error in these vertical coordinates, so in the rest of the proof, we write ' = n and {; = (.

For simplicity of notation, we will suppress the n and 7" in {(n,T) and w(n,T). For 0 <t < T,
let @y (§,m) = (2(t),y(t)), so (x(0)),y(0)) = (&) and (z(T),y(T)) = (Go,w). We need to

compute
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Figure 2: The first quadrant of the rectangle 130, with the integral curve I(7T) connecting
(&(n, T),m) € Wige(0,m)) and (¢, w(n, T')) € W=(¢p,w(n, T).

where 6 : R? — R is homogeneous of exponent p.

New coordinates: We compute O(7") by introducing new coordinates (L, M) where L is the
first integral from (2.8) (and hence independent of ¢), and M(t) = y(t)/x(t), so y(t) = M(t)x(t).
For simplicity of notation, we suppress ¢ in x,y and M. Differentiating to y = Mx + Mi(t), and
inserting the values for # and y from (2.1]), we get

M = —M(co+ csM?)a?. (2.9)

We carry out the proof for A > 0 (the case A < 0 goes likewise), so the first integral is L(x,y) =
rty? (2 2? + 2 ¢?) in (2.8). Since (z,y) is in the level set L(z,y) = L(§,n) = 0¥ (L& + 2p?),
we can solve for 22 in the expression

b b b
gun? (@52 + _2772) = z"y" (@xQ + —2?;2) = gutv2 e (ﬁ + —2M2) :
v u v U v U

Use (2.6 and (2.7) to obtain

a b A apf?  byn?
2 2M? = (co+caM?)  and 3 + 2 (co? + con?).
v Uu CoCa v U 2cpco
1 u 1 _ 1 1 .
Note also from (2.7 that u+v+2 = 5 el = 5 and u+v+2 =1- 55 — 35 This plus the
previous two equations together gives
2? = G(T)M o (co + e M?) T T35 (2.10)
with L o
11 1—-L1 1
G(T) == G, T),n) = &, T)Pn% (co€(n, T)* + con®) 2% 2. (2.11)

7



We claim that G(T) ~ GoT~! as T — oo for some Gy > 0.
Proving the claim: First note that

T M(T) AM M(0) AM
0 Moy M mar M
Recall that M (0) = n/¢ and M(T) = w/(p. Inserting this and ( and into ( gives
n/& dM
/ - — = G(T)T. (2.13)
w/co M'7F0 (¢ + caM?) 70 75

As T increases, the integral curve connecting (£(n,7),n) to (o, w(n,T)) tends to the union of
the local stable and unstable manifolds of (0,0), whilst M(T) = w(n,T)/{y — 0 and M(0) =
n/&m,T) — oo. From their definition, £(n,T) and w(n,T) are decreasing in 7', so their 7-
derivatives &'(n,T),w' (n, T) < 0.

Since cg,co > 0 (otherwise A = 0), the integrand of is O(Mﬁilofl) as M — 0 and
oM 7%71) as M — oo. Hence the integral is increasing and bounded in 7. But this means that
G(T)T is increasing in 7" and bounded as well. Since by

1 1

G(T)T = (£(n, T)T?) 7 % T2 4 con?) %05
(T)T = (§(n. T)T™) % o (cof(n, T)* + con) ~ %022,
we find by combining with (2.13)) that

= i T)T% = lim (G(T)T)*y 7 2)~Fe(1= 55~ 73
So(n) = lim &(n, T)T™ = lim (G(T)T)™n % (. T)? + ear?) o
—00 T—o0
1wy dM ”
= G “77 b T R ,
0 M B (cy+ coaM?)280 252
where we have used —f5(1 — ﬁ - ﬁ) = uifiQ = —L for the exponent of ¢, and —22 —23,(1 —
2;;0 5 52) =1—20; = —32 for the exponent of 7. ThlS shows that
1—i— 1
G(T) ~ ¢y 0 *2go(n)Pn”™ BT = Gy as T — oo. (2.14)

Estimating the integral ©(7"): Recalling M = y/x and using homogeneity of 6, we have
O(z,y) = xPO(1, M), and 6y := 0(1,0) and O := 0(0,1) = limps oo M~P0(1, M) are non-zero by
assumption. Inserting the above into the integral of (2.13)), and using (2.10]) to rewrite z, we
obtain

WE M (e + M) 2T T)g(1, M)

O(T) = G(T)4! / ot dM. (2.15)
w/Co MY (co + caM?) 750 75
Set po =5 — (1 + g)(ﬁ + ﬁ) The leading terms in the integrand of (2.15)) are

—(1—=2)L (216)

GOCSOM_H(I_@% as M — 0;
25 as M — .



The case p < 2: By (2.16)), we have for p < 2 that the exponent of M is > —1 as M — 0 and
< —1 as M — oo. This means that the integral in (2.15)) converges to some constant

o1
1—-L __1 1\ 2
as T — oo, and © ~ C*G(T)>~! ~ C,T'"5% for C, = (02 o0 fo(n)%UQ Bl?) C* by (2.11]).

This finishes the proof for p < 2.
The case p > 2: The value of O(T) based on the leading terms (2.16|) of the integrand only is

7)1 (1-5)3 ~(1-5)3;
o(T) ~ % (5090080 (%) + [2000ch’ <g> ) .

Insert & = &(n)T72(1 4 o(1)) and w = wo(n)T (1 + o(1)) from [BTIT, Proposition 2.1]:

G (0 (G | () e
@(T)N?GOQOCS (wo(n)> + Babescs (ﬁo(n)) e

Next, by inserting the asymptotics of G(T') from (2.14)), the factor 72" cancels:

P _ p/2—1 p/2—1
_ G oG\ n \
R = (5 ot () 0t (i) )

The case p = 2: The factor G(T)2~" in (2.15) now disappears and the leading terms (2.16)
are Opcs® M~ and 0,,c5° M~ respectively. This gives

Wg@c”—l—@ ch
o(T N/ ;Md]\/[ Ooch® + Osoch® (log——log )
( ) w/co M (00 2) § C()

Inserting again the values of € and w from [BT17, Proposition 2.1] gives
O(T) ~ (Bocy’ + 000cs’) (Bo + P2) log T as T' — oo.

This completes the proof. |

2.2 Description via suspension flows, tail estimates of the roof function

The 3-dimensional time-1 map ®; preserves no 2-dimensional submanifold of M. Yet in order
to model ®; as a suspension flow over a 2-dimensional map, we need a genuine Poincaré map.
For this we choose a section X transversal to I' and containing a neighbourhood U of p. As an
example, ¥ could be T? x {0}, and the Poincaré map to T? x {0} could be (a local perturbation

9



of) Arnol’d’s cat map; in this case (and most cases) M is not homeomorphic to T? because the
homology is more complicated, see [BF13, IN76].

Let h : ¥ — RT, h(q) = min{t > 0 : ®,(q) € X} be the first return time. Assuming
that supy, |w(z,y)| < 1, the first return time h is bounded and bounded away from zero, i.e.,
0 < infy, h < supy h. There is no loss of generality in assuming that infy A > 1.

The Poincaré map f := ®;, : ¥ — ¥ has a neutral saddle point p at the origin. Its local
stable/unstable manifolds are W (p) = {0} x (—¢,€) and W2.(p) = (—¢,¢) x {0}. Because the
flow @, is a perturbation of an Anosov flow, and f is a Poincaré map, it has a finite Markov partition
{P;}i>0 and we can assume that p is in the interior of Fy. In the sequel, let U be a neighbourhood
of p that is small enough that is valid on U x [0, 1] but also that f(U) D> Py U P,.

In order to regain the hyperbolicity lacking in f, let

r(¢) ==min{n >1: f"(q) € Y} (2.17)

be the first return time to Y := X\ Fy. Then the Poincaré map F = " = &, of &, to Y x {0} is
hyperbolic (see [HOO, Section 7]), where

7(q) = min{t > 0: ®;((¢,0)) € Y x {0}} = i:h o f

is the corresponding first return time.
Consequently, the flow ®; : M x R — M can be modelled as a suspension flow on Y7 =

<quy{q} X [O,T(q))) /(q,7(q)) ~ (F(q),0). Since the flow and section Y x {0} are C' smooth,

7 is C! on each piece {r = k}.

Lemma 2.3 In the notation of Proposition with @ = w from the z-component in (2.1)), we
have 7(q) = 7(q) + O(1), r = 7(q) + O(7(q)) + O(1) and O(7(q)) = o(7(q)) as ¢ — 0.

Proof By the definition of 7 we have ®7(q) € W*. Therefore it takes a bounded amount of
time (positive or negative) for ®:(q,0) to hit Y x {0}, so |7(q) — 7(q)| = O(1).

If in (2.5) we set § = w, then 7(q) + ©(7(¢)) indicates the vertical displacement under the
flow ®,. In particular, it gives the number of times the flow-line intersects ¥, and hence r =
7(q) + O(7(q)) + O(1). u

Let ¢ : Y7 = R, ¢(q) = limy_,g —7 log |D®¢|yu(q)| be the potential for the SRB measure of
the flow. Let gz be the F-invariant equilibrium measure of the potential ¢ : Y — R, ¢(q) =

fOT(q) ¢ o ®(q)dt = —log|DF|wu(q)|; so ¢ is the logarithm of the derivative in the unstable
direction of the Poincaré map F. This is at the same time the SRB-measure for F' and thus is
absolutely continuous conditioned to unstable leaves.

Proposition 2.4 Recall that 5 = % € (%, o0). There exists C* > 0 such that
pe({T >t}) = C*tP (14 o(1)) (2.18)

for the F-invariant SRB measure fi;.

10
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Figure 3: The first quadrant of the rectangle Py, with stable and unstable foliations of Poincaré
map f = P, drawn vertically and horizontally, respectively. Also one of the integral curves is
drawn.

Proof The function 7 is defined on ¥\ Py and 7 > hy = h+ho f on Y0 := f7H(F) \ F.
The set Yy,>2 is a rectangle with boundaries consisting of two stable and two unstable leaves of
the Poincaré map f. Let W"(y) denote the unstable leaf of f inside Y9, with (0,y) as (left)
boundary point. Let y; < yo be such that W"(y;) and W"(y,) are the unstable boundary leaves
of Yir>2).

The unstable foliation of f = ®"" does not entirely coincide with the unstable foliation of f.
Let W"(y) denote the unstable leaf of f with (0,y) as (left) boundary point. Both W"(y) and
WY(y) are C' curves emanating from (0,y); let v(y) denote the angle between them. Then the
lengths

Leb(W™(y) N {7 >t}) = |cos(y)| Leb(W"(y) N {7 > t})(1 + o(1))
= Jcosy(y)| &ly) t77(1+o(1))

as t — 0o, where the last equality and the notation &y(y) and 8 = (as + by)/(2b2) come from ([2.3)).
We decompose the measure p; on Y(,>9y as

Y2
/ vdpg = / (/ Udu?,vu(y)> dv*(y).
Yir>2y Y1 wu(y)

The conditional measures fiyu(y,) on W*(y) are equivalent to Lebesgue myyu(,) with density hf =

11



dpyyu <y>
dmwu

tending to a constant h,(y) at the boundary point (0,y). Therefore, as t — oo,

par>0) = [ (V) 0 > 1) ()

Y1

- /y2 ho mwa) (W*(y) N {7 > t}) dv¥(y)

1

= [ eosy0)] Mg (7(0) 0 {7 > 1)1+ 0(1) ()

1

-/ " il cos 1 ()] €oly) (1 + o(1)) di(y) = CEA(1 + of1)),

1

for C* = fyyf hi(y)| cosy(y)| &o(y) dv*(y), and using (2.3)) in the third line. This proves the result.
|

2.3 Main results for the Poincaré map F' and flow &,

Throughout this section we assume the setup and notation of Subsection 2.2l We emphasise that
we are in the finite measure setting, so

T = / T dpg < 0o. (2.19)
Y

We recall that the natural potential associated to the SRB-measure for F is ¢ = —log |DF |y,
which is the induced version of ¢ = lim;_, M. Our main result can be viewed as a version
of the results in [S06] for the flow ®,; it gives gives the link between limit theorems for (®;,))
for (unbounded from below) potentials ¢» on M and pressure function P(¢ + si),s > 0. We
let ¢ 4+ s, s > 0 be the family of induced potentials and denote the associate pressure function
by P(¢ + si). Some background on equilibrium states and pressure function (along with their
induced versions) is recalled in Section

Theorem 2.5 Suppose 1)(y fo o ®ydt = C" —1hg where C" > 0 and g is positive piecewise
CYY). Let B > 1 be as in Pmposmon Furthermore, suppose that pg(vy > t) ~ ot + for

some c >0 and k € (1/5,5). Set * = fylzdl% and let Y = fOT¢ o®,dt. The following hold as
T — oo, wrt. pg.

(a) (i) When B <2 and k € (5/2,0), set b(T) such that — 1.

(Cb(T))H
Then pom (@DT P* - T) —4 Ga/r, where Gg,. is a stable law of index B/k and this is,
further, equwalent to P(¢ + sv) = p*s + cs%/%(1 + o(1)), as s — 0.
(ii) When B <2 but k = 3/2, set b(T) ~ ¢ Y/2\/TlogT.
Then ﬁ(wgp —* - T) =% N(0,1) and this is, further, equivalent to P(¢p + si)) =
*s + cs?log(1/s)(1 + o(1)), as s — 0.

12



(b) Suppose that 5 > 2. Then there exists ¢ # 0 such that \%(1/@ —* - T) =% N(0,0?) and
this is, further, equivalent to P(¢ + sip) = ¢*s + %282(1 +o0(1)) as s — 0.

Moreover, P(¢ + sv) = ZP(¢ + s¢)(1 + o(1)).

Remark 2.6 If 1) : M — R satisfies the following properties, then the condition on v in Theo-
rem [2.5 holds. In local tubular coordinates near {p} x T, ¥ = go — g(W (x,y)) where go is Holder
function vanishing on a neighbourhood of p, and W (x,y) is a linear combination of homogeneous
functions depending only on (z,y), such that the term W,(z,y) with lowest exponent p satisfies
W,(0,1) # 0 # W,(1,0), and g : R — R is analytic with g(0) =0, ¢’(0) # 0. Then x =1 — £ (see
Proposition, so assuming that this lowest exponent p € (2(1—3),2(8—1)/5), then k € (%, B).

Proof of Theorems This follow directly from applying Theorem (4, ¢), which uses a
special case of Proposition Appendix [A] verifies all the abstract hypotheses of Proposition
and Theorem for the flow ®; with base map F' and roof function 7 introduced in Section
and potential ¢ defined in the statement of Theorem [2.5| The extra assumptions (including
coboundary assumptions) that ensure o # 0 in Proposition [5.1{(ii) and Theorem 8.2] (b) are verified

in Appendix [A.3] |

3 Background on equilibrium states for suspension flows

Here we outline the standard general theory of thermodynamic formalism for suspension flows. We
start with a discrete time dynamical system F': Y — Y. Defining My to be the set of F-invariant
probability measures, for a potential ¢ : Y — [—00, co] we define the pressure as

P(w)::sup{h(u)+/¢du: i€ Mp and —/Q/Jd,u<oo}.

Given a roof function 7 : Y — Rf  let Y7 = {(y,2) € Y xR : 0 < z < 7(y)}/ ~ where
(y,7(y)) ~ (Fy,0). Then the suspension flow F, : Y7 — Y7 is given by Fi(y,z) = (y,z + t)
computed modulo identifications. We will suppose throughout that inf 7 > 0, but note that the
case inf 7 = 0 can also be handled, see for example [Sav98, [[JT15]. Barreira and Iommi [BIOG]
define pressure as

P(p) :=inf{u € R: P(¢ —ur) < 0} (3.1)
in the case that (Y, F) is a countable Markov shift and the potential ¢ : Y7 — R induces to
6 :Y — R, where

_ ()
() = /0 o(z,t) dt, (3.2)

has summable variations. This also makes sense for general suspension flows, so we will take ((3.1)
as our definition. In [AK42], there is a bijection between Fj-invariant probability measures p, and
the corresponding F-invariant probability measures i given by the identification

- nxXm
SCEIDIVE)
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where m is Lebesgue measure. That is, whenever there is such a p there is such a ji, and vice versa.
Moreover, Abramov’s formula for flows [Ab59b] gives the following characterisation of entropy:

h(p)
hp) = X)) (3.3)
and clearly | - | -
_ Jédn_ [dp
J o= G = Fran 34

One consequence of these formulas is that the pressure in is independent of the choice of cross
section Y. This follows essentially from the fact that if we choose a subset of Y and reinduce there,
then Abramov’s formula gives the same value for pressure (here we can use the discrete version
of Abramov’s formula [Ab59a]). Note that we say ‘Abramov’s formula’ in both the continuous
and discrete time cases as the formulas are analogous [Ab59al [Ab59b], and similarly for integrals,
where the formula holds by the ergodic and ratio ergodic theorems.

We say that p, is an equilibrium state for ¢ if h(ug) + [ ¢ duy, = P(¢). The same notion
extends to the induced system (Y, F,¢). In that setting we may also have a conformal measure
mg for ¢. This means that mg(F(A)) = [, e ?dmy for any measurable set A on which F is
injective. Later on, in order to link our limit theorem results with pressure, we will assume that
F Y — Y is Markov. In that setting our assumptions on ¢ will be equivalent to assuming
P(¢) = 0, in which case we will have a equilibrium states and conformal measures p; and m.

4 Abstract setup

We start with a flow f; : M — M, where M is a manifold. Let Y be a co-dimension 1 section of
M and define 7 : Y — R, to be a roof function. We think of 7 as a first return of f; to ¥ and
define F': Y — Y by F = f.. The flow f; is isomorphic with the suspension flow F; : Y™ — Y7,
Y"={(y,2) e Y xR:0< z<7(2)}/ ~, as described in Section [3] Throughout, we assume that
7 is bounded from below.

Given the potential ¢ : M — R and its induced version ¢ : Y — R defined in (3-2), we assume
that there is a conformal measure my for (F, ¢). In the rest of this section we recall the abstract
framework and hypotheses in [LT16] as relevant for studying limit theorems.

4.1 Banach spaces and equilibrium measures for (F,¢) and (f;, ¢).

Let Ry : L'(mgz) — L'(mg) be the transfer operator for the first return map F : Y — Y
w.r.t. conformal measure mg, defined by duality on L'(mg) via the formula [, Ryvwdmg =
fy vw o Fdmg for every bounded measurable w.

We assume that there exist two Banach spaces of distributions B, B, supported on Y such
that for some a, a7 >0

(H1) (i) C*C BC B, C (C*), where (C°) is the dual of C*t = C*'(Y,C)|

2We will use systematically a “prime” to denote the topological dual.
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(ii) hg € Bforall h € B, g € C*.

(iii) The transfer operator Ry associated with F' maps continuously from C* to B and R,
admits a continuous extension to an operator from B to B, which we still call R,.

(iv) The operator Ry : B — B has a simple eigenvalue at 1 and the rest of the spectrum is
contained in a disc of radius less than 1.

A few comments on are in order and here we just recall the similar ones in [LT16].
We note that [(H1){i) should be understood in terms of the following usual convention (see, for
instance, [GLOGL [DLOS|): there exist continuous injective linear maps m; such that m (C*) C B,
mo(B) C By, and m3(B,) C (C*)'. Throughout, we leave such maps implicit, but recall their
meaning here. In particular, we assume that m = w3 o 5 o 71 is the usual embedding, i.e., for all
heC*and g e C“

<wmmgm::1}mdm¢

Via the above identification, the conformal measure m; can be identified with the constant function
1 both in (C°')" and in B (i.e., 7(1) = mgy). Also, by (i), B C (C*)', hence the dual space
can be naturally viewed as a space of distributions. Next, note that B’ O (C*)” D C* > 1, thus
we have mg € B’ as well. Moreover, since mg € B and (1,g)0 = (g,1)0 = fgd,u(%, mg can be

viewed as the element 1 of both spaces B and (C*)".
By [(H1)|, the spectral projection P, associated with the eigenvalue 1 is defined by Fy =
lim,, o R{. Note that by [(H1)[ii), for each g € C%, Pyg € B and

(Fog, L)o = mg(Fog) = lim mg(1- Rgg) = mg(g) = {9, L)o-

By [(HIL)[(iv), there exists a unique ug € B such that Roug = pg and (ug,1) = 1. Thus, Pog =
1g(g, 1)o. Also Rymg = mg where R is dual operator acting on B’. Note that for any g € C1,

(15 9ol = [(Po1, ghol = | lim Rgmg(g)| = Tim ms(g 0 F")| < |l
Hence g 18 a measure. For each g > 0,
(Pyl,g)o = lim (Rj1,g) = lim (1,90 F™)y > 0.
n—oo n—oo

It follows that 5 is a probability measure.

Summarising the above, the eigenfunction associated with the eigenvalue A = 1 is an invariant
probability measure for F' given by dug; = hodmg where Pyl = hy. Using that 7(1) = my
we also have Pyl = pg. Under the standard theory summarised in Section (3| applies
P(¢) =log A = 0. So, under , {45 is an equilibrium (probability) measure for (F, ¢). Further,
via ,

Mg X m
M g xm) (Y

gives an equilibrium (probability) measure for (f, ¢).
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4.2  Transfer operator R defined w.r.t. the equilibrium measure p;

Given the equilibrium measure pz € B, we let R : L'(u3) — L'(113) be the transfer operator for the
first return map F': Y — Y w.r.t. the invariant measure j; given by fy Rvwdug = fy vwoF dug
for every bounded measurable w.

Under [(H1){i)-(iv), we further assume

(H1)(v) The transfer operator R maps continuously from C* to B and R admits a continuous exten-
sion to an operator from B to B, which we still call R.

By [(H1){iv) and [HL(v)] the operator R : B — B has a simple eigenvalue at 1 and the rest of
the spectrum is contained in a disc of radius less than 1. While the spectra of Ry and R are the
same, the spectral projection P = lim,, .., R" acts differently on B, B,. In particular, P1 = 1,
while Pyl = pz, Pyl = hg. Throughout the rest of this paper, for any g € C%, we let

(9.:1) = (g, Pol)o = (Rl g)o = /Y gdu;

and note that Pyg = h(g, 1) and Pg = (g,1).

4.3 Further assumptions on the transfer operator R

Given R as defined in Subsection foru > 0and 7:Y — R, we define the perturbed transfer
operator .
R(u)v := R(e™""v).

By [BMT) Proposition 4.1], a general proposition on twisted transfer operators that holds inde-
pendently of the specific properties of F', we can write for sufficiently small positive u,

R(u) = ro(u) /000 M(t)e ™dt  with M(t) .= R(w(t — 7)), (4.1)

where w : R — [0,1] is an integrable function with suppw C [—1, 1] and ry is analytic such that
To(O) = 1.

Remark 4.1 In fact, ro(u) = 1/&(u) for o( f L€ "w(t)dt. Therefore Lro(u) and “Lro(u)

are continuous functions, and for later use, we set vy =Ly (O) Vo dcfﬁ 70(0).

Since it is short, for the reader’s convenience we include the proof of (| n as in the proof of
[BMT, Proposition 4.1]).

Proof Let w be an integrable function supported on [—1,1] such that f t)dt = 1, and set

f Le "w(t)dt. Note that w(u) is analytic and ©(0) = 1. Since 7 > h > 1 (see the
assumptlon on h in Sectlon and suppw C [—1,1],

/ w(t—T1)e " dt = e_“T/ w(t)e ™ dt = e "D (u).
0 _

T
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Hence,
/ R(w(t —T)v)e ™ dt = R (/ w(t — 7)ve ™ dt) = &(u)R(u)v.
0 0
Formula (4.1)) follows with ro(u) = 1/@(u), so ro(0) = 1. n
For most results we require that

(H2) There exists a function w satisfying (4.1) and C,, > 0 such that
(i) for any t € R, and for all v € C*, h € B, we have w(t — 7)h € B,, and
(w(t = 7)vh, 1) < Cyllvllcalhl|s, ps(w(t —7));

(ii) for all T'> 0,
/ 1M ()]l 5=p, dt < Copg(t >T).
T

Further, we assume the usual Doeblin-Fortet inequality:

(H3) There exist og > 1 and Cy, C; > 0 such that for all h € B, for all n € N and for all u > 0,

1R(w)"hlls, < Cre™||hls,, [|R(u)"k]ls < Coe™ o5 |Blls + Cilhll5,-

4.4 Refined assumptions on 7

For the purpose of obtaining limit laws for ' (and in the end f;) we assume that
(H4) One of the following holds as t — oo,

(i) pg(r > t) = L(t)t~7, for some slowly varying function £ and 3 € (1,2]. When 8 = 2, we
assume 7 ¢ L2(u3) and £ is such that the function £(t) = [ “2 dx is unbounded and
slowly varying.

(ii) 7 € L*(ug). We do not assumeﬂ T € B, but require that for any h € B and k = 1,2,
R(t"h) € B.

5 Limit laws for (7, F)

In this section we obtain limit theorems for the Birkhoff sum 7,, = Z;:Ol 7o FJ. Under the abstract

assumptions formulated in Section 4| we obtain the asymptotics of the leading eigenvalue of R(u)
(as in Subsections[5.1]and [5.2] below). In turn, as clarified in Subsection[5.3] the asymptotics of this
(family of) eigenvalues give the asymptotics of the Laplace transform E%(e_“b77 ™), for suitable
normalising sequences b,,, proving the claimed limit theorems. Our result reads as follows.

3In our example, T is only piecewise C1(Y).
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Proposition 5.1 Assume[(H1)| and [(H2)| The following hold as n — oo, w.r.t. any probability
measure v such that v < pg.

(i) Assume|(H4)|(1).
When B < 2, set b, such that %gn) — 1. Then %(Tn — ;(}}3) —1 Gy, where G is a stable
law of index (3.

When B = 2, set b, suchthat"“" — ¢ > 0. Then 3-(7, —:—}}")—WN(O,C).

(ii) Assume (m) and T — 7" # h —hoF for any h € B. Then there exists o # 0 such that
f(Tn - ) =4 N(0,07).

Note here that the slowly varying function ¢ from the general theory later on reduces to
¢(n) = C*, because the tail estimates (2.3 have this form.

Remark 5.2 The above result holds for all piecewise C*'(Y') observables v in the space By(Y)
defined in Appendix . For item (i), we need to assume that v is in the domain of a stable law
with index § € (1,2] with v ¢ L*(uz) and adjusted C* = C*(v), while for item (ii) we assume
v € L?*(p13) and a non-coboundary condition precisely formulated in Proposition [6.1] (ii).

The rest of this section is devoted to the proof of the above result.

5.1 Family of eigenvalues for R(u)

By equation (4 Remarkn and (ii) R(u) is an analytic family of bounded linear operators
on B, for u > O and this family can be continuously extended as u — 0. As in Remark [4.1],
lim,_.o d‘iro(u), d(fﬂ ro(u) exist and we let v, := dci 0(0), 72 : dcfﬂ 70(0).

Lemma 5.3 Assume|(H2)| Then

1R (u) = R(O) |55, < u+ pg(r > 1/u) =: q(u).
Proof Using , we write
R(u) = (ro(u) — 1) /000 M (t)e " dt + r4(0) /000 M(t)(e ™ — 1) dt + 70(0) /000 M(t)dt
= (ro(u) — 1) /00 M(t)e ™ dt + /OO M(t)(e™ — 1) dt + R(0).

Since |(ro(u) — 1| < u|m1| < u, we have that as u — 0,
R R 00 1/u
| B(w)— R(0) |55, < u / IM(0) s, di + / (e — )| M (1) s, dt
0 0

00 1/u
+ / M) s, dt <€ u+ p(r > 1) +u / HIM () s, dt.
1/u 0
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We continue using [(H2)(ii). Let S(¢) = [ | M (x)||s-5,, dz and note that

M) 55, < / M@ ss, dr < S(E+1) — S(0) (5.1)

Rearranging,

1/u 1/u
u/ HIM (1)ll5m, dt < u/ HS(E+1) — (b)) dt
0 0

_ u(/l/u+1(t ~1)S(#) dt — /l/u 1) dt)

1 1/u+1 1/u+1
:u/ tS(t)dt—u/ S(t)dt—u/ tS(t)dt < u+ S(1/u).
0 1 1/u

By [(H2) - ii), S(1/u) < pg(7 > 1/u) and the conclusion follows. |

By |(H1) E (iv), 1 is an eigenvalue for R(0). By [(H3) E, there exists a family of eigenvalues A(u)
well-defined for u € [0, dy), for some §y > O. Also, for u € [0,69), R(u) has a spectral decomposition

R(u) = Au)P(u) + Q(u), [Q(u)" |5 < Cog, (5-2)

for all n € N, some fixed C' > 0 and some oy < 1. Here, P(u) is a family of rank one projectors
and we write P(u) = pg(u) ® v(u), normalising such that pg(u)(v(u)) = 1, where pz(0) is the
invariant measure and v(0) = 1 € B. Equivalently, we normalise such that (v(u),1) = 1 and write

M) = (R(u)o(u), 1), (53)
The result below gives the continuity of the families P(u) and v(u) (in B,).

Lemma 5.4 Assume [(H1)| [(H2)| and [(H3)| Let q(u) be as defined in Lemmal[5.3 Then there
exist 0 < 01 < dg and C' > 0 such that

1P (u) = P(0)|l 55, < Ca(u)|log(q(u))|

for all 0 < u < 6,. The same continuity estimate holds for v(u) (viewed as an element of B,,).

Proof Given the continuity estimate in Lemma [5.3] we can apply [KL99, Remark 5] (an im-
proved version of [KL99, Corollary 1] under less general assumptions). Assumption here
corresponds to [KL99, Hypotheses 2, 3] and the estimate in Lemma corresponds to [KL99,
Hypothesis 5]. The extra assumptions of [KL99, Remark 5] are satisfied in the present setup,
since by , R(u) is a family of || - ||z contractions. Going from P(u) to v(u) is a standard step
(see, for instance, [LT16l Proof of Lemma 3.5]). n

Since A\(0) = 1 is a simple eigenvalue (by [(H1)|), Lemma ensures that A(u) is a family
of simple eigenvalues (see [KL99, Remark 4]). The next result gives precise information on the
asymptotic and continuity properties of A(u), v — 0 (a version of the results in [ADOIal) in the
present abstract framework.
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Lemma 5.5 Assume|[(H1)| and[(H2)| Let q(u) be as defined in Lemma . Set I(u) = pg(1 —
e 7). Then as u — 0,

1—Awwﬂﬂm@+ommw%@wm0.

Proof By (5.3), A(u)v(u) = R(u)v(u), u € [0, ) with A(0) = 1 and v(0) = pg- Then

Au) = (R(w)v(w), 1) = pg(e™) + {(R(u) — R(0))(v(u) — v(0)), 1).
because (v(u),1) = 1. Since [(H2)| holds (so, holds),

Awr:%@“v+vww=MAe”»+Amw“ﬂ—wwa—rmmo—menw
+ouw—4{Aw5ww@—fmmo_mmhnﬁ,

Thus, 1 — A(u) = H(u) — V(u). By [(H2)|i),
(w(t = 7)) =v(0)],1) < Cllv(w) = v(0)[|s,15(w(E = 7).

Recalling that suppw C [—1,1], for all u € [0, dy) and some C; > 0,

/ooo e w(t = 7)fo(w) —v(0)).1) dt‘ < Ollv(u) —v(0)| 5, /oo e_“t/ w(t —7)dpgdt

// e w(t —7) ) dt dpg
T—1

< Cllo(u) - (M&LeT/!<ww4m¢
< Cullo) = o), [ ™ diss = Colo) = (0}, (1) + 1)

< Cllv(u) = v(0)]|s,,

In the previous to last inequality, we have used that ‘ f_ll w(t)e™ dt) < 1 for u €[0,0). By a

similar argument,

[ e = 0ttt = nlota) = w(0) 1) dt] < Cilloa) = w(0) . Tw)
The previous two displayed equations imply that for u € [0, dp),

V()] < Cillo(u) = v(0)l, [ro(uw) = T/(IT(w) + 1) + Cillv(u) = v(0)[5, (u)
< Cillv(u) = v(0)]|5, I1(w).

By Lemma 5.4, [[v(u) — v(0)||s, = O(q(u)|log(q(u))]). Hence V(u) = O(I(u)q(u)|log(q(u)]). ™

A first consequence of the above result is
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Corollary 5.6 Assume[(HL)| and[([H2)| The following hold as u — 0.
(i) ]f(i) holds with 8 < 2, then 1 — A(u) = 7*u + u (1 /u)(1 + o(1)).
(1) If(z') holds with 8 = 2, then 1 — AN(u) = 7*u + u?*L(1/u)(1 + o(1)), where L(t) = %g(t)

Proof Under[(H4)|i) with 8 < 2, TI(u) = 7*u-+u’¢(1/u)(1+0(1)); we refer to, for instance, [F66),
Ch. XIII] and [ADO1b]. This together with Lemma (with g(u) ~ u) ensures that 1 — A(u) =
7 u 4+ uPl(1/u) + O(u?log(1/u)) + O(uP+(1/u)). Ttem (i) follows.

Under [(H4)|(i) with 8 = 2, it follows from [ADOID, Theorem 3.1 and Corollary 3.7] that
(u) = 7*u 4+ u>L(1/u)(1 + o(1)), where L(t) ~ £(t)log(t) with £(t) = fff(w)/x dx as in (1)
for B = 2. The estimate for II(u) together with Lemmal5.5] (with ¢(u) ~ u) implies that 1 —A(u) =
m*u+ v L(1/u) + O(ulog(1/u)(u)).

In the case of [(H4)|i) with 8 = 2 and ¢(1/u) — oo as u — 0, we have log(1/u) = o(L(1/u)).
As a consequence, ulog(1/u)I(u) = O(u?log(1/u)) = o(u?L(1/u)) and the conclusion follows. In
the general case (which allows ¢ to be asymptotically constant), for fixed small § > 0 and € > 0,
we write

ulog(1/u)Il(u) = ulog(1l/u) <H(u) - /

7<0/u

7’U‘2+6T2+€
(e - 1) dﬂq’s)

+ ulog(1/u) / (e 1) dpg = ulog(1/u)(Iy(u) + Ix(u)).

7<§/u
First,
ulog(1/u)|l(u)] < ulog(l/u)ugJ”/ T2 dug

7<6/u

< log(l/u)u3+€u_2€526/ T2 dpg = o(uW?L(1/u)).
Y

Next, compute that

]l(u)

—uT —y2ter2te —uT
/ (e —e ) dpig + / (e = 1) dpg
7<6/u T>8/u

[ T g Ol > o)
7<6/u

/ e (1 — e T dug + O(WP(S /u)).
7<6/u

Let G(v) = pg(T < ) and compute that

/ e—uT(l o 6_u1+67—1+e) d,qu < ul-l—e/ 7_1+e€—u’r d:qu
T<0/u 7<6/u

<u [T aa) = - [T - o)
0 0

= u2+6/ 271 - G(x)) e " dx + uHE/ (1 - G(z)) e ™ dr < u'™e.
0 0
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Altogether, I1(u) < u'*c. Hence, ulog(1/u)|I;(u)| = o(u*L(1/u)). This together with the esti-
mate for ulog(1/u)|l5(u) implies that wlog(1/u)I(u) = o(u*L(1/u)) and item (ii) follows. |

5.2 Estimates required for the CLT under [(H4)|(ii)
For the CLT case we need the following

Proposition 5.7 Assume|(H1)| [((H2)| cmd|(H4)|(zz) Suppose that 7 # ho F'—h, for any h € B.
Then there ezists o # 0 such that 1 — AN(u) = 7*u + —u 2(1+o(1)).

We need to ensure that under the assumptions of Proposition which do not require that
T € B, there exists the required o # 0. The argument goes by and large as [G04bl, Proof of
Theorem 3.7] (which works with a different Banach space) with the exception of estimating the
second derivative of the eigenvalue A defined below. The argument in [G04bl, Proof of Theorem
3.7] for estimating such a derivative does not directly apply to our setup due to: i) the two
Banach spaces B, B,, at our disposal are not embedded in L?, p > 1; ii) the presence of log ¢(u) in
Lemma 5.4 Our estimates below rely heavily on [(H2)| and [(H4)|(ii).

As usual, we can can reduce the proof to the case of mean zero observables. Let 7 =7 — 7*.
We recall that under [(H4)(ii), R(7h) € B, for every in h € B and the same holds for 7. By [HL(v)]
(I — R) is invertible on the space of functions inside B of zero integral. Thus, as in [G04Db, Proof
of Theorem 3.7], we can set

=(I—-R)'Rf € B. (5.4)

Define R(u) = R(e 7). Clearly, R(u) has the same continuity properties as R(u). Let A(u) be
the associated family of eigenvalues. Recall that A(u) is the family of eigenvalues associated with
R(u). Hence, A\(u) = e*”"M(u). As in the previous sections, let v(u) be the family of associated
eigenvectors normalised such that (v(u), 1) = 1. The next three results are technical tools required
in the proof of Proposition[5.7} the third, which has a longer proof, is postponed to Subsection[5.2.1]

Lemma 5.8 Suppose that [(H1)H(H3)| and [(H4)|(i) hold, and recall # = 7 — 7*. Then

Gl = /Y d“¢_2<diLR(U)%U(U),1>—l—T(u),

where T'(u) — 0, as u — 0.

Proof Set I1(u) = pg(1 — e 7). By the calculation used in the proof of Lemma ﬂ, 1—\Nu) =
(u) — ((R(u) — R(0))(5(u) — v(0)),1). Differentiating twice,

W) = i) = (R () = 00 1) +2 (SR 7o), 1)
+((R(w) - RO ()1,
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Under |(H2)|(i), arguments similar to the ones used in Lemma together with Lemma 7?7 (ii)
imply that as u — 0,

2

(R(u) — R(0))~—v(u),1)| <
( )| <

/Oo(e_“t — Dpg(w(t —7))dt
Bw J0

w

+Jro(u) — 1] va(u)

. /000 e pg(w(t — 7)) dt < ulog(1/u) = o(1).

w

Lemmas ?? (i) and [p.4 together with 72 € L'(ug) imply that (2 R(u)(v(u) — v(0),1)| <
ulog(1/u) = o(1). Finally, j—;ﬁ(u) = — [, 72dug(1 + o(1)). The conclusion follows by putting
the above estimates together. |

Lemma 5.9 Assume the setup of Proposition[5.7. Then

d - d
Bl el 1V=_ [~ _
(R oo, 1) = = [ #xdug + Dlw),
where D(u) = o(1) as u — 0, and x is defined as in ((5.4)).
Proof of Proposition By Lemmas [5.8 and [5.9

d? . B .
y 2)\( u) = /7’2 du¢—2/Txdu¢+T(u), (5.5)
U Y

where T(u) — 0, as u — 0. Hence, — L \(u)|uzo = [, 72dug + 2 [Fxdpg and we can set
= [, 7dug + 2 [ Txdpg. From here on the proof goes word for word as [G04b, Proof of
Theorem 3.7], which shows that given the previous formula for o, the only possibility for o = 0 is
when 7 = h — h o F, for some density h € B. This is ruled out by assumption.
To conclude recall that A(u) = e“™" \(u). By GA). 1- Mu) = %uQ(l +0(1)), as required. ®

5.2.1 Proof of Lemma [5.9]

Proof of Lemma Let W(u) := %R(u) Since R(u) = R(e~*7), we have that for any h € B,

W(0)h =

h = —R(7h). (5.6)

By |(H4)| m (ii) 0)h € B. Recall that P(u) is the eigenprojection for R(u), so for R(u) as well.
For 0 small enough (independent of u), we can write

P(u) = /|e Ry
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Recall that v(u) = i = POL. iy particular, pg(u)l = (P(u)l,1). Compute

— {P(uw)1,1) mg(u)l?
d 4 p(u)l P(u)l d
—u(u) = & — —pg(u)l. 5.7
du () pe(u)l  (pg(u)l)? du 3(u) (5:7)
Also, compute that by (5.6
d

—P(u) = I — R(w)™'W(u)(e — R(u)) ™ d
P00 = [ €= R0 Wl Ry

_ /g_lza(ﬂ ~R)TW(0)(EI — R)Vde + Zo(u)

== /|s G R)"'R#(¢I — R) ™ d¢ + Zo(u), (5.8)

where the first term is well defined in B by [(H4)|(ii) and

Izl < [ 61— Ry (W)~ wio))e1 )

B

i H/|§1:5 <(§I — R(u)™" -~ (€1 - R)_1>W(u)(§[ — R)"'d¢

B

i H/|§1=5(§[ ~R)TW(w) <(€I — R(u))™" = (&1 - R)_1> dé

B

Again using (ii), & R(u) is bounded in | - ||5; so, |W (u) — W (0)||s < u. Hence, each one of
three terms of the previous displayed equation contains an O(u) factor. By the argument recalled
in the proof of Lemma , for any ¢ such that | — 1| = J, the integrand of each one of these three
terms is o(1). Altogether, ||Zy(u)||z = o(1). Also, by and Lemma below,

d

@P(u)l =—-X- 50/YXdM¢ + Zo(u), (5.9)

for some & € C and x = (I — R)7'R7 as in (5.4). Plugging (5.9) into (5.7),

%v(U) = ﬁ (—X - ﬁo/yxd/%) - (Ml:((% <—X - §o/yxdu¢, 1> + Z1(u) + Zo(u)
=—x+5/yxdu¢;+zl(u)+zo(u),

where ¢ is linear combination of &, and

a(u)1 = ps(O1] | [[P()1 = PO)1]s,
mg(u)l (mg(u)1)?

1Z1(u)l5., < +

1 1 ‘




By Lemma , |P(u) — P(0)||g, < ulog(l/u) and as a consequence, |ug(u)l — pz(0)1] <
ulog(1l/u). Thus, ||Z1(u)||s, = o(1). Recalling that ||Zy(u)||z, = o(1), we have

d -
@U(U) = —X +£/deu¢; + Z(u),

where [|Z(u)|s, = o(1). Using this expression for -Lv(u), we obtain

<%R(u>%v<u>,1> <RT_U > < >%v<u>,1>
/RTXd%Jr{/Td%/Xd% < W(u)—W(o))div(u),1>
=~ [ Fxds + (®2@ 1+ (V) - W) o) 1),

where we have used [ 7dug = 0. Finally, using [(H2)| we compute that

(RZ(w), 1)] < |Z(u)|ls, / N /Y Wit — 7) dysg dt < | Z(w)]]s, = o(1).

Similarly, [((W (u) — W (0) w(u), 1)| = o(1), since we already know that ||W (u) — W (0)|z, = o(1).
Thus,

d . d )
<%R(u)@v(u), 1> _ —/YTX dug + o(1),
ending the proof. |

Lemma 5.10 Assume the setup and notation of Lemma[5.9 Then there exists & € C with such
that

/ (&1 — R)’IR% (&1 — R)’ll dé = x + 50/ X dptg-
|€—1]=6 Y

Proof We note that for each & such that & — 1| = 6, R7 (&I — R)™'1 is well defined in B by

(H4)(ii) and that f|§_1| s BT (&1 — R)"'1d¢ = 0. Hence, fg 1= — R)™'R7 (¢1 — R)™'1d¢ € B.
By the first resolvent identity and the Mean Value Theorem,

/ (€1 — R)'R7 (€1 — R)™'1d¢
I3

= /|g—1|=6(l — R)™'R7 (¢ — R)~'1d¢ +/ <(£[ R (- R)*)R% (61— R) 14t

le~11=5

— \P(O)1 + / (1— )€l — R) ' (€1 — R)"1de

je-1]=

S / (€T — R) 'y (¢ — R)'1de,
je—11=
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where £ is a complex constant with 0 < |£;| < 0.
Write (1 — R)™ — I = —(&I — R)7Y((¢ — 1)I — R). The Mean Value Theorem gives

/m_ua(ﬂ — RN - R = [ (=R (14 (€1 — BT - 1)Lde

e—11=s

_ /,5_1|_5(51 R e - (€1 — By (€] — R)-M(6 — 1)] — R)Lde

je-1]=5

— P(O)x / (€1 — Ry 'y (T — R) (¢ — 2) de
E—1]=6
= / X dpg — (52—2)/ (€1 — R) 'y (&I — R)™'1 d¢,
Y lg=1]=3
for some & € C with & — 1| < §. Thus,
_ _ )l _ Pyl _ i
(&—1) /|£_16(f[ R)"“x (&I — R)""1d¢ /deud,.

Since [, x dpg > 0, we have & # 1. The conclusion follows with § = & (& — 1)~ |

5.3 Proof of Proposition |5.1

We start with part (i), i.e., the stable and non standard Gaussian laws. Let 7, and b, be as in
Proposition Using (j5.2)) and Corollary (based on [ADO1b]) we obtain that the Laplace

transform I[E‘,#d;(e_“b’7 1T") converges (as n — oo) to the Laplace transform of either the stable law

or of the N(0,1) law. The conclusion w.r.t. pg follows from the theory of Laplace transforms (as
in [F66, Ch. XIII]). The conclusion w.r.t. v follows from [E04, Theorem 4].

For part (ii), i.e., the CLT, let 7, and b, be as in Proposition 5.1 under[(H4)|(ii). Proposition[5.7]
shows that the Laplace transform E,,, (e7ubn 17”) converges (as n — o0) to the Laplace transform

of N(0,0%). The conclusion w.r.t. pg follows from the theory of Laplace transforms (as in [F66,
Ch. XIII}). The conclusion w.r.t. v follows from [E04, Theorem 4].

6 Limit laws for the flow f;

The result below generalises Proposition to the flow f;. Given an a-Holder observable g :
M — R, define g: Y — R as in (3.2) and let gr = [} go f, dt.

Proposition 6.1 Assume|(H1)| Let g: M — R and let g* = [, gdug. Suppose that the twisted
operator Ry(u)v = R(e™“9v) satisfies |((H2)| (with T replaced by §). Then the following hold as
T — oo, w.r.t. pg (or any probability measure v < pug).

(i) Assume (z) and pg(g > T) ~ pg(t > T).
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When 5 < 2, set b(T) such that Tf(f}()T)) — 1. Then b(T) (g7 — g* - T) =% Gg, where Gg is a
stable law of index (3.

When B = 2, set b(T) such that Tg(b D) > 0. then ; )(gT g - T) = N(0,¢).

(T)?

(11) Suppose that ((H4)|(ii) holds. If g ¢ B, we assume that Rg € B. We further assume that
g# h—hoF with h € B. Then there exists o > 0 such that \/LT(gT —g*-T) =4 N(0,0?).

Remark 6.2 The assumption pg(g > 1) ~ pg(r > T') is satisfied for all g bounded above with
fo g o fy(p)dt = ¢ > 0 (where p € ¥ is the fixed point of the Poincaré section) and such that

fo go filq )dt is C* in ¢ near p. The proof of this is similar to [G04b, Proof of Theorem 1.3]
where the source of non-hyperbolicity was a neutral fixed point xy instead of a neutral periodic
orbit I' = {p} x T!. Therefore, we just need to replace g(xq) in [G04D, Proof of Theorem 1.3] by
h(p) d
f() go ft (p) t
In Theorem below, we consider potentials of the form g = C" — C7"(1 + o(1)), k € (0,5)
and obtain specific form of (i) and/or (ii) for different values of k.

Proof We use that f; : M — M can be represented as a suspension flow F} : Y7 — Y7. Under
the present assumptions, g satisfies all the assumptions of Proposition with 7 replaced by g).

Let g, = Z;:Ol go IV and recall 7, = Z;:Ol 7 o FJ. Proposition (i) applies to g,; the
argument goes word for word as in the proof of Proposition (i) for 7,. Under the present
assumptions on g, item (ii) of Proposition applies to g, with the argument used in the proof
of Proposition applying word for word with g instead of 7.

Item (i) follows from this together with Lemma below (correspondence between stable
laws/non standard Gaussian for the base map F' and suspension flow. Item (ii) follows in the
same way using [MTo04, Theorem 1.3] instead of Lemma [6.3] |

The next result is a version of [S06, Theorem 7] (generalising [MTo04, Theorem 1.3]) for
suspension flows which holds in a very general setup; in particular, it is totally independent of
method used to prove limit theorems for the base map.

Lemma 6.3 Assume fY Tdpg < oo and let g € Li(ug), for ¢ > 1. Suppose that there ervists a
sequence b, = n""l(n) for p € (1,2] and £ a slowly varying function such that b, (Tn —nf, Tdu(z;)
is tight on (Y, pz). Then the following are equivalent:

(a) b, gn converges in distribution on (Y, pg).

(b) b(T) gr converges in distribution on (Y7, uy), where b(T) =T~ U(T).

Proof The fact the (b) implies (a) is obvious. The implication from (a) to (b) is contained in the
proofs of [MTo04, Theorem 1.3] for the standard CLT case and in [S06, Theorem 7] for the stable
and nonstandard CLT. We sketch the argument for completeness.

Following [MTo04], let n[x, T] denote the largest integer such that 7,(z) < T’ that is,

Tnx,T] (.CC) <T< Tn[z,T]Jrl(x)-
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By the ergodic theorem, limy_o 70z, T] = [, 7duy =: 7, a.e. Hence, n[z, T] = [FT](1 + o(1)),
a.e. as T' — oo.

Recall that g : Y7 — R and define gr(y,u) = gr(y). Recall g(y) = fOT(y)g(y,u) du. By
assumption, b, g, converges in distribution on (Y, z1,). Hence, (as in [MTo04, Lemma 3.1]), b, ',
converges in distribution on (Y7, u7); this is a consequence of [E04, Theorem 4],

In what follows we adopt the convention by = b(T"). Write

bﬁf gir 1 — — g nlz
g_T = 7] <g[ 71 + <gn[m,T] - U[fT})) + <9_T — Inl 7T])

br br \bgr b br  bufa1]
bn[z,T]

Since / is slowly varying, b[leT] — 7°. Since g € L'(uj), [S06, Step 2 of the the proof of

Theorem 7] (a generalization of [MTo04, Lemma 3.4]) applies and thus, ﬁ (gn[xﬂ — LE][;T]> —4 0
on (Y, f1g).

Next, since b;1(7, — nuy(Y)) is tight on (Y, ), we have that 7 € LY/?(u4). By assumption,
g € L), for ¢ > 1. Hence, the assumptions of [MTo04, Lemma 2.1] are satisfied with a = p =

1/p and any b := q > 1 (with a, b, p as there). By [MTo04, Lemma 2.1 (b)], & — g"[—””‘g —4 0 on

> br bn[z,
(Y7, ug)
To conclude, note that g, r(y, ) = gnpe,r(y). By [S06, Step 3 of the the proof of Theorem
B % — Tpfa,r) © F=7 — 4 0 on (Y, pg), as required. |

7 Asymptotics of P(¢ + si) for the flow f;

In this section and the next we shall assume that ' : Y — Y is Markov, which allows us to express
our results in terms of pressure. We will also assume that P(¢) = 0 for all the potential functions
¢ involved. [S06, Theorem 8] gives a link between the shape of the pressure of a given discrete
time finite measure dynamical system and an induced version (this was extended in [BTTI18| to
some infinite measure settings). Here we give a version of this result in the abstract setup of
Section [] along with suitable assumptions on a second potential 1. Note that our assumptions
are not directly comparable with those in [S06, Theorem §].

Throughout this section, we let ¢ : M — R and p4 be as Section . In particular, we recall
that 7* = fY T dug < oo and assume that the conformal measure mg satisfies . This ensures
that pgz is an equilibrium measure for (F,¢) and jug4 is an equilibrium measure for (f;, ¢). We
consider the potential ¢/ : M — R and its induced version ) : Y — R defined in and require:

(H5) There exists C, C" > 0 such that for y € Y, 9(y) = C"—o(y), where ¢(y) = C7%(y)(140(1))
for some k > 0. For k > 1 we further require that fY T dpg < oo.

Given ¢ : M — R and its induced version ¢ on Y, we define the ‘doubly perturbed’ operator
R(u,s)v := R(e ""e*v).
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Under [(H5)} we require the following extended version of |((H3)|

(H6) There exist o7 > 1, constants Cy, C,0 > 0 such that for all h € B, for all n € N and u > 0,
s €[0,90),

1R (u, $)"hll5, < Cillhlls,, [ R(u,5)"hlls < Coot"|[hlls + Cullh]ls,-

To ensure that we can understand the pressure P (¢ + sv) in terms of the eigenvalues of R(u, s),
under [(H1)| (in particular, for « as in [(H1)|(i)) and |[(H5)| we require that
(H7) There exist v € (0,1] (with v < 1 when £ > 1) and Cy,C5,0 > 0 such that for all u > 0,
s €(0,9), h € B and every element a of the (Markov) partition .4 we have:

[(e7*™ Y — 1)1,h|5, < (C’287 sup ¢y + Csu” sup 7'7) 7|3, - (7.1)

In (7.1), multiplication by 1, means that we restrict 7,7 to a. The main result of this section
reads as follows.

Theorem 7.1 Assume|(H2)| and suppose that ) : M — R satisfies (H5)| with C" > C' [ 7% dpg.
Assume |(H6)| and |(HT)|. Then

P(p+sy) = L P(é+ sp)(1+0(1)) as s — 0F.

7.1 Technical tools, family of eigenvalues of f?(u, s)

Note that R(u,0)v = R(u)v and recall from Subsection that under H3)| the family
of eigenvalues A(u) is well-defined on [0, 8y) with A(0) = 1. Recall that [(H6)| and [(HT7)| hold for

some § > 0. Throughout the rest of this work we let §; = min{d, do}.

Lemma 7.2 Assume [(HL)|, [(H2)| [(H5)| and [(H7)| Then for all s € (0,6,), there exists ¢ > 0
such that

| R(u, s) — R(u,0)||gop, < cs.

Proof Using (4.1)), write

A

R(u,s) — R(u,0) = ro(u) /000 R(w(t — 1) —1))e " dt. (7.2)

By m e* — 1)1, € B for any element a in the (Markov) partition A. Without loss of
generality we assume that suppw(t — 7) is a subset of a finite union Ugeca,a of elements in A.
Thus, 7 and ¢ are of the same order of magnitude for a € Ay and [[(e®¥ — 1) Lgupp wit—m) B <
maxee, [[(e™ — 1)1a]5,-
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Note that
|R(w(t = 7)(e” = 1)ols, < CIIRw(t —7))|s-5. max (e = 1)La]l5,-

By [(H5)| and [(H7)| (with u = 0),

1€ = 1) haupp wer s, < I = Dlalls, < 57 sup 4 < 4.
acAg

Recall that v < 1 if k > 1. Putting the above together and recalling R(w(t — 7)) = M(t), we
obtain that for any € € (0,1 —7),

| R(u, s) — R(u,0)||gs, < 37/ VM (t)||p—s, dt < 37/ t" | M (t)|| 5= s,, dt.
0 0

Proceeding as in the proof of Lemma , in particular using (5.1), we have
St | M () || g, dt < [77t7(S(E 4 1) — S(t)) dt for S(t) = [ ||M(z)| g5, dz. This gives

/ " NM ()] 5B dt<</ tHS(t)dt—/ 7St + 1) dt
0 0 0
:/ t“—ES(t)dt—/ t“—€(1—1)“—65(t)dt
0 1 t
1 00 o)
<</ t“S(t)dtJr(n—e)/ t“lﬁs(t)dt<</ 148 (t) dt.
0

1 1

By assumption, 7 € L*(ug), so t*ug(t > t) < [ m%dug < [, m"duz < co. By |(H2)(ii),
S(t) < pg(r >t). Thus,

/ " M ()| s, dt<</ g (r > ) dtg/f*””d%/ t~0%9 4t < oo, (7.3)
0 1 Y 1

which ends the proof. |

Lemmas and ensure that (u,s) — R(u,s) is analytic in u and continuous in s, for all
s € [0,0d0), when viewed as an operator from B to B, with

IR (u, 5) = R(0,0)[5-5, < 8" + q(u),

where g(u) is as defined in Lemma [5.3]

Recall that A(u) is well-defined for all u € [0,4;) with §; = min{§,dy}. By [(H6)| there exists
a family of eigenvalues A(u, s) well-defined for u,s € [0,d;) with A\(0,0) = 1. Throughout, let
v(u, s) be a family of eigenfunctions associated with A(u, s). The next result gives the continuity
properties of v(u, s).

Lemma 7.3 Assume [(H1)|, [(H2)] [(H5)| and [(H6)| Then there exists 5o < 8, such that for all
u,s € [0,0,), there exists ¢ > 0 such that

|lv(u, s) —v(u,0)||s, < cs?log(1l/s).
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Proof This follows from Lemma [7.2| and [(H6)| (which holds for « > 0 and s € [0,;)) together
with the argument recalled in the proof of Lemma |5.4] |

We recall TI(u) = pg(l — e 7)and set Ily(s) := ,uq;(651Z — 1). The result below gives the
asymptotic behaviour and continuity properties of A(u, s).

Lemma 7.4 Assume[(HL)], [(H2)], [(H5)|, [(H6)| (for some range of k) and[(HT)| Then as u,s —
0,

1 — XMu,s) = (u) + Ho(s) + D(u, s),

where |-£D(u,s)| < (log(1/u))2(s" + q(u)) + pz(r > log(1/u)) with q(u) as defined in
Lemma[5.3.

Proof Proceeding as in the proof of Lemma , write A(u, s)v(u, s) = R(u,s)v(u,s) for all
u, s € [0,61) with A(0,0) =1 and v(0,0) = pg. Normahslng such that (v(u,s),1) =1,

1— A(u, u) +1lo(s) = W(u,s) = V(u,s) for
W / e = 1) d and Vias) = ((B(u,5) = FO,0)(0(u.5) — 0(0,0)).1).

We first deal with V (u, s). Let Q(u, s) := ((R(u,0) — R(0,0))(v(u, s) — v(0,0)),1). Using (72,

Vi) =ro(u) [ e e = te = )fo(w) ~ o0 1 e+ Qlu ).
By the argument used in the proof of Lemma [5.3}
Q)] < o, 5) — v(0, 0, T1(u).
By [(H2)[(i),

(e — Dolt = 7)lo(w) = v(0)), 1) < | — 1)(vu, 5) — 0(0,0)|s, 3w (t — 7)),

which together with [(H7)| (with u = 0) gives

(e = Dw(t — 7)[v(u) = v(0)], 1) < 8"t ||v(u, s) = v(0,0)|5, kg(w(t — 7)).

Proceeding as in the proof of Lemma and using that fY T dpg < 00,
‘/ e (e — Ll — 7)ol ) — v(0,0)] 1) de|
0
< §Y|v(u, s) — (0, O)||Bw/ e " dpg < s7||v(u, s) — v(0,0)| 5,
Y

By a similar argument,

/Ooo(e_“t — 1)((@8& — Dw(t —7)[v(u, s) —v(0,0)],1) dt‘ < $v(u, s) —v(0,0)||5,-
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By Lemmas and [7.3] |lv(u,s) — v(0,0)||s, < s7log(1/s) + q(u)|log g(u)|. This together with
the previous two displayed equations gives |V (u,s)| < s7(s7log(1/s) + q(u)|log q(u)]).
We continue with |4V (u,s)|. Compute that

iV(u, s) = <diziz(u, s)(v(u, s) — v(0,0)), 1> + <(R(u, s) — R(0, 0)> %v(u, s), 1> .

du U

By |[(H5)} [((H7)| and the argument used above in estimating V' (u, s), we get

~

’< D, 5) (0w, ) — 0(0,0)), 1>‘ < '<%R(u, 0)(w(u, s) — v(0,0)), 1>‘

du
/ tw(t —7)e v dt‘
0

< [lv(u, ) = (0,0) |5, < log(1/u)(s + q(u)).

By , and Lemma ?? (i), || £v(u, s)||5, < ||-£v(u,0)| s, < log(1/u). Thus,
'<(z%(u, s) — R(0, 0))%}(% s), 1>’ < (87 + q(u)) log(1/u)

< vy, 5) = (0,0)|,,

and |-LV (u, s)| < (s7 + g(u)) log(1/u). We briefly estimate W (u, s). Compute that

<</ Te_T|1—eS’Z’\d,u¢+/ Tdpug
{r<log(1/u)} {r>log(1/u)}

< 57/ T dpg + pg(r > log(1/u))
{r<log(1/u)}

< s7(log(1/u))™* + (7 > log(1/u)).

d
’@W(u,s)

The conclusion follows with D(u,s) = —(W(u, s) + V(u, s)). |

For a further technical result exploiting |(H7)|we introduce the following notation. For u, s > 0,
set g = stp—ur, so R(u,s) = R(e?). For N > 1 and x € [a], define the ‘lower’ and ‘upper’ flattened
versions of ¢ as

_ g(x) if 7(y) < N for all y € a,
gn(x) =1 :
infycq g(y)  otherwise,
and
g(x) if 7(y) < N for all y € a,
gn(x) = {

SUPyelq 9(y)  otherwise.

Since v is bounded above by [(H5)| monotonicity of the pressure function gives
P(¢+gx) <P(o+9) <P(o+gx) < P(¢) +5supy < o0 (74)

for all u, s > 0. For fixed u, s € [0, dp), set R]j\:,(u, s) = R(egﬁ). By the associated eigenvalues
A% (u, s) exist for all N and u,s € [0, ).

32



Lemma 7.5 Assume[(H2)| [(H5)], [(H6)| and [(H7)| Then for fived u,s € [0, &),

. _
dim A, 5) = Ay (u, s)[ = 0.

The reason to introduce g]j\t, is that, unlike g, the potentials gﬁ have summable variation, and
therefore, P(¢ + g3;) = log A% (u, s) by [S99, Lemma 6]. Here [S99, Theorem 3] is used to equate

Gurevich pressure in [S99, Lemma 6] and variational pressure in this paper, and then [S99, The-

orem 4] together with the existence of the eigenfunctions v (u, s) and eigenmeasures mxy (u, s) of

Rﬁ (u, s) and its dual, to conclude that ¢ + gﬁ are positively recurrent. From this, together with

(7.4) and Lemma , we conclude
P(op+ s —u) =log A(u, s). (7.5)

We note that this connection between the eigenvalues of a perturbed transfer operator and the
pressure can be seen in similar contexts in [S06].

Proof of Lemma Assume u # 0 and/or s # 0. Proceeding similarly to the argument of
Lemma [7.2] we write

A

Rlu,s) — BE(u,5) = /0 T Rt — )7 — ) dt. (7.6)

Without loss of generality we assume that suppw(t — 7) is a subset of a finite union Uep,b of
elements b € A. Note that for any v € C*(Y),

IR(w(t = 7)(e? = e™))vllposs,, < ClIR(w(t = 7))|5-8., max [|(e? — ™) 1|5, -

We only have to consider those b € B, with b N {7 > N} # (), otherwise (ef — egﬁ)lb = 0. This

together with |((H7)| gives

9_eFINY 1 — +gn|” < "1 .
max (e’ —e )bv!\sw<<gg%>t<s%p\g gv|" <" Ly

Recall v < 1 for k > 1. By and the previous displayed equation, for any € € (0,1 — ),
IF20,) = B, 3) o, < [ OO dt = [0 M),
< N [T ) s, (1)
By equation (7.3)), [;~t* | M (t)||s-s5,, dt < oo. Using and (7.3)),
1R(u, s) — Ry (u, 5)|[58, < N0,

This together with the argument recalled in the proof of Lemma [5.4] gives

|v(u, s) — v]j\t,(u, S)|B=B, K N-=r=o)x log N.
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where for fixed u,s € [0,8), v(u,s) and vy (u,s) are the eigenfunctions associated with A(u, s)
and A% (u, s), respectively. Thus,

|R(u,s) — RE(u,s)|sos, = 0, |Jv(u,s) —vi(u, )|z, = 0as N — .
The conclusion follows from these estimates together with the argument used in Lemma and

the first part of the proof of Lemma [7.4] |

7.2 Proof of Theorem [7.1]

Lemma 7.6 Assume that ¢ < C' (as in and that P(¢ + si) > 0 for s > 0. Then
P(p+ s —P(o+ s)) = 0.

Proof Set uy = P(¢ + s1p) which is positive for s > 0 by assumption. We first show that the
pressures we are dealing with are finite. As in [S99, Lemma 2], finiteness of the transfer operator
acting on constant functions is sufficient to give finiteness of the pressure, i.e., since we are dealing
with positive ug, we just need to show sup,cy |(R(u, s)1)(z)| < co for u > 0. We estimate

A

(R(u,s))(z) = Y el@Hm) < 3" 00) = (Ryl)(z) < oo,
F(y)==

F(y)=z

because ¢ < C’ by .

To show that P(¢ + sy —ug) < 0, suppose by contradiction that P(¢ + stp —ug) > 0. We
use the ideas of [S99, e.g. Theorem 2] to truncate the whole system, i.e., restrict to the system
to the first n elements of the partition A and the corresponding flow. We write the pressure of
this system as P,(-), so [S99, Theorem 2] says that P,(¢ + st — uy) > 0 for all large n. By the
definition of pressure, there exists a measure i so that

h(ﬂ)+/¢+sw—uodﬂ>0.

Note that [ 7 dii < oo since 7 is bounded on this subsystem. Abramov’s formula (3.3) implies
that the projected measure p (which relates to i via (3.4])) has

)+ [ 6+ 50— o du>0,
contradicting the choice ug = P (¢ + s1).
To show that P(¢ + s —ug) > 0, we will use the continuity of the pressure function u +—

P(¢ + s — u) wherever this is finite (recall from above that we have finiteness for any u € [0, uo)).
By the definition of pressure, for any € € (0, ug), there exists p’ with

h(u')Jr/ngrsw—(uo—e) dy’ > 0.
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By (3.4), any invariant probability measure for the flow corresponds to an invariant probability
measure fi’ for the map F'. By Abramov’s formula,

wil)+ [ 650 = =0 du’z(h(u’)+/¢+8¢—(w—6) du’)/fdu'>0

regardless of whether [ 7 dpi/ is finite or not. By continuity in u, P(¢ + st — ug) > 0 as required. i
The following result is a consequence of (7.]) and of Lemma [7.4]

Lemma 7.7 Assume the setting of Lemma [74 Suppose that there exists a > 0 such that s =
O(u®), asu — 0. Then as u — 0T,

(G —u) = —7*(1+ o(1)).

Proof By (7.5) and Lemma ,

d _— d d
%P(qb + s —u) = T log A(u, s) = -
where L D(u,s) = O((log(l/u))’”“(s7 + q(u)) + pg(r > log(l/u))). Also, compute that

d
—H(u)—/Te“Tdudg—/Tdu¢7+/T(e“T—l)du(z-).
du Y Y Y

Since T|e”"" — 1| is bounded by the integrable function 7 and it converges pointwise to 0,
it follows from the Dominated Convergence Theorem that [, 7(e™*" — 1) dug — 0, as u — 07.
Hence, -LTI(u) = 7*(1 + o(1)).

Since 7 € L'(ugz) by assumption, pg(r > log(1/u)) — 0, as u — 0. To conclude, note that
since for some a > 0, s = O(u®), as u — 0, we have D(u, s) = o(1). n

(I(u) + D(u, s)),

We can now complete

Proof of Theorem Set 7(u, s) = LP(¢ + sip — u). By Lemma , asu — 0and s = O(u®)
for some a > 0,
r(u,s) = —7(1+ o(1)).

For any small vy > 0, integration gives
PG+ 50— wa) = P@T0) = [ rw5)du=~r"uo(1 + of1). (78)
0

The convexity of s = P(¢ 4 si) implies that LP(¢ + s¢) = [¢duy = £ [P dpg. Thus
Plp + syp) > T%fwd,qu since fwd,ugg > 0; this is guaranteed by our assumption that ¢’ >
C [77dug. Hence, ug = ug(s) = P(¢ + s1p) > s and such ug satisfies the assumptions of
Lemma with @ = 1. Thus, holds for this uq.

By Lemmaapplied to up = ug(s) = P(¢p+sy), we obtain P(¢ + s — ug) = 0. Thus, the left
hand side of is —P(¢ + sy). By assumption, ug(s) > 0, for s > 0. The continuity property
of the pressure function gives ug(s) — 0 as s — 0. Hence, applies to ug(s) = P(¢p + sv).
Thus, P(¢ + s1) = =P(¢ + s1)(1 4 o(1)), which ends the proof. u
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8 Pressure function and limit theorems

For ¢ : M — R, define Y Y — Rasin (3.2)) and let ¢y = fo? po fy dt. Throughout this section we
assume that ¢ satisfies ; in particular, we require that ) = C" — g, with ¢)g ~ C7%(140(1)),
[T dpg < oo for some C,C" > 0. For s real, s > 0, define

Ry(s)v := R(e5¥v) = e*“" R(e™*¥00) =: e*“" Ry (s).

As in Subsection [4.3) (when making assumptions on R(u)), we write

A

Ri(s) =ro(s) / R(w(t —g))e " dt = ry(s) / My(t) e " dt, (8.1)
0 0
where My(t) := R(w(t — 1)) and w : R — [0,1] is an integrable function with suppw C [—1,1]
and ro(0) = 1. Similarly to [(H2)| we require that
(H8) There exists a function w satisfying (8.1)) and C,, > 0 such that
(i) for any t € Ry and for all h € B, we have w(t — ¢y)h € B, and for all v € C*(Y),

(w(t = do)oh, 1) < Cullvllcam)llhlls, uz(w(t = to))-

(i) there exists C' > 0 such that for all T > 0,

[ 1305 dt < gy > 7).

T

Remark 8.1 In practice, checking [(H8)| requires no extra difficulty compared to checking [(H2)|
But in the generality of the present abstract framework, there is no obvious way of deriving [(H8)|

from [(H2)|

Summarising the arguments used in the proof of Proposition [5.1] and Theorem together
with Proposition [6.1], in this section we obtain

Theorem 8.2 Assume [(H1)| and [(H8)| and C' > C [7dp as in Theorem[7.1 Let ¢ : M — R
and assume that 1 satisfies|(H5)|, (H6)| and|(HT)| (withu = 0). Set * = [, ¥ dug. The following
hold as T' — oo.

(a) Suppose that |((H4)|(i) holds and that p(vy > t) ~ (" > t) with k in (some subset of)
0,5).

(i) When f <2 and k € (8/2,5), set b(T) such that Tﬁ(b(T))/b(T)g — 1. Then F})(wT—
P* - T) —4 Ga/x, where Gg),. is a stable law of index B/k. This is further equivalent to
P(p+ s¢) = *s + s5/%0(1/5)(1 + o(1)), as s — 0.
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(ii) If B <2 but & = 8/2, set b(T) such that TE(B(T))/b(T)% — ¢ > 0. Then s 5 (0 — 0

T) —* N(0,¢) and this is further equivalent to P(¢ + sib) = ip*s + S2L(1/s)(1 +0(1)),
as s — 0 with L(x) = 3{(x).

(b) Suppose that [(H4)|(ii) holds and further assume that u(wo > 1) < p(th > t) with k €
(0,5/2), and Ry € B. Then there exists o # 0 such that (wT —*-T) =4 N(0,0?) and

this is further equivalent to P(¢ + si) = *s + 73 2(1+ 0(1)) as s — 0.

Moreover, if [(H6)| and [(HT)| hold for all u,s € [0,0), then in both cases (a) and (b) we have
P(¢+ spp) = ZP(d+ stp)(1+ 0(1)), for 7 = [, T dpug.

Proof We start by noting that the proofs of the results used in the proofs of Theorems and
Propositions and essentially go through when replacing 7 by 7. We briefly summarize the
required arguments.

For s > 0, let A(s), Ai(s) be the families of eigenvalues associated with Ry(s) and Rj(s),
respectively. Note that A(s) = e*“\;(s). Hence,

As) —1=5C"+ N\ (s) —1+5°C" +O(s%). (8.2)

Further, by ., (¢ + s¢) = log A(s). Similar to the proofs of Proposition and Proposi-
tion 6. 1] E to conclude that (a) and/or (b) hold, we just need to estimate 1 — A(s).

For the proof of (a) and (b), we note that under [((H5)H(H8)| (where [(H8)| and [(H6)| with
u = (0 are the analogues of and with 7 there replaced by 1[10) Lemma gives
1= Aa(s) = 0y (s)(1 + O(ar(s) Tog(a(5)])), where a(s) = 5 + (thy > 1/s) = 5 + 5%/ < 57/* and
IT; (s) = pg(e™® — 1) . Hence,

L= i(s) = Ii(s)(1 + O(s”/* log(1/5))).

In case (a) (i), the argument recalled in the proof of Corollary |5.6| (i) gives IT; (s) = s [, 1o dug+
s%%0(1/s)(1 + o(1)). This together with (8.2)) gives

As) 1= (c' - [ m) s 82501 /5)(1+ 0(1)) = s+ sMU(1/5) (1 + o(1)).

As a consequence, P(¢ + sp) = ¢*s+s%/%4(1/s)(1+0(1)). Similarly, by the argument used in the
proof of Proposition (i), this expansion of the eigenvalue/pressure is equivalent to 3 (wn —

v* - n) =% Gy, where ¥, = 2?201 Y o FJ. Further, by the argument used in Prop051t10n (i)
with # < 2 this is further equivalent to ﬁ(lﬁT —*-T) =1 Gy /i, which completes the proof of
(@) ().

The proof of a(ii) goes similar with the versions of the proofs of Proposition (i), Propo-
sition (i) with 8 < 2 replaced by the argument used in the proofs of Proposition (i),
Prop081t10n (i) with g = 2.

The proof of (b) goes again similarly with the proofs of Proposition (i), Proposition [6.1] (i)
replaced by the argument used in the proofs of Proposition (ii), Proposition (ii) .

Finally, if [((H6)|for all u, s € [0, dy) and also hold, then Theorem applies and ensures
that P(¢ + sv) = =P(¢ + s¢)(1 + o(1)), ending the proof. u
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A Checking |(H1)H(H8)| for the almost Anosov flow

We start with a technical result that will be essential in verifying [(H2)| and [(H6)|

Lemma A.1 Assume that w(z,y) is a homogeneous function of degree p as in Proposition .
Then

sups sup 7 — inf 7 < oc.
k| {r=k} {r=~k}

Proof Recall that 7(z,y) = min{t > 0 : & (z,y) € W5} and that |7 — 7| = O(1). From
Lemma 2.3 we know that r = 7+ ©(7) + O(1). We will first show that if 7 varies between, say, n
and n + 1, then the corresponding r varies by an amount of O(1) as well.

Indeed, take (x,y) and (2’,y’) arbitrary such that n < 7(x,y),7(z',y') < n + 1. Define
T = 7(x,y) and abbreviate q(t) (x ( ),y(t)) = ®hor(z,y) for 0 < ¢t < T. There is ty € R with
lto| < 1 such that the y-component ®"Y (i, 7) is y. Also write ¢'(t) = (2/(t),y'(t)) = @17 («',y/),
and the Euclidean distance €(t) = |¢'(t ) q(t)\

Clearly |w(q'(t)) — w(q(t))| < [Vw(q(t))|e(t), so € := €(0) < T-0+4) by ([2.3). However, since
(0) — ¢(0) is roughly in the unstable direction, €(t) will increase to size O(1) as t increases to
(¢'). This is too large, but we can set T := min{t > 0 : z(t) = y(¢)}, and then estimate
€(T1) as follows. Take 7] = min{t > 0 : 2/(t) = y/'(¢)}, then |T] — 71| = O(1) and we can write
q(Th) = (6,9), ¢(T]) = (5’,(5’) with € := ¢’ — §. Furthermore, since L from (2.8 is constant on
integral curves, we have

by b
L(.T,y) = zty" (C:’}OxQ + 2y ) — Sutvt2 (@ + _2) , (Al)

q
7

(% u

and

v u

L) = Lot e) = (o " (B 424 292 ) = @ st (24 2).

Taking the difference of both expressions, we obtain

€ 2a0 € e e
—ulL 14— — = — 2) L 1 — .
—u (:c,y)( +ua0x2+vb2y2+0(x)> 5(u+v—|— ) (x,y)( —|—O(5)>

Divide by (u+ v+ 2) L(x,y)/6 and ignore the quadratic error terms. Then we have

, u 2ap9 \ 0 €
€ ~——m |1+ —
u+v+2 vboy? )

But ¢ can be estimated in terms of = using (|A.1)), and since

U _ 1 aou
ut+v+2 Qﬂ and oV

1
€ 1 -1 Co Co v
G,Nﬁng 1y1 25 (<1+c—2) (1-1—;?/2)) as n — oo.

= 20, we obtain



Rewriting  and € in terms of 7" using (2.3]), we obtain ¢’ < T3. Next, because the vector-valued
function Vw is homogeneous with exponent p — 1, Proposition gives for p < 2:

[ ) —wtaoar < s ) [t on)

< €T +0(1)=T"% +0(1).

The integral f;l llw(q'(t))—w(q(t))|| dt is dealt with in the same way, but now integrating backwards

from CIDZE’;y)(x, y) and @2(0;”,7y,)(x’, y'). Therefore fOT w(q'(t)) —w(q(t)) dt varies at most O(1) on the
region {(z,y) :n < 7(z,y) <n+1}.

Since also fOTw(q(t)) dt = o(T'), we can find N € N independent of n such that 7 = fOT 1+
w(q(t)) dt + O(1) varies by at least 1 (but at most by O(N)) over {n <7 <n+ N}, and therefore
r varies by at least 1 on this region. It follows that for each k, {r =k} C {n <7 <n+ N} for
some n = n(k) and supy,_j, 7 — inf{,—) 7 is bounded, uniformly in £.

The proof for p > 2 goes likewise. |

A.1 Verifying |(H1); recalling previously used Banach spaces

Charts and distances: Throughout, W?* denotes the set of admissible leaves, which consists
of maximal stable leaves in elements of the partition Y = {Y;};, = {P.}i V{{r = k}}iz2. It is
convenient to arrange the enumeration of ) such that Y; = {r = j} for j > 2, and use indices
j < 1 for the remaining (parts of) P;. To define distances between leaves, as in [BT17, Section
3.1], we use charts x; : [0, Ly(Y;)] x [0, 1] = Yj, where Ly(Y;) is the length of the (largest) unstable
leaf in Y;. For any leaf W C Y}, we have the parametrisation

X5 (W) = {(gv;w(p)), p € [0, 1]}, (A.2)

SO gy, is a parametrisation of W in the chart. Suppressing Y; and using g and g for close-by stable
leaves W C Y}, and WeWwse Y, we define their by

. SUPze(0,1) l9(w) — g(=)] if k=1;
AW, W) = { sup,eon [92) — LalVi) — §(2)] + S0y La(Yy) 2 <k < £
o0 otherwise,

where g and g are parametrisations of W and W in the appropriate chart. Here an empty sum
Z?:k 41 18 0 by convention.

From here on, in the notation fw' dp®, the measure p° refers to the SRB measure p; condi-
tioned on the stable leaf W: similarly for m® and Lebesgue measure. Hence the norms defined
below are w.r.t. the invariant measure, not the conformal measure as in [BT17]. It is possible to

do this due to Lemma specifically (A.7)).
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Definition of the norms: Given h € C*(Y,C), define the weak norm by

b5, == sup sup / ho dp®. (A.3)
W

WEWS |1 gy <1

Given ¢ € [0,1) we define the strong stable norm by

|h]|s ;= sup sup / ho du®. (A.4)
Wews |p|lcaw)<1JW
Finally, we define the strong unstable norm by
1
|h|lw :==sup  sup sup _— ‘/ ho du® —/ h@ dyf|, (A.5)
CWWewsny, 1¢lerayl#lo1 iy <t AW, W) 1w W

d(ip,@) <d(W, W)

where d(p, @) = [ 0 xe(g(n), 1) — @ © xe(§(n), M)l (fo,1))-
The strong norm is defined by ||h||g = ||h||s + ||]|u-

Definition of the Banach spaces: We define B to be the completion of C! in the strong norm
and B, to be the completion in the weak norm. As clarified in [BT17, Lemma 3.2, Lemma 3.3,
Proposition 3.2], holds with a = a1 = 1.

The spaces B and B, defined above are simplified versions of functional spaces defined
in [DLO§|, adapted to the setting of (F,Y). The main difference in the present setting is the
simpler definition of admissible leaves and the absence of a control on short leaves. This is possi-
ble due to the Markov structure of the diffeomorphism.

As this is the same Banach space as in [BT17], most parts of can be taken from there.
For , which is concerned with the transfer operator w.r.t. p5, we first need a lemma.

Lemma A.2 Let v = ~(q) be the angle between the stable and unstable leaf at ¢ and hi = 25 be

T dmn
the density of g conditioned on unstable leaves. Then
/ Rv-god/f—Z/ v-poF K3 duf, (A.6)
ws = Jw; !
where the sum is over all preimage leaves W; = F~*(W3) N {r = j} and
K s 1 (h¥siny)oF (A7)

i Jus I’ - J;fld;F hg sin~y
is piecewise C' on unstable leaves.

Proof We have the pointwise formulas for Ry : L'(mgz) — L'(mg) and R : L'(ug) — L' (p3):

hoOFil v
o
ho  |DF|

v

— 0 Ffl
|DF|

R()U = 1y Fﬁl, Rv = ]_y

)
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where = Jim; = | det(DF)|. This also shows that J,, I = Jp, ¢W and analogous formulas

hold for J,sF' and J,uF. Integration over a stable leaf W € W?® with preimage leaves W gives

hoOF_l (%
R, vpdy® = / o F~t ¢ hddm®

T F ho hgo F
F hSdm?®
zj:/Wij(thooFUwo g 0

JusF
>, 7

Since du® = h§dm" for a C' density h, and dmg = dm*dm" sin~y, whence I = I I -

vgpoFd/f:Z/ vgpoFKI‘,I‘,jdus.
—~ Jw;

T - %iﬂ the other formula Ky, = Jul F% follows as well. Then [BTI7, Equation

(18)], leading to the parametrisation of the unstable foliation of the induced map over f = Qhor,
shows that this foliation is C'*. The analogous statement holds for the stable foliation. To obtain
the unstable/stable foliations of F', we need to flow a bounded and piecewise C' amount of time
(see Lemma . Therefore ¢ — 7(q) is piecewise C''. Hence the latter expression of K}, shows
that it is piecewise C'' on unstable leaves. |

Now |(H1)((v) follows as in [BT17, Lemma 3.3], with J,, and Kjj instead of |IDF|7! and
|DF|~'Jw, F; this can be done because K W, 1s plecewise C' on unstable leaves by Lemma .

A.2 Verifying (H2)| and |(H8)|

Let w : R — [0,1] be a function with suppw C [-1,1] and [w(z)dz = 1. To fix a choice that

suffices for the present purpose we take w = 1y yi; then =3 and Y> = ¢ (see Remark [4.1)) and

in particular, w(t — 7) = ly<r<4113. The first result below verifies assumption (1)

Proposition A.3 There is C, such that [, w(t —7)vdug < Cyl|vls, [, w(t—T)dug for allt >0
and v € By,

Proof By Lemma[A.1] there is N (independent of ¢) and k(t) such that

Ei={ge f(P)\ P k(t) < r(g) < k(t) + N}

contains supp(w(t — 7)). We split v = vt — v~ into its positive and negative parts and treat them
separately. Also we assume without loss of generality that 0 < w § 1 (otherwise we split w in a
positive and negative part as well). Then [w(t —7)v"dug < [ v dpg.

Let W* denote the stable foliation of F' and decompose the measure pj as J ot dug =
st fws v duws dv®. Note that E is the union of leaves in WS, so 1z is constant on each W*s € Ws,
Take ¢ : E — R* arbitrary such that ¢|w= € C*(W?®) with ||¢||c1ws) < 1 for each W € WSN E.
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Similar to [BT17, Proposition 3.1], we get

/v*gpd% = / / v*@duwsdyug/ v ¥ |8, lellcr gy dv®
E wenEg Jws WeNE

1)+N
< ot lecnsE) < ol [ [ s =) dugds
k(t) %
< o,V [ it = 7)dig
Y

The same holds for v~, and this ends the proof. |
The next result verifies assumption |[(H2)((ii).

Proposition A.4 Let M(t) = R(w(t —7)). Then [ ||M(t)|g-5, dt < T".

Proof We need to estimate the B,-norm of M (t)v = R(w(t — 7)v). This means that we need to
take some leaf W* € W, the collection of stable leaves in Y stretching across an element of the
Markov partition of F', and compute (as in Lemma [A.2)) that

M vapdu—Z/ w(t —T)v-po k- Ky, dp’.

As in the proof of Proposition [A.3] we can split v =v" — v~ and use that {t —1 <7 <t+1} C
E :={k(t) <r < k(t) + N}. Thus, following [BT17, Proposition 3.2 (weak norm)] and [BT1T,
Equation (42)], the integral for v™ is bounded by

kE@)+N
Z / v FIDF)™ o Fdps < vt |ls, leler s Z / Ky, dyr®
J=k(t)
k@t)+N
< vtlls Y na{r=34})
j=h()

< o lls N pg({r = k(t)}).

For v and v~ together, this gives [° [|M(t)||pop,dt < [ ps({r = k(t)})dt < pg({r > T})
and the proposition follows. |

Assumption is the same as , with 7 replaced by 1y and e by e~*%. Its verification
is entirely analogous to the above.

A.3 Verifying that R( € B for a large class of ¢ (including ) in Theo-
rem (b)) and completing the verification of [(H4)|

Assumption [(H4)|i) and the tail estimate part of (H )(ii) (so that 7 € L2(,u¢)) is verified in
Proposition To check the remaining part of (ii) and assumption on v in Theorem [2.5) .
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(b) we give a more general result in Lemma below. This result ensures that given 7 as
in Theorem (b) we have Ry € B. This is needed to verify the abstract assumptions of

Theorem [8.2(b) for 4 as in Theorem (b).
Lemma A.5 For 0 <k < f and ¢ : Y — R piecewise C*, define

1 1
et = sup = (16 1yl + ~551€ 1
and the Banach space By = {¢ : Y — R : ( is piecewise C* and ||C||o < oo}. Then R(By) C B.

Proof Recall that, by Proposition and Lemma , r = O(7) and vice versa. Abbreviate
Y; = {r = j}; for large j these are strips close to the stable manifold W of the neutral fixed point,

and bounded by stable and unstable curves and both F~! and |DF|~" are C* on each F(Y).

For the stable norm || ||s, choose an arbitrary stable leaf W and ¢-Holder function ¢ € C?(W)
with [p|cewy < 1. Let W; = F~(IW) NY;. By Lemma , and the fact that K < j~0+%) and
| o Fler < |¢|cr on each W;, we have

/RC(pd,uS = Z/ C(poFK“duS<<Zj(l+'B)/ Cpo Fdu®
w —Jw; r W
< D NIy, <Y 5T < o0, (A.8)
J J

The stable part || ||s of || || is treated in the same way.

Now for the unstable part || [|u, let ¢ such that |p|c1wy < 1. Using [BT17, Equation (43)],
which expresses ij h¢ dm in terms of the parametrisation of W}, for any nearby leaves W, Wey,
we define a diffecomorphism v : W — W as in [BT17, Proof of Proposition 3.2 (unstable norm
part)]. Let v; = FtovoF : Wj — W; be the corresponding bijection between the preimage
leaves W, W] C Yj. Then we compute,

'/WRCMMS—/WRCMMS

SE:t/ QPOFK%%WS—/”C¢OFK%¢WS
]' W] J WJ /
<> /~C|s00voF—<poF|K;‘~V.dus

Wi ’

du®

+ 3 [ cloo Ik, v - K,
i Wi

+§j/ Cov; = Cllgo Fl K, dy?
i Wi

:Sl+SQ+Sg.

Next
S1 < Jglerd(W, W) Sl oo K3, oo < Mlpllcr d(W, W),

J
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because as in the first part of this proof, the sum in the above expression is bounded.
For the sum Sy, using ((A.7) we split

1 |(h"siny)o Fow; — (hysiny)o F|

u u
‘KVVJ — KWj e} ’Uj

J#% hg sin~y

n 1 mg 9 (h§ siny) o F o v,
Ju Jq‘;% o v; h{ sin y

N 1 (h"siny)o Fow; | (h"siny)ov; .
i (hisiny) o v; h sin '

By distortion estimate [BT17, Equation (40)], this is bounded by Cd(W, W) for some uniform
™3
distortion constant C' > 0. Therefore

1 ~(148)
Tl <4 Z“

mg

Sy < CAW, W)Y IS 1y, |Is,
J

as before.

Now for S, the weighted || ||lu part of the norm || ||o gives |¢ o v; — ¢| < 5 HPd(W;, W;) <
GHHBA(W, W) Ly(Y;). Asin the first half of the proof, [K |oo < g~ We have Ly (V) < 7117
due to the small tail estimates , SO

Sy < [plocd(W, W) D~ 57 Lu(V) < [placd (W, W),
J

Therefore | R(||g < 0o and the proof is complete. |

Corollary A.6 R(t"h) € B for each 0 < k < 8 and h € B (in particular, |((H4)|(ii) holds).
Since C' — v ~ C7*", this corollary can also be used to show that R(¢h) € B.

Proof Since 7 is the return time of a C! flow to a C' Poincaré section, it is piecewise C!, and
we know Tly, < j. Taking h € B and ¢ € C'(W) for an arbitrary stable leaf W C Y;, we have
Jw B sod/f < J" Jw hp dp® = j¥|hl|s,, so 5|I7"h|s, < [|hlls, < oo

Usmg ([2-3), we have e < &(y, T +1) — §(y,T) < T~UHD) for T = 7(x,y) + O(1) and &(y, T)

plays the role of z. By (2.4), v = &(y)7(x,y)P(1 +0(1)) as z — 0, so € K z Using ([2.4])
again, we can estimate that as 7 = 7(x) — oo (so as x — 0 and € = o(z)),

™ @+ 6, y) — ™ (x,y)] = &) l(x+e) 5 —a 5|1+ 0(1))
= &ly)"a "
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Let W, W nearby stable leaves in Y; with e = d(WV, W) and v : W — W a diffeomorphism. Then,
for ¢ € CY(W), p € CY W) with d(p,p) < d(W, W),

/Tkhgédus—/ Fhody® < /|T“—T“ovj|hg0d,us—|—j“ (/ h@dus—/ hcpd,us)
w w w w w

< J*hlls, + 55| Allu-

Therefore 5|7 |lu < [|2]|5, < oo, showing that 7°h € By. Combined with Lemma [A.5| the
result follows. n

As in the statement of Proposition (ii) and Proposition we need

Corollary A.7 7:= 7 — 7" cannot be written as ho F' — h for any h € B.

Proof By Corollary R7 € B. Because 7(z) — oo as z — W*(p), z € F~1(P,) \ Py, we have
SUPyweys Jy 7 dp® = oo. Therefore 7 ¢ B,, and hence 7 is not a coboundary. |

A.4 Verifying (H7)

Extending the inequality [1 —e™®| < 27 for all v € (0,1] and z > 0, we can find C, depending
only on ssup, ¢ such that

e 1|1, < O, (ur + s1h)" < C, <u7 sup 7’ + 57 sup 1/’3) :

a

Therefore, for each h € B, and ¢ € CY(W), W € W*,

/W )(e"”““; —1)1,h go‘ dp® < C, (u7 SL;pT7 + 57 sgpz/z&) /W hodp®,
SO follows for Cy = Cs3 = (.
A.5 Verifying (and thus,

In this section we verify [((H6)|for x > 1/5.

Proposition A.8 Assume that 1 satisfies and let R(u,s)v = R(e™*e*Pv). Then there
exists o1 € (0,1) and §,Cy, Cy > 0 such that for allh € B, n € N, 0 < s <, and u >0,

1R(u, )" hlls, < Cre " ||hlls,,  [1R(u,s)"h]s < e (Cooy"|hlls + Cillhlls,)-

Before turning to the proof, we need another lemma (which we will apply with g = 1, but the
general g is needed for the induction in the proof).
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Lemma A.9 Assume that v satisfies (in particular, 1 < C' — C~'t"% < oo for some
C',C >0 and k > 1/5). There exists N € N depending only of F' :' Y — Y such that for all
positive integrable functions g that are bounded and bounded away from zero, the following holds.
There exist § > 0 such that for all s € [0,4], all admissible stable leaves W C'Y and alln € N,

Z / eS¥n go F" Ky, F"du® < eSNS“p’Z/ gdu’®,
' w

W’ component

of Fﬁn(W)

where K3, F™ equals the analogue of Ky, from (A.7) for the iterate F™ on the preimage leaf W'.

Proof Let P, be the partition element containing the images F'({r = k}) of the strips {r = k}i>o2,
see Figure |3, Let N € N be such that FV~!(P}) intersects each P, i > 1. Let W be an arbitrary
stable leaf in P; for some i > 1, and let YW be the collection of preimage leaves under F~". By a

change of coordinates,
> / go FN Ky F™ dp® = / gdp
wrew W' w

for any integrable function g. B

Given a > 1 to be chosen later, set W = {W' € W : infy, 7 > 2NaC'supy} and W~ =
W\ WT*. Then there is ¢ > 0 (depending only on the geometry of the Markov map F and
re) such that 37y S 90 FN K33 FN dps > € [, gdp®. Since [, du® is proportional to the
measure of the element in \/)' ;' F~{(P) that W’ belongs to, Proposition H gives € > pg({1 >
(2NaC'supp)=}) > Ba 7 for some B > 0 and ' := £ > 1. We have ¢y < (N —1)supe) —
C 7" < (N —1-2Na)supy < —Nasupy on W, and ¢y < Nsupt on W~. Therefore

Z / eS‘ZNgoFNK;,“,,FNduS
wrew W’
< Z / efsNasuplﬁgoFN K‘l/lV/FN d/’Ls + Z / estuplZgoFN K‘l/lV/FN d/JJS
wrew+ W wrew- W'

S Ee—sNasupw/ gdﬂs"’ (1 _e)estup¢/ gd,us
w w
= (ez7+ (1 — €)x) / gdu® =: b(x)/ gdu®
w w

for z = e*Nsw¥_ Clearly b(1) = 1 and ¥'(z) = —aez~@) + (1 — €) < 0 whenever 0 < z < (ae)T+s.

1 81 8
Since € > Ba_ﬁl’, we find V/(z) < 0 for all z < ag := B~ TaqP @0, Choose a > max{1, BF¥-1}, so
that ag > 1. This means that b(x) < 1 for all 1 < x < ay, i.e., forall 0 <s < %.
Now for general n = pN 4 ¢ with 0 < ¢ < N, we use induction on p. Let W,(W) be the

collection of preimage leaves of W under F~P". Assume by induction that

WIEWp_l(Wl) ' w
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for all stable leaves W and g as above. Then

Z / Sd’“’gonNK“' FPN dys
W’ EW,( '

< Z Z / sw(p—l)NKII/JV/F(pfl)N (esﬁw go FNKI‘,‘V/FN> o FP=DN g8
WieW1 (W) W’ eWw,_1(W1)

< Z / sszgoFNKWlFNdp </ gdu’.
WieWn ( Wi

This way we proved the lemma for all multiples of N. For 0 < ¢ < N, we get an extra factor
e%45W ¥  This proves the lemma. |

Proof of Proposition This proof goes as in [BT17, Proposition 3.2], but with some changes.
The factor 2" is to be replaced with e”"™ where 7, = Y I~ 017- o F' and the factor e*¥» for
UV, = Z;:Olz/z o F' is dealt with using Lemma . Let W and W be two stable leaves in the
same partition element of { P;};>;. Since 7 and 1 are not constant on partition elements, we get a
third and fourth term in the strong unstable norm part of [BT17 Proposition 3. 2] expressing the
difference of 7,, on nearby preimage leaves W; and W; = v;(W;) of W and W'

Sy=> / h@ o Fesn (e74Tn — ¢=tmovs)) Ky F" dy? (A.10)
i 17 Wi
and
S4 _ Z / h@ o FMeuTnov; (esxzn _ esﬁnovj) KII/‘I/JFTL d,us <A11>
i 1YW

for some @ with [[c gy < 1.
For S5, without loss of generality, we can assume that 7,, o v; > 7,, so |e”*™ — e‘“(T"O”j)] <
1
ue™ ™ (7,00,—7,). By (&), we have |7(-+e,y) 7 (x.y)] = 5~60(s) 7 (r,y) e 1+o(1)+O(9)).
Applied to ¢ := d(F'(W;), F*(W;)) < 7~ o Fie;,; this gives

n—1 n—1
D lroFlou —To <)y o F' d(F (W), F{(W)))
1=0 =0
n—1 ~
<Y e K ey =d(W, W), (A.12)
=0
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and therefore e~ %™ — e~4™°%| < ue "™ d(W, W). Combining the above with (A.10)), we obtain

Sy <ud(W,W)>

J

/ h@ o Fne*UTn*FSSUPIZJn K‘L}VFn dﬂs
W !

< ||hl|, ve=" d(W, W) Z
J

< |[hllg, ue™"" d(W, W)esN =P,

/ e Ky, F™ dysf
W;

where we used that 7, > n, and the last step follows from Lemma with the N (independent
of n,u, s) taken from that lemma too.
For Sy, using [(H5)| and (A.9)), we obtain:

|esqﬁ(a¢+e) . esqﬁ(m))| < essuplﬁe—sT“/CSh—”(x =+ €, y) — T”(x, y)|
—  essupdg —sT"/C % §o(y)7"i+ﬂ€(1 +0o(1) + O(e))

< essupwse—m— /CTn—l TH_’BG,
—_
K

k=1

where we compute the supremum over 7 to conclude that K < e‘”(C’/@)Ts%. Apply the above

with € = ¢; := d(F"(W;), F*(W;)) as in (A.12)). Then we can estimate S, in the same way as Ss:

Si < sxdW,W)Y
J
< ||h||g, e et N Y sk d(W, W).

/ ]’LQE o Fnefm-nJrsd;n KII/IJ/]FVL d,us

W;
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