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ABSTRACT. We prove functional limit theorems for dynamical systems in the presence of
clusters of large values which, when summed and suitably normalised, get collapsed in a
jump of the limiting process observed at the same time point. To keep track of the clus-
tering information, which gets lost in the usual Skorohod topologies in the space of cadlag
functions, we introduce a new space which generalises the already more general spaces
introduced by Whitt. Our main applications are to hyperbolic and non-uniformly expand-
ing dynamical systems with heavy-tailed observable functions maximised at dynamically
linked maximal sets (such as periodic points). We also study limits of extremal processes
and record times point processes for observables not necessarily heavy tailed. The ap-
plications studied include hyperbolic systems such as Anosov diffeomorphisms, but also
non-uniformly expanding maps such as maps with critical points of Benedicks-Carleson
type or indifferent fixed points such as Pomeau-Manneville or Liverani-Saussol-Vaienti
maps. The main tool is a limit theorem for point processes with decorations derived from
a bi-infinite sequence called the transformed anchored tail process.

CONTENTS
1.__Introduction| 2
[1.1. The setting and F”| 3
[1.2. Point processes, weak mixing conditions and inducing| b}
[1.3. Organisation| 6
[Acknowledgements| 6
[2. Enriched functional limit theorems for non-unitformly hyperbolic dynamics 6
[2.1. Dynamically defined stochastic processes| 7
[2.2. Applications to specific systems| 8
[2.3. 'T'he tfunctional spaces| 9
[2.4. Rare events and point processes| 13
[2.5. Functional [imit theorems for heavy tailed dynamical sums| 14
[2.6.  Enriched extremal process dynamics in the presence of clustering 17
[2.7. Record point processes| 18
|3.  General complete convergence of multidimensional cluster point processes 19
[3.1.  Identifying clusters| 20
[3.2. Dependence structure| 20
13.3.  Bookkeeping of clusters| 22
[3.4.  Complete convergence of point processes| 31

Date: March 23, 2025.
2010 Mathematics Subject Classification. 37A25, 37A50, 37B20, 60F17, 60G55, 60G70.
Key words and phrases. Functional limit theorems, point processes, Lévy processes with decorations,

extremal processes, records, clustering, hitting times.
1



2 A. C. M. FREITAS, J. M. FREITAS, AND M. TODD

13.5.  Applications to jointly regularly varying sequences| 33
4. Proofs ot the dynamical enriched functional limit theorems 35
4.1. Proof of Theorem [2.5] 36
4.2, Proof of Theorem [2.10| 38
4.3, Proof of Theorem2.12] 41
|4.4.  Point processes encompassing inducing| 42
[Appendix A. Completeness and separability of the space F”| 47
[Appendix B. Weak and weak™ convergence] 48
[Appendix C. Convergence of point processes on non locally compact spaces| ol
[Appendix D. Computation ot the transtormed anchored tail processes tor the |
| dynamical examples| 54
ID.1.  Applications to observables maximised at hyperbolic periodic points for |
| general 1D systems| 54
ID.2.  Particular application with overshooting] 56
[References] 56

1. INTRODUCTION

The Donsker functional limit theorem gives an invariance principle for the sum of indepen-
dent and identically distributed (i.i.d.) random variables with finite second moments. The
functional limit is a Brownian motion which lives in the space C' of continuous R%valued
functions defined on a subinterval of the real line, equipped with the uniform norm. Invari-
ance principles such as this have been proved for a large class of dynamical systems with
good mixing properties ([41l 22] 60, 27, 58 42, [6 59, 39]). Note that weak convergence to
a Brownian motion implies the existence of a Central Limit Theorem (CLT) for the ergodic
sums of such systems.

When i.i.d. random variables have infinite second moment, the heavy-tailed case, the sums
of the variables can become dominated by a few very large values, leading to failure of
the CLT and jumps/discontinuities in the functional limit, as well as a connection with
maximal processes and Extreme Value Laws (the Type II/Fréchet case). If the tail of the
distribution is sufficiently regular the CLT is replaced by an a-stable law and Brownian
motion is replaced by an a-stable Lévy process. In the dynamical setting, in [38] Gouézel
showed that the same regime applies to ergodic sums of unbounded heavy tailed observables
for the doubling map. Later, in 78|, Tyran-Kaminska showed a functional limit theorem
for heavy tailed ergodic sums of essentially uniformly expanding maps. The functional
limit was an a-stable Lévy process, which lives in the space D of cadlag functions, i.e.,
right continuous R-valued functions with left limits defined, equipped with Skorohod’s Jp
topology.

The problem we address in this paper is when there are clusters of large R%valued obser-
vations, so rather than a simple jump, the functional limit would see a sequence of jumps,
possibly in different directions: this can be seen when the function is maximised at periodic
points, eg [33], 34], or more generally, eg [4, [5, 29| B0, [68]. The J; topology is not equipped
to handle convergence here. Indeed, even in quite simple cases, as we note further in an
example below, Skorohod’s M; and M topologies also fail to give convergence. We also
mention recent work [16], which gives a very flexible topology, allowing for convergence well
beyond the Skorohod topologies, but does not give any information on what may happen
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in a jump. [9], which considered certain stochastic processes, gives a route to encoding
clustering through point processes decorated with a bi-infinite sequence based on the tail
process (introduced in [I0]) and projection of these to generalised cadlag functions which
keep some of this information. Here, we obtain enriched functional limit theorems for dy-
namical systems by considering a new space of functions, denoted by F’, to capture the
details of the clustering behaviour, which are recorded in a decoration device we call the
transformed anchored tail process, which is based on the tail process introduced in [I0]. We
remark that the design of the transformed anchored tail process is quite general encompass-
ing not only the clustering information but also the extremal information observed ‘during
induced periods’, which allows us to apply this theory to non-uniformly hyperbolic systems
admitting a nice induced map, such as, the polynomially mixing, Pomeau-Manneville ([70])
or Liverani-Saussol-Vaienti ([55]) maps. We note that in context of this paper, we always
assume that we have finite mean cluster size, which is identified by an Extremal Index
strictly larger than 0. (We recall that the Extremal Index is a parameter between 0 and 1,
which in most cases could be thought of as the reciprocal of the mean cluster size — see [I]).
This assumption is vital for the transformed anchored tail process to be well defined.

Extreme Value Laws for heavy-tailed observables with clustering, and laws for ergodic aver-
ages of these have significant potential in applications to the theory of climate dynamics (see
for example [74) [64, 63 [13]). Moreover, we also believe the space F’ will be a very useful
tool to obtain functional limits in other contexts. In fact, not only can convergence in F’
be proved in situations precluded by the Skorohod’s topologies (J1, J2, M1, M2), for which
the collapse in the limit of jumps with oscillations and overshooting can bring problems, the
information regarding the excursions performed by the finite time processes is still captured
by the respective limits.

One possible set of future applications is a related, but different, set of problems in dynamical
systems which have received attention recently (see [37, [78] 62, 61, 48], [47]): these are
systems with bounded observables and modelled by Young towers (|80, 81]) with return
time functions that are not square integrable (such as the Pomeau-Manneville or Liverani-
Saussol-Vaienti maps or billiards with cusps). These correspond to a situation where the
Extremal Index is 0 so that, although the observable is bounded, we get a stacking of
numerous observations which add up to create a heavy tailed contribution for the ergodic
sums. These problems are partly relevant to this paper since they present similar problems
with finding appropriated Skorohod topologies for convergence, but we can not directly
apply the theory here since, as noted above, the transformed anchored tail process is not
well defined in these situations.

1.1. The setting and F’. We consider cases of vector-valued heavy tailed observables for
systems modelled by Young towers, and in the presence of general clusters of extremal obser-
vations which get collapsed in the same jump of the limiting Lévy process. The limits that
we will consider have discontinuous sample paths and therefore live in the space D of cadlag
functions. However, this space is not sufficiently rich to keep a record of the fluctuations
occurring during the clusters of high observations. The height of the limiting jump accounts
for the aggregate effect of all the cluster observations. However, the oscillations observed
during the cluster may exceed the height of the jump (an ‘overshoot’), for example. In
counter to solve this loss of information, in [79], Whitt proposed a new space that he called
FE, which decorates each discontinuity of the limit process in D with an excursion corre-
sponding to a connected set describing the maximum and minimum fluctuations observed.
In fact, when d = 1, the excursion at the discontinuity time ¢* of the limiting process V()
is decorated with an interval bounded by the smallest and largest values achieved by the
process during the collapsed cluster, which must contain V(t*7) and V(¢*), where V(t*7)
denotes the lefthand limit of the cadlag function V' at t*.
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FIGURE 1.1. Plot of a finite sample simulation of S, (t) with n = 5000,
where X = 1) o TV(x), where T'(z) = 3z mod 1, ¢(z) = |2 — 1/8|72 — |z —
3/8|72.

Nevertheless, most of the information during the cluster is lost and only the maximum os-
cillations are recorded in F, while the intermediate fluctuations are completely disregarded.
In [79], Whitt also proposed the space F', which keeps track in particular of the ordering
in which points are visited within an excursion in E. However, the space F still disregards
information because while it keeps track of all the changes of direction during the excursions,
it does not keep record of the intermediate jumps observed in the same direction. One of
our main goals is to consider a space where no information collapsed into a jump is lost.
For that purpose we introduce a new space that we will call F’. We will endow it with a
metric and discuss some of its properties. Then we will use this space to study sums of
heavy tailed observables, general extremal processes and records, for which we will obtain
enriched functional limit theorems, all of which will be carried out with very minimal loss
of information. Another key goal is to build a theory flexible enough to handle a large class
of non-uniformly hyperbolic systems modelled by Young towers.

Though we have not yet fully defined our space F’, here we sketch a very simple example
(for more details, see Example to show some of the features of our theory. Define
T :100,1] — [0,1] by T(x) = 3x mod 1 and let u = Leb|j;; be our invariant measure.
Set ¢(x) = |z — 1/8/72 — |z — 3/8|~2 and define the one-dimensional stochastic process
X0, X1,... by X; =9 oTJ(x). Note that T(1/8) = 3/8 and T'(3/8) = 1/8 and that ¥ is
regularly varying with index o = 1/2 at points 1/8 and 3/8. Then the sequence, simulated

in Figures [I.1 and [1.2]
Lnt]

1 i
Sn(t) = WZ’(b oT
=1

converges in our space F’, in such a way that the pattern of jumps seen when x is close to
1/8 and 3/8 are recorded by the limit point in F’. The way these jumps oscillate creates
overshoots in the limit (most easily seen in Figure and also in the form of the sum in
(2.27))), which cannot be handled by the Skorohod spaces Ji, M or M. While convergence
is possible in Whitt’s spaces F and F', the patterns seen here would not be recorded in F,
and the jump sizes would not be recorded in F' (it would not distinguish between a single
jump upwards and a string of multiple jumps upwards). The space F’, on the other hand,
records the patterns: essentially it adds in something like the function seen in Figure [I.2] as
a decoration around the corresponding jump.
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F1GURE 1.2. Blowup of the previous graph at the jump observed near 0.4:
asymptotically the four jumps seen here happen instantaneously, necessitat-
ing an appropriate space for convergence.
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FicUure 1.3. Completed graph version of the plot in Figure to give a
different view of the jumps.

1.2. Point processes, weak mixing conditions and inducing. Point processes have
been used successfully to prove functional limit theorems in D ([72]). Here, since we need
to keep control of the information during the excursions, we will use a new type of point
processes introduced in [9], where the authors considered point processes in non-locally com-
pact spaces, designed to maintain the ordering of the cluster observations collapsed into the
same instant of time, and proved their convergence, under some conditions, for stationary
jointly regularly varying sequences. In [9], the authors then applied this convergence of point
processes to obtain convergence of sums of jointly regularly varying sequences of random
variables in the space E. In order to prove convergence in F’ we will first generalise their
results to more general stationary processes and under weaker conditions, in particular, un-
der a much weaker mixing condition, which is essential to apply to processes arising from
dynamical systems. We then push this further using inducing methods, which essentially
means that only the induced system needs to satisfy the mixing conditions. In this frame-
work, each sequence for the induced system has an attached sequence which corresponds
to what happens in the uninduced case. The point processes then have a Z? component
at each t*. These can then be projected to F’, incorporating all the information from the
uninduced system into the limit functionals. We observe that the limit point processes in
[68], in common with [30], do not record the order of observations in the cluster so our
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theory is more general than these previous results, even in the simple example given above.
These generalisations may have an interest on its own, in the more classical probabilistic
setting.

1.3. Organisation. This paper develops a large suite of new tools which apply in a wide
variety of contexts. We have tried to put our main results and applications as early as
practicable in the text in order to motivate the reader and give the theory a more clear
context. This sometimes necessitates leaving full explanations and definitions for some of
the results to later in the paper, but these are signposted.

In Section [2] we outline the theory from the point of view of dynamical systems, though the
theory extends beyond that: we give the relevant observables, focussing on the heavy tailed
cases, and briefly describe some of the basic dynamical systems models to which the theory
applies. We also define our functional spaces, culminating in the new space F’, and are
then able to state our first limit theorem on convergence to Lévy processes. We then put
the theory into the context of Extreme Value Theory and show convergence to the relevant
extremal process. This naturally leads to a theorem on the convergence of record point
processes.

In Section [3| we focus on the convergence of point processes for general stochastic processes
and rather general observables (not only heavy tailed). Conditions I, and ,Hgn are given
and the appropriate sequence spaces to record our exceedances are defined. The transformed
tail process is then defined which then leads to the definition of the transformed anchored
tail process. With all of these conditions met and the transformed anchored tail process
existing, we then prove complete convergence of the point process to a Poisson point process.
We also show the connection to our setting of jointly regularly varying sequences.

In Section [4] we show how the results from the previous section can be applied in the dy-
namical context and then prove the functional limit theorems. We conclude by developing
the theory for induced systems. In the appendices we cover some of the required back-
ground for the results here: Appendix |A| contains completely new theory for our space F’;
Appendices [B]and [C] give some adaptations of classical theory for sequence spaces and point
processes; and Appendix [D] contains the remaining arguments to show that the theory in
this paper applies to the dynamical systems models claimed.
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2. ENRICHED FUNCTIONAL LIMIT THEOREMS FOR NON-UNIFORMLY HYPERBOLIC
DYNAMICS

In this section we start by introducing the setting and in particular the new space F” and its
properties. Then we state the main results regarding the enriched functional limits for sums
of vector-valued heavy tailed observables, extremal processes and record point processes.
We emphasise that the results in Section [3| hold well beyond the dynamical setting.
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2.1. Dynamically defined stochastic processes. Let (X, By, u,T) be a discrete time
dynamical system, where X’ is a compact manifold equipped with a norm || - || (for definite-
ness, whenever it makes sense and unless specified otherwise, we assume that || - || is the
usual Euclidean norm), By is its Borel o-algebra, T : X — X is a measurable map and p is
a T-invariant probability measure, i.e., u(T~1(B)) = u(B) for all B € By. Let ¥ : X — R?
be an observable (measurable) function and define the stochastic process Xg, X1, ... given
by

X,=VoT", for every n € Np. (2.1)

High values of ||¥(-)|| will correspond to entrances in a neighbourhood of a zero measure
maximal set M, which we express in the following way. Let M C X be such that pu(M) =0
and let g : [0,00) — R U {400} be such that 0 is a global maximum, where we allow
9(0) = +o0, and g is a strictly decreasing bijection in a neighbourhood of 0. We assume
that, on a neighbourhood of M,

| (x)]| = g(dist(x, M)), where dist(x, M) = inf{dist(z,(): (€ M}. (2.2)
where g has one of the three types of behaviour:

Type g1: there exists some strictly positive functionﬂ h: W — R such that for all y € R
-1
h
TGl O S (2.3)
5—91(0) 91 (s)

Type g2: g2(0) = 400 and there exists a > 0 such that for all y > 0

-1
lim QQT(Sy) =y (2.4)
s—+00 92 (5)

Type g3: ¢g3(0) = D < 400 and there exists v > 0 such that for all y > 0

—1
D_
lim M = . (2.5)
s—0 g3 (D — 3)
We remark that these three types of limit behaviours for g are directly connected with the
three types of Extreme Value Laws given by the Fisher-Tippett-Gnedenko Theorem. We

refer to [56, Section 4.2.1] for further details on this relationship.

Most of the results regarding hitting times and extreme values for dynamical systems were
obtained when M is reduced to a single point (. Recent results have considered M to
be a countable set ([5]), submanifolds (|26, 14]) and fractal sets (|57, BI]). Our results
can be applied to general maximal sets M and general ¥, under the assumption that the
transformed anchored tail process is well defined, which will be verified and illustrated for
the more common case where M = {(}, for some hyperbolic point { € X, and where ¥, on
neighbourhood of {, can be written as

¥(z) = g(dist(z, ¢)) 5~ Lw (@), (26)
[P ()]
where ®; : V' — W denotes a diffeomorphism, defined on an open ball V' around zero in
T¢X, the tangent space at ¢, onto a neighbourhood W of ¢ in &, such that ®¢(E**NV) =
W) NW.

Remark 2.1. If g is of type gs (for example, g(z) = 2~/), the measure is sufficiently regular
and the geometry of the maximal set M is simple (for example, M = {(}, for some ¢ € X),
then the distribution of Xy is regularly varying (see [506], Section 4], for example).

D\ possible choice for h is given in |56, Chapter 4.2.1].
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2.2. Applications to specific systems. The theory developed in this paper applies to
general stochastic processes, but the applications we focus on are dynamical systems. In
this subsection we give some preliminary examples of such applications ranging from sys-
tems with good exponential mixing properties to some with poor mixing behaviour, leaving
further applications to future works. Since some aspects of the proofs of the facts used here
require the establishment of some new tools, we postpone these to Section @ (see also the
discussion following Theorem [4.1]).

2.2.1. Non-uniformly expanding systems.

Uniformly expanding systems. We first list some well-behaved dynamical systems which
are essentially uniformly expanding, though they need not have Markov, or compactness,
properties. More details about the required properties are at the beginning of Section

e Uniformly expanding continuous maps of the interval/circle;

e Markov maps;

e Piecewise expanding maps of the interval with countably many branches such as
Rychlik maps;

e Saussol’s class of higher-dimensional expanding maps

Here we are always assuming that p is an absolutely continuous (with respect to Lebesgue)
invariant probability measure or acip since these are a very natural class, though the theory
extends beyond these.

Non-trivial examples of observables on these systems to which we can apply the theory
include those maximised at a repelling periodic point, first studied in [33], but there is huge
scope to study further clustering behaviour such as that shown in [4, [5, [31] for example.
We require that the density %, where Leb is Lebesgue, is bounded at the periodic point
so that the conformal properties of 1" there are reflected in the measure u as well as Leb,
but this is automatic in the Rychlik case.

In the heavy-tail applications we will restrict ourselves to 0 < « < 1 for simplicity, but
observe that techniques to prove , required in the 1 < o < 2 case, are provided in [78]:
these immediately apply to some of the simpler cases above. Conditions and
are easy computations in the periodic case.

Finally for this introductory discussion on dynamical applications, we note that there is a
condition on (Q;); in Theorem which is easily satisfied in all the dynamical examples,
see Appendix D]

Benedicks-Carleson quadratic maps. Here we provide a class of maps which are far
from uniformly expanding, indeed there are critical points.

Here we set I = [—1,1] and for a € (0,2] define f, : I — I by f,(z) = 1 — az?. This map
satisfies the Benedicks-Carleson conditions (here a is close to 2) if there exists ¢,y > 0 (c
should be close to log 2 and + is small) such that

DS (f(0))] > e for n € Ny and |f7(0)] > e~ 7V™ for n € N.

It is known that there is a positive Lebesgue measure set BC' of a such that f, satisfies
these conditions.

When for definiteness we consider that our observable is maximised at a periodic point of
fa, we note that the fact that the density at our periodic point is bounded is more delicate
than above, but the existence of suitable periodic points for (a positive Lebesgue measure
set of) maps in BC' is shown in [34] Section 6.

Manneville-Pomeau maps. Our previous examples all have exponential decay of corre-
lations, but our final interval map example shows that this is not necessary. This is what
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is often referred to as the Liverani-Saussol-Vaienti (LSV) version of the Manneville-Pomeau
map: for v € (0,1), define T, : [0,1] — [0,1] by

2z — 1 if z € [1/2,1]. 27)

I (2) = {x(l +2727)  ifz € [0,1/2),
This has an acip p = 14 and (sharp) polynomial decay of correlations for Holder observables
against observables in L>°(11), but does not have decay of correlations for observables on some
Banach space against all observables in L!(p). (We recall that, as seen in [3, Theorem B,
summable decay of correlations against all L'(x) observables is a strong property which in
particular would imply the existence of exponential decay of correlations). To handle this
particular case, we introduce in Section [£.4] a new type of point processes encompassing the
idea of inducing. This will allow us to obtain the same functional limit theorems in the full
range v € (0,1), for observables of the type ¢: [0,1] — R, where p(z) = g(dist(xz, M)),
g(x) = =Y and M is finite set of points, possibly periodic. For simplicity, we consider
again that 0 < a < 1.

2.2.2. Invertible hyperbolic systems. We also consider hyperbolic invertible systems consist-
ing of Anosov linear diffeomorphism, 7" : T? — T2, defined on the flat torus T? = R?/Z2.
We can associate T' to a 2 x 2 matrix, L, with integer entries, determinant 1, and without
eigenvalues of absolute value 1. As the determinant of L is equal to 1, the Riemannian
structure induces a Lebesgue measure on T? which is invariant by 7. These systems are
Bernoulli and have exponential decay of correlations with respect to Holder observables.

2.3. The functional spaces. Let D = D([0, 1], R?) be the space of cadlag functions defined
on [0, 1]. One can define several metrics in D. The most usual is the so-called J; Skorohod’s
metric, which generalises the uniform metric by allowing a small deformation of the time
scale. In this metric a jump in the limit function must be matched by a similar one in
the approximating functions. In order to establish limits with unmatched jumps, Skorohod
introduced the M7 and Ms topologies which use completed graphs of the functions. We will
use a metric motivated by My, which considers the Hausdorff distance between compact
sets. We refer to [79] for precise definitions and properties.

In order to keep some of the information collapsed in limit jumps, and to broaden the class
of convergent sequences, Whitt introduced the space E = E([0, 1], R?) (see [79, Sections 15.4
and 15.5]), as the space of excursion triples

(IL’, Sx? {I(S)}SES“”) )

where x € D, S is a countable set containing the discontinuities of z, denoted by disc(x),
i.e., disc(z) C S, and, for each s € S%, I(s) is a compact connected subset of R? containing
at least z(s™) and z(s). We may identify each element of E with the set-valued function

#() = {I(t) if t € 5° 28)

{z(t)} otherwise’

and its graph I'; = {(t,2) € [0,1] x R?: z € #(t)}. Letting p, : R — R denote the
projection onto the (-th coordinate for £ = 1,...,d, we define #°(t) = py((t)) and T§ =
{(t,2) €[0,1] xR: z € &' (t)}.

We embed D into E, in the following way. For a,b € R%, we define the product segment

[[a,b]] := [al,bl] X oo X [ad,bd],
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where the one-dimensional segment [a’, b’] coincides with the interva]ﬂ [a® A DY, ab v bt Tf
we have af = b%, then [af,b"] = {a’} = {b*}. We identify € D with the element of E

(@, disc(x), {1(s)}sedisew)) »  where I(s) = [[x(s7), z(s)]].

We use the Hausdorff metric to define a metric on E. Namely, recall that for compact sets
A, B ¢ R?, the Hausdorff distance between A and B is given as

m(A, B) = max< sup< inf ||z — ,sup < inf ||z — .
(4.) {xeg{yeBr ol sup {int | yu}}

For A ¢ R? let d(A) = sup, yealllz — yll} be the diameter of A. In order to use the
Hausdorff metric, we assume that the elements of E satisfy the condition:

for all € > 0, there exist only finitely many s € S* such that d(I(s)) > e. (2.9)

This guarantees that for each element of E, the associated graph I'; is a compact set. This
way, we endow E with the Hausdorff metric simply by establishing that
o ey ¢ e
mg(2,9) = egf}?_fdm(F@,Fg)- (2.10)

Endowed with this metric E is separable but not complete. Alternatively, we can define the
stronger metric, called uniform metric given by

miy(&,9) = max sup m(i'(t), 5 (t)). (2.11)

t=1,....dyef0,1]

When endowed with the metric m},, the space E is complete but not separable. We refer
to [79] for further details about E and its properties.

The space E only records the maximal oscillations when information collapses into a jump
in the limit. In order to keep a closer track of the fluctuations during the excursions, Whitt
introduced the space F', in |79, Section 15.6], which corresponds to the set of equivalence
classes of the set of all the parametric representations of the graphs I'; of elements & of
E, by setting that two parametrisations (continuous functions from [0, 1] into I'z) (r1,u1)
and (re,ug) are equivalent if there exist continuous nondecreasing onto functions Aj, Ag :
[0,1] — [0,1] such that (r1,u1) o Ay = (r2,u2) o A2. This means that, in particular, the two
functions u1,us in the two equivalent parametric representations of I'; visit all the points
of T'; in each I(s) the same number of times and in the same order. However, note that F'
still misses some fluctuations such as intermediate jumps in the same direction which give
rise to a big jump in the limit. In F', for example, we do not distinguish between a big jump
or a collection of smaller jumps which aggregate to perform an excursion with the same big
jump, in the limit. See the excursions given in and the discussion that follows it.

2.3.1. The new functional space F' recording all fluctuations. In order to keep track of all
the fluctuations without missing information we introduce the space F' = F'([0,1]). We
start by considering D = D([0,1],R%) = D([0,1],R%)/~ where 2 ~ y if there exists a
reparametrisation A : [0, 1] — [0, 1], i.e., a continuous strictly increasing bijection such that
x o X =y. Denote the equivalence class of x by [z]. We define

dp(lal, [y) = inf [lo o A~y

where || - || is the supremum norm and X is the set of continuous strictly increasing bijections
of [0, 1] to itself (this could be thought of as the induced metric from the J; metric on D).
We abuse notation within D by writing x to refer to both a representative of its equivalence
class [z] and the equivalence class itself.

2Recall the notation, used throughout this paper, z Ay = min{z,y} and z Vy = max{z,y}
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Now define

Flo={z = (z,5" {e3}ses+)}
where z € D([0,1],R%), S C [0,1] is an at most countable set containing disc(z), the
discontinuities of z and e € D([0,1],R?) is the excursion at s € S%, which is such that
es(0) = z(s7) and €5(1) = z(s).

xT

We can embed D into F’, by associating to z € D([0, 1], R?) the element
L= (17, diSC(l'), {e;}sedisc(a:)) 5 (212)
where e € 15([0, 1],]Rd) is the equivalence class represented, for example, by

ep(t) = 2(s7) + (x(s) = 2(s7)) 2y (t), te0,1].

We project F’ into Whitt’s space E and into D, which will give us a metric and a space
with more information than Whitt’s space F'.

Let mp(z) = 2% := (v, 5%, {I(s)}ses) where

I(s) = | inf e®'(t), sup esl(t
¢) t€[0,1] ) t€[0,1] )

X +ee X [ inf e34(t), sup e>4(t)],
t€[0,1] te[0,1]

with efg’g(t) = pe(es(t)). We project F' into D as follows. Suppose that S* is countable

and write S = {s;}?2,, since the finite case follows more straightforwardly. Let 0 = a1 <

az < --- < 1 be such that a; — 1 as i — oo (the choice of (ay), really is arbitrary). We

insert the intervals [a;, a;+1] at the points s € S*. This is a simple idea, but since S may be

complicated, we need some notation. Define for i € N,

a; == Z (aj+1 — aj), c = 8;+a; — (ai+1 — ai), d; := s; + a;, t:= sup{c‘zi 18 < t}.
5;<8;
Thus [¢;, d;] is the interval corresponding to s; and ¢ is the accumulated length of the intervals
inserted before t, so we can think of ¢ being shunted to ¢ + . Note also that our time line

is now of length 2, so we will need to rescale back to a length 1 interval. We then define a
representative of the equivalence class 7(z) by

~ J}(Qt — f) if 2¢ ¢ UZ'[CZ‘, dz‘],
Ok {efg’ (%) if 2t € [c;, dy]. (2.13)
Define
dp(z,y) = dp(me(z), 75(y)) + dp(7(2), T(y)), (2.14)

where dg denotes mp in (2.10]). Note that we could have chosen m}, defined in (2.11)) rather
than mp here (see Proposition and discussions in [79, Section 5.4] and |9}, Section 4.1]),
but we fix mp for definiteness and a more direct comparison with [9].

Note that we could also project into Whitt’s F' space here (using 7g, but with {e}scge to
give the order of the parametrisation in I(s)), and that convergence in F’ implies convergence
in F. In F’ we keep the information of the displacement in R? of all (including intermediate)
jumps in the discontinuities, while F' only keeps the order and information on the ‘local
range’, i.e., it only captures local extrema. To see this in a 1d example note that the
excursions denoted

0 fo<t<l!
-y 0 ifo<t<i
e(t) =41 ifi<t<? eﬂﬂ—{ R (2.15)
1 ifi<t<i
1 if2<t<l, ==

yield the same representations as part of F': namely the line [0, 1] with any parametrisation
which is an orientation preserving homeomorphism. However, as components of F’ they
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are distinct with dp(ez,e,) = % Indeed, if z and y differ only by having a discontinuity s

having e, and e, as the corresponding excursion respectively, then dp/(z,y) = %

*—----
e—O

—oO

j Jj+1 34+2 543

FIGURE 2.1. A piece of S, (t) (see (2.21))) in the Gouézel example [38] where
there is a close approach to zero at time 1 < j <n — 3.

._____
._____
&—O
e—O
e—O
————— —0 -----—0

T [ 1
S 0 1

FIGURE 2.2. A sequence of jumps as in the previous figure, after rescaling
in time and space, may converge to a part of (z, 5, {e*}scs) € F’. We sketch
the x part on the left and a representative of the corresponding e® on the
right (this belongs to an equivalence class up to time rescaling). Clearly this
convergence cannot take place in Ji, and, while convergence does hold in M
or M, (and indeed in E and F'), the height of the individual (rather than
cumulative) jumps will not be recorded.

Remark 2.2. The definition of the space and topology can be generalised trivially to other
compact time domains such as [tq,ta], with 0 < ¢; < t9. In order to consider a notion
of convergence on non-compact domains such as F’((0,00), R%), we say that z,, — z, in
F'((0,00),R%) if the same holds for the respective restrictions to F'([t1,t2],R%), for all
0 < t1 < tg such that t1,ty ¢ S”.

We illustrate schematic versions of a sequence of elements in F’ in Figure 2.1 which converge
to the element of F’ in Figure . The jumps stack up to one big jump, but the jumping
behaviour is recorded in F’. Figures show more complex behaviours in simulations.

We discuss some properties such as completeness and separability of the space F’ in Ap-
pendix [A]
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2.4. Rare events and point processes. Since [54, 19], it has been known that the be-
haviour of the mean of heavy tailed processes is determined by the extremal observations.
Hence, as in the context of extremal processes and records, we are lead to the study of rare
events corresponding to the occurrence of abnormally large observations. In particular, this
means that we need to impose some regularity of the tails of the distributions.

2.4.1. Normalising threshold functions. We assume that the stationary sequence of random
variables Xg, X1, ... has proper tails, in the sense that there exists a normalising sequence
of threshold functions (u,)nen : RT — RT, where RT = (0, +00), satisfying the following
properties (see [45]):

(1) For each n, the function u,, is nonincreasing, left continuous and such that

lm P (up(m2) < [|[Xo| < un(m1)) =1;
71 —0,72—00
(2) For each, 7 € RT,
lim nP (|| Xo| > un(7)) = 7. (2.16)
n—oo

We observe that requires that the average number of exceedances of uy,,(7), i.e., events
of the type || X;|| > un(7), for j =0, ...,n—1, is asymptotically constant and equal to 7 > 0,
which can be interpreted as the asymptotic frequency of exceedances. The nonincreasing
nature of u,, reflects the fact that the higher the frequency 7 of observed exceedances, the
lower the corresponding threshold w, (7) should be.

For every z € R™, we define
uyt(2) = sup{T > 0: 2z < up(r)} (2.17)

Observe that for each value z in the range of the r.v. || Xp||, the function u;! returns the
asymptotic frequency 7 = u;; ! () that corresponds to the average number of exceedances of
a threshold placed at the value z, among the n i.i.d. observations of the r.v. || Xo]|.

Also note that for all 7,5 € RT,
url(s) <7 if and only if s > u, (7). (2.18)

2.4.2. Point processes of rare events. Multidimensional point processes are a powerful tool
to record information regarding rare events (see for example [69, [72]), which can then be
used to study record times (|71} [72]), extremal processes [23] 511, (69, [7T], 44], sums of heavy
tailed random variables [19, 20} [78, [77, [7, O]. In particular, they are very useful to keep
track of the information within the clusters [65 45, 20, 66] [7, @, B0, [68]. More specifi-
cally, the Mori-Hsing characterisation tells us that in nice situations the limiting process
can essentially be described as having two components: a Poisson process determining the
occurrences of clusters and an “orthogonal” point process describing the clustering structure.
The description of the clustering component can be accomplished in different ways. In [66]
a natural generalisation of a compound Poisson point process is used. In [30], the authors
use an outer measure to describe the piling of observations at the base cluster points of
the Poisson process, which in the dynamical systems setting can be computed based on the
action of the derivative of the map generating the dynamics. In [10], the authors introduced
the tail process, which is a mechanism to describe the clusters and was subsequently used
in 7, 9] 50], for example.

Here, we are going to use a description provided by the transformed anchored tail process,
which is an adaptation of the tail process introduced in [I0] (see Section for the rela-
tion between the two). Devices of this kind are very well understood in the probabilistic
literature, and we refer in particular to a recent work [§] (and references therein) where the
authors consider anchored tail processes in a more general framework of processes indexed
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over integer lattices (in our setting the index is restricted to Z). We will show how the
transformed anchored tail process relates with the outer measure of [30] and compute it in
the context of dynamical systemsﬁ

Although we defer the formal definitions of point processes and point processes of rare events
designed to keep all clustering information to Section [3.4] and Appendix [C| we give here a
brief description of the latter, which again has two components. The first is an underlying
Poisson process on Rg X R(T with intensity measure Leb x 6Leb, which can be represented
by

o
M = Z d(1,,u;), where 0, denotes the Dirac measure at = € Rg X Ra',
i=1

so that for any measurable disjoint sets A, A1,..., Ay C R(‘)F X IR{(J{, we have that M(A) is
a Poisson distributed random variable of intensity Leb x 0Leb(A) and M (A1), ..., M(Ay)
are mutually independent. The parameter 6 is defined formally in Section [3.3.2| and can be
thought of as the reciprocal of the average number of exceedances in a cluster. The sequence
(T}); in the first component are points in time and the second component is the angular
component of the spectral decomposition of the transformed anchored tail process, which
will be defined in Section m For each time T; there is a bi-infinite sequence (Q; ;);jez
which will decorate the second coordinate of the mass point of M at time T; and is such that
|Qi ;|| = o0, as |j] — oo, minjez [|Q; ;|| = 1. For a given 4, the sequence (Q;)jcz = (Qij)jez
is given in . The sequences (Q;,j)i,en,jez are mutually independent and also indepen-
dent of the sequences (7;); and (U;);. The distribution of each transformed anchored tail
process, which corresponds to a sequence (U;Q; ;)jez at T, is designed to capture the be-
haviour of the observations within a cluster of exceedances, which was initiated at (‘vertical’)
time 5 = 0 and whose most severe exceedance has a corresponding asymptotic frequency
given by Uj, in the sense of the interpretation we provided for the u,, ! function given in (2.17)
(recall that the larger the exceedance, the smaller the corresponding asymptotic frequency).

Remark 2.3. In order to have some intuition regarding the sequence (Q;);cz, we mention
that in the case ¥ has the form , with M reduced to a repelling fixed point ¢ where the
invariant density is sufficiently regular, then, in the non-invertible case, Qg has a uniform
distribution on S?~!, the unit sphere in R?, and for all j € N,

(D)’ (Qo)
I(DT) Qo)

where DT, denotes the derivative of T" at (, (DTC)j its j-fold product and the norm is just
the usual Euclidean norm in R?. For all negative j we have @j = oo a.s. (note that here ‘o0’
can be thought of as any point in the completion of R¢ which is not contained in R?: this
has infinite norm). Note that, for d = 1, if x := |DT¢| then (Q;);ez is such that Q; = X,
for all j > 0 and Q; = oo for all j < 0.

Q; = [I(DT¢) (Qo)|* (2.19)

Remark 2.4. We observe that in line with [9] we have placed the # in the second component
of the intensity measure (Leb x #Leb) of the point process M. However, as can be seen, for
example, from Corollary we could have put it in the first coordinate which would be
in line with [30, Equation (2.9)] or [50, Remark 7.3.2], for example. One could also express
it as 0 times bidimensional Lebesgue measure as in [45], Corollary 3.7].

2.5. Functional limit theorems for heavy tailed dynamical sums. Throughout this
section we assume that the process Xy, X1,... is obtained from a system as described in
(2.1) and (2.2), where g is of type g2, which together with some regular behaviour of the

3Due to this piling phenomenon, in an earlier preprint version of this paper, we also referred to the
anchored tail process as ‘piling process’.
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invariant measure g in the vicinity of the maximal set M, guarantees that there exists a
sequence of positive real numbers (ay)nen, such that

lim nP(||Xo|| > yan) =y % (2.20)
n—oo

We refer to [56, Chapter 4] on how (2.20) can be verified and to [33, 40, [43], [34], [15] 4 [31]
14] for several examples of particular dynamical systems and maximal sets satisfying the

regularity conditions. Hence, taking 7 = 2z~ and u, (1) = aani, equation ([2.16)) holds.

We are also going to assume that the transformed anchored tail process given in Defini-
tion exists and is well defined, which implies that existence of the sequences (Q;); as
above. Section provides examples of systems satisfying all our requirements.

The Lévy-Itod representation gives a nice way to describe the Lévy process as a functional of
Poisson point process, whose intensity measure gives the Lévy measure that determines the
process (see [73]). In the case of an a-stable Lévy process, it is usually identified through
a limit of a Poisson integral of a Poisson point process My = > 2, d(t;,p,) With intensity
measure Leb X v,, where the Lévy measure v, is such that v,({z : ||z|| > y}) = y==.
Namely, when there is no clustering, for example, the limiting Lévy process can be written
as

V(t) = lim Z Pi]l{||Pi||>g} —/ xdya(x)

0N\ 1< e<llzl<1

Hence, in this case, as explained in more detail in Section we consider a transformed
version of the general rare events point processes mentioned earlier so that the limit has a
Poisson component which can be written as My, = Y272, (1,.p) = D iey 5(Ti,U[1/“)’ with

intensity measure Leb X 0 v, with v, (y) = d(—y~%), while the decorations, which we denote
by (Q;)jez, in this case, are related to the (Q;);ez above through (3.41)), in Section

Consider the partial sum process in D([0, 1], R?) defined by:

[nt|—1
1
Sut)= > —X—ten,  tE[0,1], (2.21)
i=0 "

where the sequence (¢p)nen is such that ¢, =0if 0 < @ < 1 and
n

= ;E (X0]1||X0H§an) ) fOI' 1 S a < 2.
n

Our main goal in this section is to establish an invariance principle for .S,, which keeps record
of all the fluctuations during a cluster of high values which are responsible for a jump of .S,,.
As usual, for 1 < o < 2, we need that the small contributions for the sum are close to the
respective expectation, namely, for all § > 0

k
il_l)% liTIZILS£pP 1?1?%% Z (Xj:ﬂ'”Xj”SEan) —E (leHXjHSsan) > 5an = 0. (2.22)

In order to describe the limit, we assume the existence of the transformed anchored tail
process, as in Definition [3.8] For 1 < a < 2, we will also need to assume that the sequence
(Qj)jez, obtained from the spectral decomposition of the transformed anchored tail process,

satisfies the assumption
[e%

E([> 1)l < 00, (2.23)

JET
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which in the case a = 1 should be replaced by

E| > 1IQlog <||Qj||_1ZHQj”> < oo. (2.24)

JET i€Z

In order to describe the excursions during the clusters, we will need an orientation preserving
bijection from [0, 1] to [—o0, 00, continuous on (0, 1). For definiteness, we take:

u(t) = tan <7r (t _ ;)) (2.25)

We can now state our main theorem regarding the behaviour of sums of heavy tailed ob-
servables.

Theorem 2.5. Let T : X — X be a dynamical system as described in Section 2.2 Let
Xg, X1, ... be obtained from such a system as described in , where g is of type g2 and
condition (2.20) holds. Assume also that the transformed anchored tail process given in
Definition %Es well defined. Consider the continuous time process S, given by .
For 1 < a < 2 assume further that condition holds and, for 1 < a < 2, assume
also , while for « = 1 assume , instead. Then S, converges in F' toV :=
(V,disc(V'),{ey }sedisc(v), where V is an a-stable Lévy process on [0, 1] which can be written
as

V(t) = Z Z Ui_é Qijs (2.26)

T;<t jeZ
for0<a <1 and

_1
Vt) =1 U >9,;.,1 1
" ;gg(ZZ ¢ Qiit kg, e

T:<t jeZ
—+o00
_w/o £ yZQﬁl{KylleHsu d(-y™)

JEZ
for 1 < a < 2; and the excursions can be represented by

1
ey () =V(T7)+U; = > Qi teo1],
i<lv®)]
where (T;)ien, (U;)ien are as described above (see also ), (Qi,j)ieN jez s such that
Qi.j = &(Qij), where (Qij)ien,jez are as in and & as in .
Remark 2.6. Recall that when ¥ is as in and M is reduced to an hyperbolic periodic
point, the transformed anchored tail process is well defined and the (Q; ;)ien jez are as in

Remark Also note that when M is reduced to a generic point, we have no clustering
and then the result holds with the trivial Q; = oo, for all j € Z \ {0} and Qg as before.

Example 2.7. We illustrate the theorem with a concrete application which was mentioned
in the introduction. We consider the system T : [0, 1] — [0, 1], given by T'(z) = 3z mod 1,
which is a uniformly expanding systems as those described in Section The probability
measure 4 = Leb| 0,1 is invariant and 7" has exponential decay of correlations against LY(p)
(see Definition below). We consider the set M = {1/8,3/8} which maximises the
observable 1 (z) = |z — 1/8/72 — |z — 3/8/~2 and the one-dimensional stochastic process
Xo, X1, ... given by X; =1 o T%(z). Note that T(1/8) = 3/8 and T(3/8) = 1/8.
We observe that ¢ is regularly varying with index o = 1/2. In fact, we take a, = 16n?,
then

lim np({z € [0,1]: [¢¥(z)] > anu}) ~ w2

n—oo
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We are now ready to describe the limit of S, () = ZZLZ%J_I X;/ay, with t € [0,1] in F".
For that purpose, let § =2/3 and M = "7, d(1;,u;) be a Poisson point process defined on
Rar X RaL, with intensity measure Leb x 0 Leb. Let E1, Fo, ... be a sequence of i.i.d. discrete
random variables independent of (7;); and (U;); and such that P(Ey, =1) =1/2 =P(E; =
—1). For each i € N, we set Q;; = (—3)7E;, for all j € Ny and Q; j = oo for all j € Z \ Ny.
We recall that Q;; = £(Q;;) = (=9) 7 E;, for all j € Ny and Q;; = £(Q;;) = 0, for all
Jj € Z\ Np.

Hence, S, (t) converges in F' to (V,disc(V), eisfsedisc(\/))’ where V is given in and the

excursions can be easily written as:

) =V(I7)+U2E Y (-9, telo1]. (2.27)
0<j<[v(t)]

Numerical simulations of the finite sample behaviour of S,,, for large n, are given in Fig-
ures and The latter blow-up shows how the stacking of jumps can occur in S,
and the requirement for convergence in F”’ in the limit. As noted in the introduction, here
we have overshooting in the discontinuities (namely, inf;cjo ) ej () < min{V(s7),V(s)} <
SUP¢cfo,1) €1/ (t)), which means that convergence of Sy (t) in D would be precluded in any of
the Skrorohod’s topologies.

We leave the proof of the form of the transformed anchored tail process of this example to
Appendix [D}

2.6. Enriched extremal process dynamics in the presence of clustering. Extremal
processes are a very useful tool to study the stochastic behaviour of maxima and records
(see [72]). We define the partial maxima associated to the sequence Xg, X1, ... by

n—1
M, := max{||Xoll, ..., [|Xn-1]|} = \/ (| X (2.28)
i=0
Finding a distributional limit for M, is one of the first goals in Extreme Value Theory (see
for example |53}, 24} [1T], 21, 25]).

Definition 2.8. We say that we have an Extreme Value Law (EVL) for M, if there is a
non-degenerate d.f. H : Ry — [0,1] with H(0) = 0 and, for every 7 > 0, there exists
a sequence of thresholds u,(7), n = 1,2, ..., satisfying equation and for which the
following holds:

P(M,, < un(7)) — H(7), as n — oc. (2.29)

where H(7) := 1 — H(7) and the convergence is meant at the continuity points of H (7).

It turns out that the limit H allows us to describe the functional limit for associated extremal
processes.

In this context, we now consider the continuous time process {Z,(t) : 0 < ¢ < 1} defined by

Zn(t) == up (M),  t€(0,00) (2.30)
Recall that u,,!(2) gives the asymptotic frequency of exceedances of a threshold placed at
z and therefore Z,, is non-increasing.

For each n > 1, Z,(t) is a random graph with values in D((0,00),R)), which can be
embedded into F’, as in (2.12)). The process Z, will be shown to converge, in F’, to
the process Z, whose first component in D is Zp, which can be described by the finite-
dimensional distributions:

k k
P(Zu(t) > m,. .. Zu(te) > yk>=H“<\/{yz-})H”‘“(\/{yi}) L ER (), (2.31)
=1 =2
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with 0 < t; <ty < --- <t < 1. By the Kolmogorov extension theorem such a process
is well defined and we call it an extremal process, although, strictly speaking, this is a
transformed version of the original extremal processes studied by Resnick [72]. The relation
between the two is obtained through the connection between the levels u,(7) and the more
classical linear normalising sequences (a,)neny € RT and (by)neny C R such that we can
write u, = y/an + b, and

nP(Xo > up) = nP(an(Xo —bn) >y) = 7
with 7 = f(y) for some homeomorphism f, then, as in (2.28)),
P(Mn < Un) = P(an(Mn - bn) < y) — G(y)

where G = Ho f. Then, if Y;,(t) = a, (M, |nt|+1 —br) and Y denotes the respective extremal
process obtained in [72], we have that Z,(t) = f(Y,(t)) and Zg(t) = f(Ya(t)).

Remark 2.9. Depending on the type of limit law that applies, f(y) is of one of the following
three types: fi(y) =e ¥ for y € R, fo(y) =y @ for y > 0, and f3(y) = (—y)* for y < 0.

Theorem 2.10. Let T : X — X be a dynamical system as described in Section 2.2 Let
Xo, X1, ... be obtained from such a system as described in and assume that the trans-
formed anchored tail process given in Definition [3.8] is well defined. Consider the continuous
time process Zy, defined by (2.30). Then Z,, converges in F’ to (Zy, disc(Zy), {e%,, tsedise(zi))s
where Zgr is defined as in , with H(T) = e 07, and the excursions can be represented
by

ey, (t) = min {ZH(S_),KiLI;E)J Zy(s) - Q;} , tel0,1]
where each sequence (Q3)jen is independent of Zy(s~) and with common distribution given
by . Moreover, Zy can be seen as a Markov jump process with

e M fy <z

: , fort,s > 0.
0 ify >z

P(Zu(t+5) >y | Zu(s) = 2) = {
The parameter of the exponential holding time in state z is 0z and given that a jump is due
to occur the process jumps from z to [0,y) with probability

I A

Remark 2.11. Alternatively and similarly to extremal processes that can be described as a
projection into D of a point process (see |72, Equation (4.20)]), we can describe the limit
of Z, as the projection into F” of the point process N = ">, 5(T¢,U¢Qi)’ given in (3.34).
Namely, Zg(t) = inf{U;: T; < t}, disc(Zg) = {T;: i € N} and

e? (t) = min{inf{Uj: T; < T}, inf U;- Qi,j} , tel0,1].
J<lv®)]

2.7. Record point processes. The study of record times of observational data has im-
portant applications in the study of natural phenomena. Consider the original sequences
(Xp)nen, and (Mpy)nen given in (2.28), and let ¢; = 0. Define the strictly increasing se-
quence (t)keN:

t 1= 1nf{] > tp—1: ||X]H > MJ} (232)
This sequence (t), corresponds to the record times associated to M, namely the times
where M, jumps. In the presence of clustering, record times may collapse in the limit and
it is important to keep track of possible increments on the number of records occurring
during the clusters. Two possible approaches are to consider the enriched limits in F” of the
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extremal processes Zg or simply to project directly from the point processes N, as done
in [9]. Since following the former approach, to be able to handle the possibility of having
vanishing jump points in the limit we would need to consider more restrictive subspaces to
obtain continuity and then apply the Continuous Mapping Theorem (CMT), we will use
the latter approach so that we can benefit from the work already carried in [9] and reduce
the length of the exposition.

We follow [9], Section 5| closely, although we make some adjustments, in particular, due to
the fact that we are using a transformed version of processes associated to the asymptotic
frequencies given by the normalisation by u,,!. The main advantage here is that we obtain
the convergence of the record times point processes for stationary vector-valued sequences
with much more general distributions rather than regularly varying sequences (or sequences
that could be monotonically transformed into regularly varying ones) as in [9]. The notation
and notions of convergence for point processes used here are detailed in Appendix [C]

In order to count the number of records of the process Xg, X1, ..., we introduce the record
point process
o0
P = DI x> (2.33)
i=0

Theorem 2.12. Let T : X — X be a dynamical system as described in Section 2.2 Let
X0, X1, ... be obtained from such a system as described in (2.1) and assume that the trans-
formed anchored tail process given in Definition [3.8] is well defined and that

P(all finite Q;’s are mutually different) =1 .

Then R, converges weakly to R, in ./\/(7?)E 00" The limiting process is a compound Poisson

process which can be represented as

R=> b5, (2.34)
1EZL
where ), 0r, is a Poisson point process on (0,00) with intensity measure x~ dx. Here
(Ki)i is a sequence of i.i.d. random variables independent of (1;); with distribution corre-
sponding to the number of record lower values observed in the sequence Q = (Qj);j, which
beat (dropped below) the threshold U, where U is a uniformly distributed random variable
independent of Q.

Remark 2.13. In the periodic point case, the condition regarding the fact that all finite Q;’s
are a.s. mutually different is trivially satisfied.

3. GENERAL COMPLETE CONVERGENCE OF MULTIDIMENSIONAL CLUSTER POINT
PROCESSES

In this section we present our technical tools and various results in the context of general
stochastic processes: the shift o marries this with a dynamical point of view, but the work
here holds in wide generality.

Let V = R, for some d € N, where we consider a norm which we denote by | - ||. For
definiteness, we may consider the usual Euclidean norm. We will be considering the spaces
of one-sided and two-sided V-valued sequences, which we will denote, respectively, by VNo
and V%, where we consider the one-sided and two-sided shift operators defined by o :

YNo.Z _y YNo.Z  wwhere
o((#)i) = ((x)it1)- (3.1)

Consider a stationary sequence of random vectors Xg, X1, ..., taking values on ¥V = R,
which we will identify with the respective coordinate-variable process on (VNO, BYo, P), given
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by Kolmogorov’s existence theorem, where B0 is the o-field generated by the coordinate
functions Z, : VN0 — V, with Z,(zg,x1,...) = x,, for n € Ny. Note that, under these
identifications, we can write:

Zi_100 = Z; for all 7 € N.

Since, we assume that the process is stationary, then P is o-invariant. Note that Z; = Zgoo?,
for all i € Ny, where ¢ denotes the i-fold composition of ¢, with the convention that ¢
denotes the identity map on YNo-Z.

In what follows, for every A € BNoZ we denote the complement of A as A¢ := VNoZ\ A,

3.1. Identifying clusters. Our goal is to study the impact of clustering on the convergence
of general multidimensional point processes. As mentioned earlier, information regarding
the observations within the same cluster gets collapsed at the same time point, which makes
it hard to recover it from the limiting process. In order to keep track of that information,
we need to start by identifying clusters.

There are two main approaches to identify clusters, which are commonly referred to as
declustering procedures. One is the blocking method and the other is the runs declustering
procedure.

We start with the blocking procedure, which, in fact, serves two purposes. Namely, not
only will it separate clusters, it will also introduce time gaps between the blocks in order
to restore some independence between them. The size of the blocks must be sensitively
tuned so that the blocks are neither too long so that they do not separate clusters, nor too
small so that they do not split clusters apart. The same applies to time gaps between the
blocks, which are created by disregarding observations. Following the classical scheme [53],
considering a finite sample of size n, we split the data into k,, € N blocks of size r,, :== |n/ky, ]
and take time gaps of size t,, € N. This way, we define sequences (kp)nen, ("n)neN, (tn)nen,
which we assume to be such that

kn,Tn,tn, —— 00 and  kpt, = o(n). (3.2)

n—o0
Regarding the runs declustering, for a finite sample of size n, we set the run length ¢, € N
with the aim that all abnormal observations occurring within a time difference of at most ¢,
units between each other belong to the same cluster. The sequence (g, )neny must be chosen
so that
qn = 0(n), (3.3)

and also so that it satisfies conditions /g,,, ,Z[ﬁln, below. Note that g, = ¢ for all n € N and
some ¢q € N is a possibility here. Namely, when applying to periodic points ¢, can be taken
as ¢, the period of the point (see [33] and [I, Section 2.1]).

To summarise, we will define objects motivated by a runs declustering scheme (see
below), the dependence conditions that we introduce stem from a blocking procedure, which
will eventually determine the identification of clusters when we introduce the point processes
of clusters in Section[3.4] The connection between the two approaches is essentially provided

by condition ﬂ,’qn. See also Remarks and

3.2. Dependence structure. In order to prove the main convergence results we need to
introduce some conditions on the dependence structure of the stationary processes and
therefore introduce the following objects. We follow more or less the notation used in
[29, [30].
Let A € BNoZ be an event, let J be an interval contained in [0, 00). We define

Vi(A) = (] o /4%, #FA) =)= | (A (3.4)

1€JNNp 1€JNNg
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Let 4,7 € N and set #;(A) := #jo j(A), #;;(A) := W}; jy(A), when i < j— 1, #; ;(A) :=
Vo2 when i > j. Moreover, #¢(A) = (#;(A))° and #,5(A) = (¥ ;(A))° .
For the event A € BYoZ and j € N,

AU .= Ao YA N - No I (A%, (3.5)
and for j = 0 we simply define A©) := A.

In what follows, for some a > 0, y € R? and a set A C R?, we set aA = {ax : x € A} and
A+y={z+y: x € A}. We define the class of sets

3?:{{(xj)jeVNOvZ;:cjeHj,jzo,...,m};Hjefv,jzo,...,m,meN}, (3.6)

where Fy, denotes the field generated by the rectangles of V of the form [ey, f1) XX [eq, fa)-
Note that .7 is a field.

For each £ =1,...,m € N suppose

Ay € & and Jy = [ag,bg), (3.7)
where 0 < a1 <by <as <by <---<ay < by <1. Then for each n € N define
Tt 7= knde,  Jng = [([knac] = Dra, ([knbe) + 1)ra), (3.8)

(e rxan Noo (1K)
An,z—{(n (%) €V (u <||x]|r>”XjH)jeAe}, (39)

J
where u,, is defined as in (2.16), &, is as in (3.2)). We discuss this normalisation further in
(3.13) and (3.14).

We introduce a mixing condition which is specially designed for the application to the
dynamical setting.

Condition (/1,,). We say that /1, holds for the sequence X, X1, ... if there exist sequences

(kn)nENa (rn)nGNa (tn)nEN and (Qn)neN SatiSfying " and " such that for every m, t,n €
N and every Jy and Ay, with £ =1,...,m, chosen as in (3.7)), we have

P (4 0 (7o, (457 ) -2 (a2 (0, (1)
i=/ i=¢
where min{J,, yNNg} >t and y(n, t) is decreasing in ¢ for each n and lim,_,o ny(n,t,) = 0,

where Aq(lqz) is given by (3.9)) and (3.5)).

This mixing condition is much milder than similar conditions used in the literature and is
particularly suited for applications to dynamical systems, since it is easily verified for systems
with sufficiently fast decay of correlations, see for example the discussion in Section [2.2]

< ~(n,t), (3.10)

Condition ([T} ). We say that /I; holds for the sequence Xo, X1, Xg,... if there exist
sequences (kp)neN, (Tn)nen and (gn)nen satisfying (3.2]) and (3.3)), such that for every A; €

F, we have

n—00 an+1,r0)

where Aflq,’f) is given by (3.9)) and (3.5)).

Remark 3.1. Condition ﬂ;gn forbids the appearance of new abnormal observations (the oc-
currence of A, s), within the same block, once a run of g, consecutive non-abnormal obser-
vations has been realised. This means that IL’qn establishes a connection between the two
declustering procedures and, in particular, requires that no more than one cluster should
occur within one block.
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Remark 3.2. Suppose (gn)nen and (gn)nen are two sequences satisfying and ¢, < Gn,
for all n € N. Then JI; implies /I; . As in Section for nice dynamical systems when
clustering is created by a periodic point of prime period ¢, then condition IL’q holds, in the
sense that ¢, = ¢, for all n.

Next we state a stronger version of I/ , which, in some cases may be easier to check. We

set

!
qn’

U(r) = {(xj)j e YT, g e B(o,T)} (3.11)
where, for z € V and € > 0, we denote by B(x,¢€), the ball centred at x of radius e. Then,
following and , we define:

Un(7) = {IIXoll > un(7)}
U (r) = {[IXoll > un (7)., [1Xa ]| < un (), - [ Xg, || < ual7)}-

Condition (f[’qn) We say that ﬂ;n holds for the sequence Xg, X1, Xo, ... if there exist

sequences (kp)neN, (Tn)neN, (tn)nen and (gn)nen satisfying (3.2) and (3.3), such that for
every 7 > 0, we have

lim nP (Un(T) c )(Un(T))> —0. (3.12)

n— 00 [Q7L+17Tn

For Ay, as in (3.7), let 7* > sup{||z||: = € Ho}. Then, by (2.18), we have

— XO * *
u 1<||Xo||>wH < & [Xoll > un(r?).

n

Therefore, it is clear that A,, , C U, (7*), so if fL'qn holds then so does [Tj, .

Remark 3.3. Condition ilfh is already weaker than [9, Assumption 1.1], which had been
used in previous papers (see, for example, [20, Equation (2.8)], |75, Equation (3)], [L0]
Condition 4.1], [7, Condition 2.1|) and was introduced in [76]. We also remark that all these
conditions allow for the appearance of clustering which already makes them weaker than
conditions D’ from [I9] or LD(¢o) from [77], which imply /I; with g, = 1 for all n € N.

3.3. Bookkeeping of clusters. In this section, we introduce a device called the trans-
formed anchored tail process, which is designed to keep track of the clustering oscillations.
It is an adaptation of the tail process, introduced in [10], to a tool more applicable in the
dynamical setting. In [I0] and subsequent papers (for example, [7, 9]), the tail process was
always defined under the assumption that the original process Xg, X1, ... is jointly reqularly
varying (see Definition , which is not natural to assume a priori in the dynamical sys-
tems setting. This assumption (joint regular variation) together with an assumption on the
dependence structure stronger than ,f[;n (10, Condition 4.1]) allowed the authors there to
prove the existence of the tail process and several very useful properties about it. Motivated
by the applications to dynamical systems, here, we will not assume, a priori, joint regular
variation and since ,ZL’qn is even weaker than ﬂ;n, some of the properties of the tail process
will be required as adapted assumptions in the definition of the transformed anchored tail
process. One of the advantages is that we obtain very general enriched functional limits
for extremal processes and record point processes, for example, without assuming regularly
varying tails.

3.3.1. The normalisation of the blocks. We recall that under assumption ﬂ;n the information
regarding to the structure of the clusters is kept in each block of size r,, which we are going

to normalise in the following way, by defining for each ¢ < j € {0,...,n}
. X. X . .
X = (Xl e ot (XKD sy )+ X = XGDmim - (3.13)
1] X1 ’
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so that X, ; denotes the i-th normalised block. We also use the notation X% = X%’j +1, for
all j =0,...,n.

Note that the normalisation used is such that the norm of each normalised variable in each
block is equal to the asymptotic frequency 7 = u,, 1 (|| X;||) corresponding to the mean num-
ber of exceedances of a threshold placed at the value ||X;||, among the first n observations
of the process.

In particular, observe that by (2.18)), for all 7 > 0, we have
Xl
1]

X5 = |fun " (1X51) <7 uy (IX]) < 7 1% > un(7). (3.14)

3.3.2. The Extremal Index. Before we characterise the transformed anchored tail process,
we define the Extremal Index (EI), denoted by 6 € [0, 1], which was formally introduced
by Leadbetter in [52] and measures the degree of clustering of exceedances. When 6 = 1
we have no clustering and a small § means intense clustering. A common interpretation for
the EI is that it is reciprocal of the average cluster size (see [1]). We define the EI following
O’Brien’s formula ([67]) and assume that, for all 7 > 0, we have

(qn)
0 = lim w

Jim ey (3.15)

3.3.3. Underlying spaces. Let V = R\ {0} = (R?U{oo}) \ {0}, ¥ = R? and recall that
oo € V can be thought of as any point in the completion of R? which is not contained in
R?: this has infinite norm. Define

loo = {x = (z;); €VE: lim |z = oo} lo = {x = (z;); € V% "l‘im ||| = 0},
7|—o0

ljl—o00

where for definiteness we are taking the usual Euclidean norm | - || in R%. The transformed
anchored tail process will be defined to take values in [, while the tail process lives in [j.
The space I, will borrow the metric structure of [y by means of the map P: [, — Iy given

by P((x;);) = (p(x;));, where
p:V— Y

. .
.’El—){”m2, if x # o0,

0, otherwise.

Lemma 3.4. The map P is invertible.

Proof. By definition of P, we only need to show that p is invertible. First note that p(x) =0
if and only if z = oo. Let z,y € V \ {oo}. Then p(z) = p(y) implies that

]
xr = Y. (3.16)
ly[I?
Let ¢ = H;”i Then z = cy which means that ||z|| = ¢|ly||. Substituting back in (3.16) we

obtain & = c?y. Hence, we must have ¢y = c?y, which implies that ¢ = 1 and, therefore,
x = y. Hence P is one-to-one.

To see that P is onto, we let y € lp and show that there exists x € I such that P(x) =y.
For all the j € Z such that y; = 0, we set x; = oco. For all the other j € Z, we require
2/ lle;]|? = gy, which implies that [y = 1/l But then, a; = a;]2y; = u;/llys 1%
which means that by setting z; = p(y;), for all such j € Z, we have defined the desired
X € lo. O
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As in [9], in [, we consider the supremum norm given by

%[0 = sup [|z; I,

JEZ
and the complete metric defined on Iy \ {0}, where 0 = (0);,
1 1
¢x,3) = (I =yl AV | = | (3.17)
[%[[oc [¥lloo
Now, we consider the metric d defined on I \ {(c0);} given by
d(x,y) = d'(P(x), P(y)). (3.18)

Recall that I\ {0} equipped with the metric d’' is a complete separable metric space. Since P
is invertible and componentwise continuous, one can easily show that I \ {(c0);} equipped
with the metric d is a complete separable metric space.

Note that we can embed U,enV" (UpenV") into I (lp) simply by adding a sequence of oo
(0) before and after the n entrances of any element of V" (V). For example, X;’ can be
seen as an element of [, by identifying it with

X -1
<...,oo,oo,u LIX H)HX i coouy, (15— 1H)||X]— Tk , 00 oo,) (3.19)

We define the quotient spaces l~<><> = loo/~ and [0 = ly/~, where ~ is the equivalence relation
defined on both I, and Iy by x ~ y if and only if there exists k € Z such that o (x) =y,
where o is the shift operator defined in . Also let 7 denote the natural projection from
lso (Ip) to lso (Ip), which assigns to each element x of los (o) the corresponding equivalence
class 7(x) = X in loy (Ig). Given any vector v of V™ (V™), for some m € N, we write 7(v)
for the projection of the natural embedding of v into I, (ly) to the quotient space loo (lNO).
Namely,

~(XI) = 7 X u—l Xj-1
7060 = 7 ( (00 XA o (Xl o)) (320

Observe that, since P is invertible, we may define P : Io, — I so that P(7(x)) = 7(P(x)).
Consider the metric d’ in I \ {0} given by

d(x,y) =inf{d (x,y"): ¥ e n71(x), y e 7 1(§)} = inf{d'(c¥(x),0™(y)): k,m € Z}.
(3.21)

This metric makes I \ {0} a complete separable metric space. (See Lemma 2.1 and
Lemma 6.1 of [9]). Accordingly, on I \ {0}, where co = (00);, we define the metric

d(%.y) = d'(P(%), P(¥)).
which also gives a complete separable metric space.

Remark 3.5. The choice of the metric implies that a set A Cjoo \ {0} is bounded if and
only if there exists ¢ > 0, such that for all X € A we have ||P(X)||cc > € or, equivalently,
that infjez ||z;]| < 1/e.
For A € %, as in , we define

A={xcly: 7' x)NA£D}; 7 ={A: AcT}. (3.22)

Using that .% is a field, one can show that the class of subsets j is closed for unions.
Indeed, this follows easily by observing that

AUB={x€lyw: # 1 (X)N(AUB) # 0}.
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Let # denote the class of subsets of lo, Iy corresponding to the ring generated by j , which
is actually a field because by definition of .%, we have that I, ly C .Z.

For A € Z, let

A={xcle:#(x) € A} = {x€Elx,lo:x€ | JoI(4)y, (3.23)
JEL
I ={A: Ae . F} and Z be the ring generated by #. (3.24)

If we start with some A, € .% here, we correspondingly write A,. Note that o~ 1(A) = A,
which means that both ¢ and % are o-invariant classes of subsets of I, ly. Also observe
that Z = 7= 1(#) and # = 7~ 1(_#), which is also closed for unions.

3.3.4. The transformed anchored tail process. We can now define the transformed tail pro-
cess, which presupposes the existence of a process (Yj)jcz € lx satisfying the following
assumptions:

1) ¢ (lx;n+5"“"+t X, || > un(f)) s L((Y))jms..0), for all s < t € Z and all

TO n—00

T > U;

(2) the process (0;);ez given by ©; = % is independent of ||Yp|[;
(3) limyjio0 [| V)]l = 00 as.;

(4) P(infye 1 [V > 1) > 0.

Here (r,,)y is assumed to satisfy (3.2]): in our applications it is the sequence appearing in
g, and T, .

Remark 3.6. Most of the applications given here are to non-invertible discrete dynamical
systems, which means that the sequence Xy, X1,... is one-sided and therefore we needed
to recentre by r, so that we can obtain a bi-infinite sequence which includes the past.
The particular role of r, is not important as long as its is asymptotically larger than g,.
Alternatively, we could have considered the natural extension of the system to obtain a
two-sided sequence ..., X_1, X, X1, ... and then condition on || Xg|| > u,(7), instead.

Remark 3.7. We remark that in the setting of heavy tailed distributions, the process (Yj);cz
defined here (which lives in ly) is a transformed version of the tail process introduced in
[10], which takes values in Iy and was used later in [7, 9], for example. The existence of such
a sequence for stationary heavy tailed stochastic processes was proved to be equivalent to
joint regular variation, which we define in Section [3.5] where further details on the relations
with the tail process are also given.

We finally define the transformed anchored tail process by considering the canonical an-
chor used in [0} @], which corresponds to conditioning on the fact that Yj is marking the
beginning of a new cluster. For more general anchors we refer to [g].

Definition 3.8. Assuming the existence of a sequence (Y;);¢z satisfying conditions —,
we define the transformed anchored tail process (Z;)jcz as a sequence of random vectors
satisfying

£((Z))e0) = £ ((ijez

inf |5l >1].
nf 1] > 1)

We consider a polar decomposition of the transformed anchored tail process by defining the
random variable Lz and the process (Q;) ez by

Z.
Ly = inf || Z; ==L 3.25
A glrelZH ]” Qj L, ( )
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We carry this polar decomposition to lo by letting S = {X € lso: [|[P(X)||sc = 1} and
defining the map
0 \{x} — R" xS

1 -

»—>< L — a 1>. (3.26)
1P()loc ™ (1 P(%)]loo) ™

We define Q := 7((Q;);ez) and observe that h(7((Z;)jez)) = (Lz, Q).

In order to illustrate the advantage of considering the transformed version of tail process

rather than the original version given by [10, equation (1.1)] (or [9] equation (1.6)], [50} equa-

tion (5.2.3)]), we consider a concrete dynamical system with an observable which commonly
arrises in the study of extremal dynamics.

Example 3.9. Let T': [0,1 — [0, 1] be the doubling map: T(x) = 2z mod 1. Let (; = 1/3
and (o = T'(¢1) = 2/3 denote the period two orbit of T'. Define also the observable function
¥ :[0,1] = R by:
U(x) = —log |z — G| + log|z — ¢y

Consider now the stochastic process Xo, X1, ... given by X, =1 o T,

For this stochastic process, the tail process, (ﬁ)jez, given by [10, equation (1.1)] is ill
defined. In fact, it is easy to observe that P(|Yp| > y) = 0 for all y > 1, which contrasts with
formula |50, equation (5.2.4)] which establishes that P(|Yy| > y) = (yV1)~®. In contrast, the

transformed tail process is well defined and we easily obtain that the transformed anchored
tail process is equal to (see Appendix [D.1)):

(. 00,00, U - B,U - B(—1)2,U - B(~1)222,...,U - B(—1)k2k, .. )

where U is a uniformly distributed random variable on [0, 1] and the independent random
variable E is such that P(E = 1) = 3 = P(E = —1).

Note that due to assumption both (Y})jez and the transformed anchored tail process
(Z;)jez take values in I

3.3.5. Properties of the transformed anchored tail process. The following lemma is a nice
consequence for ||Yy|| of our transformed anchored tail process being based in I

Lemma 3.10. The random variable ||Yo|| is uniformly distributed.

Proof. Using stationarity (2.16) and (2.18]), it follows that for all v € [0, 1],

P(IY0]) < v) = lim P ( || 4 UXr]) X0 | > n(r)
A TR rall > on
. TU
~ tim P(IXo | > wn(r0) | [ X, | > tn(r) = 22 0.

g

Next we show a relation that will provide a connection between the transformed anchored
tail process and the outer measure used in [30]: this describes clustering by splitting the
events into annuli of different cluster lengths.

Proposition 3.11. Let Ay € .%. Under IL , for X1 as in (3.13),

lim [k P(X,1 € A1) — nP(A] )‘ = lim

n—oo

where Ay 1 is defined in (3.9) and Ay is from (3.23) applied to A;.

(75 (An) = nB(AR)| = 0,
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Proof. We start by estimating P(X, 1 € A1) = P(#,° (Ay,1)), which we do by decomposing
7, (An,1) according to the last occurrence of event A, ;. Namely,

rpn—1 rn—1
P(%i (An,l)) = Z P(Uij(An,l)) - Z P(Uij(An,l)vn//jil,rn (An,l)»-
j=0 J=0
It follows that
Tn—Qqn—2
POZS5 (Ann) = | Y (B0 (Ann)) = P07 (A1), i1, (A1)
§=0
rpn—1
< Y PO (An) H (An) < (a0 + DP(An) (3.27)
Jj=rn—qn—1
Using stationarity,
Tn—qn—2 ™
Z P(Uij(An,l)v V/jil,rn (An1)) = Z P(An,1, 7/1?3(147;,1))-
j s=qn+2
For s > g, + 2,

P(Ap1, 74 (An) = B(Ap s g o1 (An1)) = PAAS) 7 (A1)

n,l » 7 q
and therefore

Tn Tn

> P(Ang, #E(Ann)) — > P(An,l,%fqnﬂmn,l))‘

S=qn+2 s=qn+2

Tn

< S0 BAW L (An) < raPAYHE L (And)). (3.28)
s=qn+2

Combining (3.27)) and (3.28) and using stationarity, we obtain

P(%Z(An,l)) - Z P n, 1 Z P n 17%(1”4»1(1471 1)) ‘
S=qn+2 S=qn+2
< (gn + VB(Ann) + raP(AY 0 411, (An)
Noting that the term between big brackets is equal to
(rn—gn+1)P(An 1, #1.g,41(An1)) = (rn—gn+ 1)1P’(A(q")) then multiplying by k,, we obtain

k(X1 € Ar) — nP(AY))] < 2,k PAY)) 4+ nP(AS) L1, (An)).

n,1 n,l

The second term on the right vanishes by ﬂ;n. Since by definition of A, 1, we have that

Ap1 C {|Xo|| > un(ho)}, where hg = inf{||z||: x € Ho} > 0, then nP(A, 1) < nP(|| Xo| >

un(ho)) —— ho. Recalling that ¢, = o(ry,), it follows that the first term on right also
n—oo

vanishes. O

Corollary 3.12. Under [Ty ,
i P00

Jim koW (Un(T)) = 071 and Jim RO 6.
Proof. By Proposition (2.16) and (3.15]),
P(Un" (7))

Jim k(PO (Un(7)) = lim (U (7)) = lim nB(Uy(r))

iy PULT)
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It follows that
P, (Un(7))  knP(#5 (Un(7)) 76

lim — =40.

nsoo 1,P(Un(7))  nPUn(1)) 7

Lemma 3.13. Recalling the definition of the EI given in (3.15)),

0=Pp <inf = 1> —P < inf [|Y;]| > 1) .
Jj>1 Jj<-1

Proof. By (3.15), stationarity and definition of the process (Y;);ez, given in assumption ,
we may write

. 1
0= lim P (X:Nn*% € Wpirmranss (U(L) \ X, | > unm)

n—oo T

=P <inf ;| > 1>.
Jj=1

The second equality in the statement of the lemma follows easily from stationarity and
standard arguments. O

The next result is instrumental because it shows how the transformed anchored tail process
can be used to encode the information regarding the clustering. Essentially, it says that
the joint distribution of the random variables in a block where an exceedance is observed
(which makes it a cluster) is given by the transformed anchored tail process. Recall that by

(3.19), X,,; can be thought of as lying in /.

Proposition 3.14. Under the assumptions used to define the transformed anchored tail
process and condition ﬂ;n, for every 7 > 0 and for X, 1 as in (3.13),

HUED ] s €45, (U)) — £ (Zyez).

Proof. In what follows we write U™ for U(7). As in Appendix j is a convergence
determining class and therefore we need to show that for all A € % and corresponding

A€ ¢, such that P (fr ((Zj)jez) € 8[1) = 0, we have

1 -
P <7~T (TX,M) €A ’ X1 € W (UT)> — P (7 ((Z)jez) € A),
which will follow if we show that

1
P (Txn’l €A ‘ Xn,l S %i (UT)) — P ((Y})jez €A

inf [|Y5] >1
it [¥3] 2 )

for all A € ¢, such that P((Y})jez € OA) = 0. Recall that A is o-invariant, i.e., o071 (A) =
A.
We start estimating P(X,, 1 € TAN#,¢ (UT)) by decomposing the event on the right (which
essentially says that at least one exceedance of u,(7) has occurred up to time r,, — 1) with
respect to the first time, ¢ = 0,...,7r, — 1, when that exceedance occurs, i.e., {X,; €
o (U = {IIXi]l > un(7)}:

rn—1

P(Xn1 €TANYE (UT)) =Y P(Xnp €TANY(UT) No ™ (UT))
=0
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Since By =P (X,1 € TANY; (UT) No Y(UT)) < P(IX;]| > un(7)),

rp—1
P (Xn1 € TANHE (UT)) = D Bui| < ¢aP(Un(7)) =: I1(n) (3.29)

i=qn
Fori > ¢,, weuse Dy, ; :=P (Xml cetANWi_q,: UT)N O'_i(UT)) to estimate B, ;. Namely,
’Bn,i - Dn,i‘ <P (Xn,l el™n %7%“ (U ) N Wnﬂ i+1 (UT))

Therefore,
ra—1 rn—1
> Bui = Y Daa| < (ra = aa)P (U (1) N HE 1, (Un(7))) = 1) (3.30)
1=qn 1=qn

By stationarity and because A is o-invariant, for all i = ¢,,...,7r, — 1,

Dpi=P (xn,g € TAN Y pyiioguensi (UT) O a*“nﬂ')(UT))
=P (Xr"_q"’%" eTANY s —qur, (UT)No™™(UT)) =: Dy,
Then using estimates and , we obtain

‘P (Xn,l eTANWE (UT)) — o (D) | < 2I(n) + I (n).

rnP(Un (7))

Hence, letting P, := P(Xnylven(UT))P(D" | 11Xy, || > un (7)), we can write

< (2I(n) + I (n)) st —— =: E(n).

1 o
P (Txn,l eA| X1 (U )) P(Xna €75, (UT))

Since, by Corollary [3.12} lim,, s % = 6! and, by definition of U, (7) we have
n,1 Tn

limy, 00 knrnP(Un (7)) = limy,—y00 nP(Uy (7)) = 7, it follows that for some C' > 0, we have
E(n) < Clkal(n) + kul1(n)).
By definition of the sequences (ky), and (gn)n, we have that lim, . kngnP(Un(7)) = 0,

which means that lim,,_, knZ(n) = 0. Observe also that ﬂ;/ implies that lim,,_, oo knII(n)
0 and therefore lim,,_,~ E(n) = 0.

In order to get the result we need to check that

n—oo

lim P, =P <(Y )jez € A

1nf Y51 > 1) =P.

Since by Corollary |3.12| and Lemma [3.13, we have lim,, o %W =6 and § =

P(infj<_1 ||Y;]]| > 1), then we need to show that
lim ]P)(Xrn In:2rn TANY,, o, v (UT) | HXTnH > Un( )) =P

n—oo

Note that {(Y})jez € 0% -0 (U)} C Uj<1{||Y;]| = 1}. Since, by assumption (2)), for every
Jj €L, we have Y; = ||Y0||©;, with ©; independent of ||Yy|| and since the latter is umformly
distributed by Lemma 3.10] then IP’(HY}H =1) =0, for all j € Z. Then the desired limit
follows by definition of the sequence (Y});cz given in assumption (T)). O

Corollary 3.15. Under the assumptions of Proposition we have that Lz and the
process (Q;) ez defined in (3.25)) satisfy

(1) Lz is uniformly distributed on [0, 1];

(2) Ly and 7 ((Qj)jcz) are independent.
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Proof. For part (1), note that Lz < ||Zp| < [|[Yp]] < 1 a.s. Let 0 < v < 1. By Proposi-

tion (3.14) and Corollary we may write

P(Ly <v) = lim P (1 €V (U)) | Xos € 72 (U(T))>

g P2 Ua(rv)) _ 7o0
nooo B (#,2 (Un(7)) 70

Tn

= lim P (7/ (Un(1v)) ‘ v, (Un(T))) =

n—o0

To prove (2), we start by observing that m = infjcz ||z;|| and that the map x

( X, B¢ 51{ ) is continuous on Iy, \ {30} Then, by Proposition [3.14{ and the CMT

ﬁ(fr(lxnl) l (ﬁ(;xnl))nm

P
Since the map (%,a) — (£, a) is continuous on I \ {50} x (0,00), then

(HP (7 (2%n)) |7 (3%0a) ||P(fr(%slgn,1))noo

Xn1 €7 (U(T))> — L(7((Z))jez)  Lz)

Xn1 €7, (U(T))>

— L(7 ((Q)jez) , Lz) (3.31)

Since / is a convergence determining class (see Appendlx , the result will follow if we

show that for all A € .Z and corresponding A € ¢, such that P(7 ((Q;)jez) € 0A) = 0,
and all v € [0,1], we have

P (7 ((Q)jez) € A, Lz < v) =P (7((Qy)jez) € A) - P(Ly < v) (3.32)
Letting A € _¢ be such that A = #~1(A) and m,,, = min{||X0|[,..., || X!}, by [B:31),

we can write that

P((Q)sez € ALz <v) = Tim P (51-Xu1 € A| Ko € 25 (U(r)))

n—00
IP’(”//C (Un(T’U)))

o) =P (7 (@)sez) € 4) -v =P (7(Q))sez) € A4) - P(Lz < ).
0

The next result, an analogue of [9, Lemma 3.3] in our setting, formally establishes the
convergence of the intensity measures of the cluster point processes we introduce later. We
refer to Appendix |C|for the definitions of weak? convergence and boundedly finite measures.

Corollary 3.16. Under the assumptions used to define the transformed anchored tail process
and condition IT, , the sequence of boundedly finite measures nn, = k,P(7(Xp1) € ) in

;# converges in the w? topology to n = 6(Leb x IPQ) o h, where PQ 1s the distribution

of 7((Qj)jez))-

Proof. By Lemma we only need to check the convergence for all bounded A € / such
that ,u(8A) = 0. By Remark H, since A is bounded there exists 7 > 0 such that for all
% € A, we have infjcz ||lz;]| < 7. Hence, by [3.14} if 7(X,.1) € A, then | X;| > un(r) for
j=0,...,7, — 1 and hence X, ; € %, (U(7)). Let, as before, A = 7~ 1(A). Then

knP(7(Xn1) € A) = knP(Xp1 € A) = kP (X1 € ANHE (U(7)))

P(Xn € (U(T Xy, _ c
= nP([|[Xo|| > un(7)) SHP(ITXOH>’(MTL((T)))))P < . Ler 1A ‘ Xn1 € #,C (U(T))>
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By (2.16]) and Corollary we have that the first term converges to 7 and the second to
0, as n — oo. By Proposition the third term goes to P((Z;)jez € 77'A). We now use
Corollary in order to finish the proof.

1
P((Z))jez € 78) = P(r(Z))sez € A) = | P(r(Z))sen Al Lz = 0)do

n(A)
70

1 T
_ /0 P(ro(Q))yen € A | Ly = v)dv = 1/0 P (s(Q,);ez € A) ds

T

O

3.4. Complete convergence of point processes. We define and prove the weak conver-
gence of the point processes that keep all the cluster information. We refer to Appendix [C]
for the precise definition of point processes and their weak convergence. Essentially, we

: #
consider a random element on the space NR T\ (%)

R x Ioo \ {50}. Namely, similarly to [9], we define the point processes of clusters by

of boundedly finite point measures on

No = 0k (%, (3.33)
=1

Now, we define the point process that will appear as the limit of the cluster point process.
Let (T;)ien and (U;)ien be such that > 2, d(7;,u;) 18 a bidimensional Poisson point process
on R} x R} with intensity measure Leb x 6 Leb. Also let (Qi)ien be an ii.d. sequence of
random elements in S such that each Q; has a distribution given by . We assume that
the sequences (T;);en, (Ui)ien and (Qi)ieN are mutually independent. We define

=1

Remark 3.17. Note that N above is a Poisson point process on R x Iy, \ {c0} with in-
tensity Leb x 7, where 7 is as in Corollary [3.16] Here 7 describes the distribution of the
transformed anchored tail process 7((Z;)nez), which is characterised by means of the spec-
tral decomposition h given in , which allows us to identify the contribution from each
component, namely, the § Leb part associated to Ly (related to the second coordinate of the
bidimensional Poisson point process > oo, (5(T1,7Ui)) and the PQ part which is the distribution

of 7((Q;)je2).

Remark 3.18. In order to have some intuition of what is being encoded in each Qi, we
recall that in the case of Exemple then Q; = 7((Qij)jez)), where Q;; = (—3)'E;
for all j € Ny and Q;; = oo for all j € Z \ No; moreover Ey, Es,... is an i.i.d. sequence
independent of (T;);en and (U;)ien, with P(E; = 1) =1/2 = P(E, = —1).

We are now ready to state a general complete convergence result.

Theorem 3.19. Let X, X, ... be a stationary process of random vectors in R with proper
tails, in the sense given in Section 2.4.1] Assume that the transformed anchored tail process
given in Definition is well defined and conditions g, and I[;n hold. Then point process

) . . H ) ) )
Ny, giwen in (3.33)) converges weakly in NRgxfw\{ao} to the Poisson point process N given
by (3.34).

Remark 3.20. We observe that the point processes convergence stated here corresponds es-
sentially to a transformed version of similar statements in [9, Theorem 3.6] and [50, Corol-
lary 7.4.2|, but we emphasise that the dependence conditions assumed here are both weaker,
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which is of crucial importance for the application to stochastic processes arising from dy-
namical systems. We refer to Corollary [3.24] in Section where our point processes, and
convergence properties, are transformed back to provide an easier comparison with previous
results and also formulae on how to relate the various objects involved.

In order to prove the theorem, we need essentially to show two things. The first is a sort of
independent increments property together with convergence in distribution of joint random
variables using the avoidance function, i.e., by computing the probability of having no
extremal occurrences (see the definition of the avoidance function in Appendix . This
is done in Proposition [3:21] whose complete proof is rather lengthy because we are using
the very weak mixing assumption /l,,, though a lot of the work for that has been done in
previous papers by the authors. Then, in the second step, we need to show that the intensity
measures of the processes converge to the right intensity measure. This has actually already
been done in Corollary Finally we need to join the pieces using the theory of weak
convergence on non locally compact spaces developed in [17, [18]. In fact, we needed to redo
one of the results to correct a typo and improve it in order to be able to use the convergence
of the intensity measures (see Appendix |C)).

In [30] the existence of a o-finite outer measure v on VNo-Z was assumed, so that the following
limit exists

lim nP(A(q")) =v(Ay), (3.35)

n—o0

for all Ay € .# and AEZZ) given by equation (3.9). This outer measure described the piling of
points on the multidimensional point processes created by clustering in [30]. Note that if we

associate Ay, Ay to Ay € .Z as in (3.22) and (3.23), respectively, then using Proposition
and Corollary it follows that when we have the existence of a transformed anchored

tail process and condition /I ~then (3.35) holds and
v(Ay) = u(Ay). (3.36)

We state now the main result that provides independence of disjoint time pieces and con-
vergence of joint distributions by use of the avoidance function.

Proposition 3.21. Let m € N and for each ¢ = 1,...,m let J;, Ay be given, as in (3.7).

Forn € N, consider the respective versions Jy, ¢, An e given in (3.8) and (3.9). Assume that

,}Zl[q;d and},lﬂgn hold. Also assume that there exists a o-finite outer measure v such that -3.35
olds. Then

JLIEOP<QWJne )—J;H;olf”(ﬂ%w(nz)) He‘”‘”@'

The first equality follows from the fact that the non-occurrence of the asymptotically rare
event A, ¢ can be replaced by the non-occurrence of the event Aggz), up to an asymptotically
negligible error. This idea goes back to [33, Proposition 1| and was further developed in
[35, Proposition 2.7]. We refer to [30, Proposition 3.2| for a proof. The second equality
in Proposition follows from minor adjustments to the argument used to prove [30]
Theorem 3.3].

We are now ready to prove the weak convergence of the cluster point processes.

Proof of Theorem [3.19] By Proposition and Lemma we first need to check that for
all bounded sets B € Z, defined in (C.6) we have lim, o P(N,(B) = 0) = P(N(B) = 0).
Let B = U}, Jy x Ay, where for each £ = 1,...,m, we have J; = [as, b;) and A, is associated

to some Ay € .Z as in (3.22)).
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Since 7(X,,;) € Ay corresponds to the event Xni € Ay = Ujezo(Ay), then, by definition
of the sets J,, o and A, ¢ given in (3.8) and (3.9)), we have

P(Nn(B) = O) =P (ﬂ{Nn(Jé X AE) = 0}) =P (ﬂ WJn,z (An,€)> .

/=1 /=1

Now, by definition of the Poisson point process N, we have P(N (B ) 0)=1I", e =1 eln(Ar)
Hence, condition |(i)| of Proposition follows from Proposition and (| -

In order to check condition |(II)[ of Proposition we observe that by stationarity and
Corollary [3.16] we have

[knbz

E(Nn = Z Z ]l (Xn.) €A} NZ\Jdk‘nP(ﬁ(Xn,i)EAe)
=

=1 i=[knas]

S me Ag) = E(N(B)).
0

3.5. Applications to jointly regularly varying sequences. In statistics of extremes
there is a special interest in the shape of the tail of the distributions and, particularly,
heavy tails play a significant role. In this setting, the study of the mean and of the extremes
is linked and point processes and regularly varying measures have revealed to be very useful
tools (see [72], for example). In this heavy tail context, the information regarding clustering
is particularly well captured by the tail process introduced in [10] and, in fact, the pro-
cess (Yj)jez used to define the transformed anchored tail process, in Section can be
identified as a transformed version in [, of the original tail process, which lives in lg.

In the study of rare events for dynamical systems, one is not so interested in different
tail behaviours but rather on the statistical properties of the system, which are intimately
related with quantitative recurrence properties (see [32]). For this reason the particular
homeomorphism f establishing the shape of 7 (see Remark is not as relevant as proving
the existence of a limiting law and therefore we tried to establish the definitions and devices
in a more general setting so that they are more amenable for application to dynamical
systems. The universality of the uniform distribution we get, for example, in Lemma
(with no parameter involved as opposed to the a appearing in the tail process version) and
the fact that the limiting point process has a Poisson component with Leb x #Leb intensity
measure partly motivated introducing the transformed anchored tail process, which is related
to the piles of clustering points obtained in the limiting rare events point processes studied
in [30].

In the stationary heavy tail setting, the existence of the tail process is equivalent to joint
regular variation of the process (X;);ez (see |10, Theorem 2.1]), a notion that we define
next.

Definition 3.22. A k-dimensional random vector X is said to be jointly reqularly varying,
with index a > 0, if there exists a sequence of constants (a,)neny and a random vector ©
with P(||®|| = 1) = 1, such that

nP(|X]|| > zan, X/||X]|| € ) —— z7“P(® € -).
n—oo

where we are considering weak convergence of measures on S¥71, the unit sphere in R¥. An
Re-valued sequence Xg, X1, ... is said to be jointly reqularly varying, with index o > 0, if
all the finite-dimensional vectors (Xp,...,Xy), k < ¢ € Ny, are jointly regularly varying,
with index a > 0.
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In 10} @, 50|, for example, the original stochastic process is assumed to be jointly regularly
varying. In what follows, we show that, in this setting, we recover the convergence of the
point process of clusters stated in these works and give the particular relation between the
tail process and the transformed anchored tail process.

For a jointly regularly varying sequence Xy, X1, ..., in particular, condition holds.
Hence, taking 7 = 27 and wu,(7) = CLnT_é, equation holds. We also have that

ut(2) = 2 %,

Remark 3.23. Observe that Jomt regular variation of (X;);ez implies the existence of the
sequence (Yj);ecz assumed in (1)) (see [10, Theorem 2.1]) and also the independence of the
respective polar decomposition assumed in (see |10, Theorem 3.1]). Moreover, If, instead
of ,Hfzn, we assume the much stronger conditions considered in [9, Assumption 1.1] and other
previous works, going back to [76], one can show that both and also hold. See [10]
Proposition 4.2].

In order to make the connection between the tail and the transformed tail processes, we
start by defining the map:

£ (Rdu{oo})\{O}—>Rd
{(\ ol)"a g, i@ Ao

< (3.37)
0, otherwise

Then, we deﬁne =i loe — lo given by Z((x;);) = (£(z5));. Observe that, like P (see
Lemma , the function Z is invertible and we may define = : Ioo — Iy so that Z2(7(x)) =
T(E(x)). Note that

(0% ) = 22 (3.38)

Qan

Corollary 3.24. Let X, X1, ... be a stationary R*-valued jointly reqularly varying sequence,
with tail index o > 0, satisfying conditions g, and ﬂf]n and for which the transformed
anchored tail process given in Definition [3.8] is well defined. Then the point process

N/ = Za(i/kmé(ﬁ(xm 25( . (x@ o xmﬂ)) (3.39)

an e an

converges weakly i N # to the Poisson point process N given by

R xio\{0}
N' = ) 1. 3.40
; (T.0; 7E(@Q) (340)

where (T;)ien, (Us)ien and (Q;)ien are as in (3.34).

This corollary of Theorem [3.19] follows from a direct application of the CMT for the map

= #
E# . NR*xloo\{oo} — /\/']R+ I\{0) defined by

—# <Z5(t¢,xz > 25
=1

Observe that the Poisson component of the process N’ can be written as M, = )7, o,y =
Yoy 5(T_ /ey with intensity measure Leb x 0 v, with v, (y) = d(—y~ ), while the angu-

[I]I

lar component associated to the tail process, which we denoted earlier by (Q;) ez, is given
by the equation:

Q; = £(Qy)- (3.41)
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Recall that as observed in Remark the existence of transformed anchored tail process
and the respective properties are guaranteed by the joint regular variation of the process
Xo, X1, ... and [9, Assumption 1.1| (assumption AC(ry,c,) in [50]).

4. PROOFS OF THE DYNAMICAL ENRICHED FUNCTIONAL LIMIT THEOREMS

The major step to obtain the invariance principles stated in Theorems [2.5] and
for dynamically defined stochastic processes is the complete convergence of point processes
stated as follows

Theorem 4.1. Let T : X — X be a dynamical system as described in Section and
Xg, X1, ... be obtained from such a system as described in and assume that the trans-
formed anchored tail process given in Definition is well deﬁned. Consider the point
process N, defined as in . Then N, converges weakly in ./\f to the Poisson

loo\{50}
point process N given by (3.34]).

It is sufficient to show that the systems and the observables that we consider give rise to sto-
chastic processes for which /1,, and ﬂ,f]n hold, since then the conclusion follows immediately
by Theorem [3.19] A property we use to prove these conditions is in the next definition

Definition 4.2. Let C; and C be Banach spaces of real-valued measurable functions on
X. Define the correlation of non-zero functions ¢ € C; and ¥ € Co with respect to p at time

n € N by
= oT™ d d dul .
Cor(¢,,m) := ||¢Hc1 Wl Jowor du— [oau [

Then say that the system has decay of correlations, with respect to u, for observables in Cq
against observables in Cy if there exists a rate function p : N — [0, 00) with

lim p(n) =0,

n—oo

and for every ¢ € Cy, 9 € Co,
COIM(¢7 1/}7 TZ) S p(n)

The uniformly expanding systems in Section have decay of correlations against L'(u),
i.e., where Co = L'(p). In that setting we also require a suitable space Cy, a key feature
being that the characteristic functions on our sets of interest, like the annuli A in do
not have large norm. In fact in the interval setting Co will be the BV norm which we recall
here. If ¢ : I — R is a measurable function on an interval I then its variation is defined as

n—1
Var(1)) := sup {Z |V(ziz1) — w(xz)\} )

i=0
where the supremum is taken over all finite ordered sequences (Cﬂi)?;ol in I. The BV norm
is ||¥||pv := sup |[¢| + Var(¢) and BV := {¢ : I — R : |¢||py < oo}. In Saussol’s class of
higher-dimensional expanding maps C; is a quasi-Holder norm.

Remark 4.3. While our conditions on the rate of decay of correlations here may appear very
weak, in fact summable decay of correlations against L!(x) implies exponential decay of
correlations for Holder observables against L, as in [3, Theorem B].

We make a brief list of references where one can find the arguments to prove /I, and L[;n
for the systems mentioned in Section For non-invertible systems admitting decay of
correlations against L' and observables with maximal sets M consisting on periodic points
or a countable number of points in the same orbit, we note that our conditions on the system

and the observable can be expressed as requiring, for Al g in . and (| -,

nd
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(1) limp—oo |1 4(an) [Inp(tn) = 0 for some sequence (ty)y with ¢, = o(n),
n,l
(2) hmn—)oo ||:H-A£Lq,?) H Z;L:qn p(]) = O

These conditions can be found in, for example [5, 31]. Along with decay of correlations
against L'(p), they imply [T, , T, for proofs see those references. See also [30, Section 4.3].

Regarding the Benedicks-Carleson maps equipped with observables maximised at periodic
points, the required estimates to satisfy /1, can be found in [28] and [34, Sections 5,6].

For Anosov linear diffeomorphisms on the torus and observables maximised at periodic
points, we refer to [15].

For the slowly mixing systems of the Manneville-Pomeau type and observables maximised
at periodic points distinct from the indifferent fixed point, we could use a direct approach to
prove conditions /I, and IL'qn using the ideas in [36], Section 4], but since decay of correlations
is stated for Holder continuous functions, an approximation to indicator functions is needed
which restricts the domain of application to v € (0,0.289), whereas one would expect the
results to hold at least for 7 < 1/2 (when one has summable decay of correlations). In
order to show that the results hold for observables with a spike at periodic points (or even
with a finite number of spikes belonging to the same orbit) for all v € (0,1/2) and even for
v € [1/2,1), if we take the observables vanishing at the origin, in Section we introduce
a new point process which incorporates the idea of inducing.

4.1. Proof of Theorem As a consequence of Theorem [4.1], since in this case we are
assuming that g appearing in is of type g2 and condition holds, we obtain, by
direct application of the CMT for the map Z# given in Section [3.5] that the convergence
of point processes stated in Corollary holds. Therefore, we are left to show that such
point process convergence implies the convergence in F’ of the continuous time process S,
to V.

Proposition 4.4. Let Xo,X1,... be a stationary R%-valued process for which condition
[2.20) holds and moreover N!, defined in (3.39) converges weakly” in Nﬂéxio\{o} to N’

given in (3.40)) then, under the same assumptions of Theorem the conclusion regarding
the convergence of Sy, to V. holds, in F’.

Proof. Recall that the convergence in F”([0, 1], R?) consists of showing that the respective
projections into ([0, 1], R%) and D([0, 1], R%) converge. The choice of metric in E([0, 1], R%)
(see ) implies that the convergence in this space will follow from the convergence of
the coordinate projections, in E([0, 1], R), which follows immediately from [9, Theorem 4.5]|.
Hence, we are left to check the convergence of the [?([0, 1], Rd) counterparts, which we prove
by splitting the argument into the same steps considered in [9, Theorem 4.5 so that we can
keep track of the required adjustments.

We start by defining a projection Y: N]I?ixi \(0} — F'([0,1],R%). Suppose we are given
0 0
Y =221 ) € Nggxio\{o}' At time t; we have 7' € ly: let (...,2_1,20,21,...) be a

representative of this in [y and define

lv(®))
&)= w a()=Y &1, ST ={tuhi o =alty) + el
1=—00 T; <t
Note that since €% is really an element of an equivalence class, the particular representative
of Z chosen does not matter. Finally, let T(y) = (z, 5%, {eli };).

We start assuming « € (0,1).
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Step 1. For ¢ > 0, we define an e-truncated projection T¢. We do this as follows. For
T € lg set
[v(®)]

= > Tl 5

]_700

Then for v =372, 07, 71 € ./\/';f, define S¢ = {T; : || Zil|co > €} and

()= D v @) ; 5% {u(#) feese

Tist t€[0,1]

(here we understand Z° for s = T; € S¢ as being 7*).

To show that given =y, —,% 7, we have 7(Y¢(y,)) — 7(YT(y)), we first define a simpler
space which is not essential here, but is intended to help the reader’s visualisation of the
situation.

Given an element z € D, let (t;); be the set disc(z) of discontinuities of a representative of
z, which we abuse notation and also call z. Let v;(2) = supy, <4, s,<t,,, [2(s51) — 2(s2)| and

J(t:) = ||z(t; ) — 2(t;)||. Then for € > 0 set

D, :={z € D : #disc(z) < 00,v;(z) = 0 and j;(z) > ¢ for all i}.

Now notice that since we are based in N7 which only allows a finite number of jumps

Ry xl0\{0}’
of norm higher than ¢, each element of {u (Z%)}sese lies in D.. Moreover for x = T¢(v),
7(z) = 2P € D.. We can easily see in this simpler space that if v, —,# 7 then for
z, = Y°(7,) and z = Y¢(v), we have z? — 2.

These arguments together complete the proof of Step 1.

Step 2. The aim here is to show that 7(T¢(N')) = QED — 7(T(N")) = 2D ase — 0. Ttis
easy to see that

- .f ,@ < U o ) -
dp(zz ZZ Hf @il 1 {U; éHE(Qij)HSE}

i=1 jEZ

And this is shown to converge to zero almost surely because condition (2.23)) implies that
Wi =3 ez 16(Qij)l| is a.s. finite. Moreover, as noted in [9, Remark 4.6], we have

Sup U §(Q;, -1 — 0, a.s. as € — 0.
J% @it Uy [6(Qu )l <e

Note that condition , which is assumed by hypothesis for 1 < a < 2, holds for
0 < a < 1, as a byproduct of the convergence of the point processes stated in Theorem [3.19
as observed in [20, Theorem 2.6]. For o = 1, a similar argument holds by making use of
assumption ([2.24)).

Step 3. This step looks to compare the projection into D of empirical process T(N]) with
its e-truncated version Y(N}). Namely, we set 22 := @(T(N},)), 75 := 7(T(N})) and
observe that

b oy - R IX)

dp(Zyer 2y ) 7]1{HX |<ane}-
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Then, as in [9, Proof of Theorem 4.5|, it follows by Markov’s inequality and Karamata’s
Theorem that

) > > i knr
hmsupIP)(dD(LlZE,gg) > ) < limsup 6" nE(HXlH]l{HXngana})
n—00 n—o00 Qn
< lim LaandP’(HXlH > ape) _ @ i 0.
n—00 @y, 11—« (1 —«) £—0

since we are assuming o < 1.

Step 4. Here we wish to compare the D component of the embedding of S,, into F’ with
the respective D projection of Y(N/)). But we need only notice that the representations of
each of these elements is in fact identical so there is nothing to do: in the Y (V) case all
the jumps in a block are compressed into a single sequence, but the D component undoes
this compression, capturing all the jumps as an element of D([0,1]), which is equivalent to
that obtained from S,,.

The proof of the 1 < a < 2 case does not require further arguments, though we do need
to employ condition in order to bound the error term in the equivalent to step 3
above. O

4.2. Proof of Theorem We split the proof of Theorem into several steps given
in a series of lemmas.

We start by defining a map T : Néxzw\{ob} — F'((0,00),R), which to each v € N%xfw\{®}’
such that v = 377, d(4, %), assigns
T(v) = (h(y), {ti i € N}, ),
where h(y) is defined for all ¢ > 0 by
inf{||P(x)||=t: t; <t} ift>t
h(y)(t) := { {PE s . (4.1)
(] ife<tg

with t = inf{(t;)22,}, ¥ = sup{inf{|| P(X))||=}: t; < t}: t >t} and, for t € [0, 1]
eli(t) = min{h(y)(t;7), inf |z}
40 = min{n()(6), int s}

Note that since we are using P here, we are looking for our observations to go down in
value, so the objects here are all non-increasing functions.

Let A = {7 = YR Sz b # 1, Vi £ 53 7((0,0) X o \ {S0}) > 0,Ya > o} .

Vi /(T + : :
Lemma 4.5. The map Y: NRgxioo\{do} — F'(RT,R) is continuous on A.
Proof. Assume that v, —,# v = Yo 0, %) € A Let 0 <a < b e {t;: i € N}°, we need
to verify that

D D
m(l—\a’b7£§7 Fa,b,EE) + dD (Ena,w&a,b) - 07

where '}z and ggb denote the restrictions to the time interval [a,b] of the respec-

tive objects. Let o = h(y)(a) € (0,00) and consider the bounded set B, = {X €
lo: |P(X)||Z} < a} of Io \ {S0}. There are finitely many t; such that (¢;,X') € [a,b] x B.
Let (t;,,%"),...,(t;,%"%) be an enumeration of those points. Then, as in |72, Proposi-
tion 3.13], one can show that for n sufficiently large there exists a shadow enumeration

(tgf),i(”)’“) et (tg:),fc(”)’ik) of the mass points of 7, in [a, b] X B, so that

5

— t;; and x4 x4 asnm— oo, forall j=1,...,k (4.2)
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Let t; be such that h(v)(a) = ||P(X")||=}. Then applying the same argument to the bounded
set [t; — €,a] X Bote where € is chosen so that no mass point of v lies on the border of this
set, one obtains that h(vy,)(a) — h(y)(a), as n — oo. It follows that

h(yn) (£) —— h(y)(t), V¢ € [a,b] \ (U {tg”, .. ,tf.:)} U {ti,,. .. ,tik}). (4.3)

n—oo
neN

The convergence stated in regarding the quotient space ls \ {0} means that we can
take representatives for which the convergence is obtained componentwise, which allows us
to choose corresponding representatives on the space of excursions D([0, 1], R) for which the
following holds

N

e, (t) = €li(t) asn — oo, for all t € [0,1], which, in turn, implies (4.4)
(n)
inf {et;‘n (t): t €0, 1]} —— inf{eli(t): t € [0,1]}, (4.5)
n—0o0

From (4.2), (4.5) and (4.3), it follows that m(T', 4 .5, 4 %) — 0. In a similar way,
(D), () and [@3) imply that dp (2,2, 22,) —— 0. 0

n—o0

Lemma 4.6. We have that dpr o (Zn, Y(Nyp)) = 0 as n — oo, in probability, where N,, is

defined in (3.33))

Proof. The processes Z,, and T(IV,,)) have different internal clocks, but h(Y(Ny)))(i/kn) =
Zn(iry/n), for all i € Ny. Observe that h(Y(N,))) is constant between i/ky, and (i +
1)/ky, having a possible jump at (i + 1)/ky, if inf{u, " (X;): j = irn/n,..., (i + Dry/n —
1} < h(Y(Nyn)))(i/ky). Note that when such a jump occurs, Z,, is not necessarily constant
between ir,/n and (i + 1)r,/n, namely, it may jump several times corresponding to the
several moments j = ir,/n, ..., (i + 1)r,/n at which u;, 1(X;) beats the running minimum
until the threshold inf{u,*(X;): j =irp/n,...,(i + 1)ry,/n — 1} is reached. Nevertheless,
these oscillations are recorded by the excursion decorating Y(N,,) at the discontinuity point
(i+1)/kp.

Note that by definition of r,

i
>——-—2>0. 4.6
> - (4.6

Hence, the maximum distance between one instant point of the time interval [i/ky, (i+1)/ky,)
and another from [iry/n, (i + 1)ry/n) is at most L.

Let 0 < a<beR,i" =min{j € Ng: j/k, > a} and it = max{j € No: jr,/n < b}.
Note that the range of the graphs I';—j. i+ jp. m.zE and T s it irm v (v, B 18 exactly
the same, which means that the Hausdorff distance between the graphs is given by the time
component, i.e.,

41
s — 0.

m <Fi*jrn/n,i+j7‘n/n,Z,f;37Fi*j’rn/n,i*jrn/n,T(Nn)E) < N nooo

We only need to worry with the observations corresponding to j € Ny such that a < j/n <
i~ /K, where the range of the process Z,, may differ from the value of A(Y(N,))(a) =: T,
by either being above or below. Note that there are at most k, such observations. This

means that for |¢] < 7, we have that m (Far/kmzf,wa/kn?T(Nn)E) > |e| implies that
there must be at least one of these possible &, observations such that ||X;|| > u,(7 + €).
Since k,P(||X;|| > un(T 4+ €)) = 0, we obtain that m (Faﬂ-f/kng,me/kn’y(Nn)E) goes

to 0 in probability. A similar argument applies for the time frame between i*jr,/n and b.
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Hence, m (Fa b,z Lapr(wv )E) —— 0, in probability. This takes care of the E' component
" n " n n*)oo

of the distance in F’ and we need now to conclude that the same applies to the projections
into D.

Let i~ < 4 < 4" and assume that there is a jump of h(Y(N,,)) at i/k,. Recall that while
h(Y(Ny,))) is constant between (i — 1) /k,, and i/k,, the process Z, may have oscillations in
i/kn

YT(Nn)
actly mimics these oscillations of Z,. Observe now that the projection Y (N, )? reconstructs
the behaviour of Z,, by incorporating in the time frame the excursions. Then, since the

metric ~f) allows for time deformations, it is clear that the distance between the projections

the corresponding interval [(i—1)r,/n, ir, /n]. But, by construction, the excursion e

eX-

Y(N,)P and Zf?, when restricted to [i7r,/n,ir,/n| is actually equal to 0. Again, we are

left to analyse the time periods [a, i~ r,/n) and [itr,/n, b], where some pieces of information
may be missing. However, as observed with the projections into F, the missing information
corresponds to at most max{ky, r, } random variables and the probability of these producing
oscillations that will not be mimicked is bounded by max{k,, r, }P(||X;|| > un (T +¢€)) — 0.

Again, we conclude that dp (T(Nn)D Zn?b) —— 0, in probability. O
’ n—00

a,b?

Proof of Theorem [2.10, By Lemma [£.5] we may apply the CMT and conclude from Theo-
rem[4.1]that Y (NV,,) converges weakly to Y(IN), in F'((0, +00)). By Lemma[d.6/and a Slutsky
argument we conclude that Z,, converges weakly to T(N), in F’((0,+00)). Therefore, we
are only left to show that h(Y(NN)) has the prescribed finite-dimensional distributions of
Zy.

For each a > 0, let B, = {x €: [P(x)|=! < @} Clx \ {}. For the unidimensional
distribution, with ¢,4 > 0 and H(7) = =", we have

( —
P(h(T(N))(t) = y) = B(N([0,1] x By) =0) = e~ = H'(y).
For the bidimensional distribution, with 0 < t; < to and y; > y2 > 0,
P (R(T(N))(t1) = y1, h(T(N))(t2) = y2) =
=P (N([0,t] x By,) = 0, N((t1,t2] x By,) = 0) = H" (y1) H* " (y2).
In case 0 < y1 < yo,
P (h(T(N))(t1) = g1, h(T(N))(t2) = ya) = POR(T(N))(t2) = yo) = I (y),
so in general
P(R(T(N))(t1) = 1, h(OC(N))(t2) = o) = H (1 V o) >~ (3).
By induction we get for the k-dimensional distribution
P(R(Y(N))(t1) = 1, TN (E2) = 1., h(T(N))(E) > ) =

k k
- (V@ﬁ) e (.\/{yz}> A HETR ()

= P(ZH(tl) Z Y1, - - .,ZH(tk) Z yk)

Regarding the statements about the Markov structure of the process Zp, we give brief
indications how to prove them and refer to [72, Chapter 4.1| for some useful properties of the
theory of Markov processes. The fact that Zp is Markov with the given transition probability
follows from the form of the finite-dimensional distributions. Namely, for 0 < y < z,

P(Zu(t+s) 2y | Zu(s) = z) = P(L(L(N))(t + 5)) 2 y | H(T(N))(s)) = z)
=P(N((s,5+1t] x By) =0) =e %%, (4.7)
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The exponential holding time parameter at state z, which is denoted by A(z), can be derived
from

P(Zy(t+s) = Zy(s) | Zu(s) = z) = P(N((s,s +t] x B,) = 0) = e 2.
Thus, A(z) = 0z. The jump distribution II(z, [0,

(
y)) can be computed from
lim ¢ P(Zp (t + 5) < y) | Zu(s) = 2) = A(2)1L(2,[0,y)).

But from ([£.7), for y < z, we have t 'P(Zy (t+5) < y) | Zg(s) = 2z) =t (1—e %) ﬁ Oy
—

and therefore II(z, [0,y)) = y/=z. O

4.3. Proof of Theorem In order to count the number of records during the clusters
we define, for y > 0 and x = (:1:]) € loo,

RX(Y) = > L ll<(yninfoc, i)} (4.8)
JEZ

which gives the number of record asymptotic frequencies corresponding to the smallest obser-
vations in x that have beaten the frequency y, which must be finite because limy;|_,o ||z;]| =

oco. For v =327 8, %) € NR* i \{ X let h(y) € D((0,00),R) be defined as in (4.1 and
by

define the record point process in N (0,+-00)

R, = Z 5tin (h(7)(t;)), where X" € I, is any chosen representative of X'.
€N
In order to be able to relate to the actual count of the number of records at finite time we
consider the empirical process:

N”’ 257u

which we consider as defined in NR L\ (%)
ls by adding a sequence of oo before and after that entrance as in (3.19). Now, observe
that Ry» coincides with R, given in (2.33)) and indeed counts the number of records of the

process Xo, X1,...

Consider the subset of NR+ Lo\ (%)

)7

by embedding the second coordinate in R? into

defined by

A= {7 =D S tj # teand |z} = |lafll = j = L or ||z}| = 00} :
i=1

Since (0, 00) is locally compact and separable, then the weak? topology in N, (ﬁ +o0) coincides
with the vague topology and by a trivial adjustment of [9, Lemma 5.1] one obtains that the

o .
map v — R, from N R i\ {50} to NO _oo) I8 continuous at every y € A.

Proposition 4.7. Let X, X1, ... be a stationary R%-valued sequence, with tail index o > 0,
for which the point process Ny, defined in (3.33|) converges weakly in N# to the Pois-

xloo\ {50}
son point process N given by (3.34). Then, under the same assumptzons of Theorem

then the conclusion regarding the convergence of Ry to Ry holds, in J\/‘(ﬁ7+oo), and the limit
process has the representation given there.

Together with Theorem this concludes the proof of Theorem [2.12

We elaborate a bit further on the representation of the limit record point process, which in
this case is given in a more natural way through the use of the variable U with a uniform
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distribution. Namely, the limiting process Ry can be written as fR, in , where the
#; have the same distribution as the integer-valued random variable RQ(U~1), defined as
in (4.8), where U is a uniformly distributed random variable independent of Q = (Q;);.
The rest of the proof of this proposition follows from trivial adjustments to the proof of [9,
Theorem 5.2].

Let M =32, d(1;,,u;) be the Poisson point process on Rg X R[)F defining the point process N
in (3.34). Recall that ||Q;|| > 1 for all j, but there exists one index j for which the equality
holds. Let (7,)nez denote the ordered sequence of record times of M counted by Rj;. For
definiteness, fix a certain s > 0 and assume that 7y is the first record time larger than s, i.e.,
71 = inf{7;: 7; > s}, and now denote the respective record frequencies by Y,, = infr,<,, U;,
with Yy = infr,<s U;. The fact that ) _, 65, is a Poisson process with intensity z~Vdx
follows for example from [30, Theorem 5.7|. Note that for all n we have Y,,/Y,,_1 < 1 and, in
fact, from the jump distribution IT computed in Theorem we obtain that (Y,,/Y,—1)nen
is a sequence of independent and uniformly distributed random variables.

The number of records of Ry observed at 7,, = T}, say, corresponds to the number of j’s for
which Y, |Qs | < (Y1 Ainfe; {Yal|Qell}) € [1Qisll < (Ya1/Ya Ainfeci {]|Qicl}), e, is
equal to RQ(Y,,_1/Y;,), where Q; = (Qi,j); is independent of the sequence (Y,/Y;—1)nen
for all ¢. Since s was arbitrary, the given representation of Ry holds.

4.4. Point processes encompassing inducing. Inducing is a very powerful technique
used to study statistical properties of non-uniformly hyperbolic systems (see [2], for ex-
ample). Let T: X — X be a dynamical system defined on a Lebesgue space (X, By, m).
Let Ag € Bx be a base set such that m(Ag) > 0. Let P be a countable mod 0 partition
of Ap, such that, for all w € P, T'|w is invertible and there exists a return time function
R: Ag — N, constant in each element of P and such that 7% (w) is a union elements of P.
We define the induced system T' = T®: Ag — Aq by T'(z) = TE®)(z). It is well known that
if yo is a T-invariant probability measure, then, assuming that R € L'(uo) (which we do
throughout), its saturation defined by pu(A) = >0 po({R > j} N T (A)) is T-invariant.
Note that R is not necessarily the first return to Ag. We consider a measurable observable
function ¢ : X — R and consider the potentials @, ® : Ag — R defined by

ple)=  max |p(T/(x)|  B@)= D |p(T())

j:07"'7R('r)_1 j:07...7R(.r)_1
We start by considering the induced stochastic process Xg, Xi,... such that X; = @ o

TJ. Assume the existence of normalising levels (u,(7))nen as in (2.16)), i.e., such that
limy, 00 npo(@ > up (7)) = 7, for all 7 > 0. Then, for each n € N, define F,, : X — R as

Fo() = uy ' (|p()]) 2

o (2)]
Let d = 1 and define lo, lo, oo, lo as above. For x € Iy, define X[, := ||x||o0, Where x € g
is such that X = 7(x). For X € I, set |X|oo := |P(X)|5. Define the product space
. 5 - Z
I =9x=(Xj)j €l = lim |Xjloc =0 (4.9)
|00
For x € I,*, we define
|x|* := sup |X;|oo-
JEZ
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and the complete metric defined on I%_ \ {o0} (0o denotes the only element of [o,* such that
|oo|* = 0) given by:

+ 1 1
d'(x,y) = (supd(fcj,yj) A 1) V| —

JEL x[* |yl*

We define the quotient spaces l~§o and the respective metric cz*, accordingly. We embed the
finite product space loon into the infinite product space " simply by adding a sequence of

5o before and after the n entrances of the elements of I, and write 7*((X1, ..., %)) € I%,
for the projection of the natural embedding of (Xi,...,%X,) into I}, to the quotient space
.

We define now the new point process N, as a random element of A # of boundedly

R xl5\{oc}
finite point measures on R} x %\ {oc}. For j € Ny, we consider

X = 7 (Fa(T9 (@), Fo(T(T (@), .., Fu TR (T ()] € Ui

and define

o

Ny = ;5(1'/1%,7?*(5(@1)%,,..,5(””1))' (4.10)
Note that these point processes have in the time direction the information gathered by
the induced dynamics T (as with N,, defined in (3.33))) and, at each recorded time event,
Xj includes the information regarding the excursion performed during the induced time
by the original dynamics 7. In order to obtain the convergence of these point processes,
we need to adapt the previous conditions and definitions, which assumed that ¥V = R? to
the present situation where V = l.. In particular, for the definition of the transformed
anchored tail process, we assume the existence of a process (Y]) jez € 5 satisfying the
following assumptions:

1 /-~ - - B -
L (7_ (Xrn+87 .- "XTn+t) ’ |Xm|oo >T 1> m L ((Yj)j=8,~-,t) )

for all s <t € Z and all 7 > 0. Note that

X loo >7 1 max 1/up (J(TH (T (2))]) > 77
j=0,...,R(T™n (z))—1
< min U (lp(TH (T (2)))]) < 7 & @(T7 () > un(T).

j=0,....R(T™ (z))—1

The transformed anchored tail process is then defined by

L ((Zj)jeZ) =L ((Yj)jez sup Yoo < 1) : (4.11)
j<—
whose spectral decomposition is given by
Ly = | sup \Zj|oo , Qj =L  forall jeZ. (4.12)
jEZ Ly

Let Q = (Qj)jez, which can be seen as a random element in $* = {x € I%: |x|* = 1}
(and thus of the form (Q; ,)jezrez). Observe also that conditions [I,,, [Ty ~also need to
be adapted. Namely, the sets H; € Fy in the definition of .% in have to be taken as
sets of the form H j as defined in .
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Proposition 4.8. Let T' : X — X be a dynamical system and consider an observable
Junction : X — R. We assume that T' admits an induced system T’ : Ag — A as described
above and such that T' is uniformly expanding. We assume that the adapted conditions I, ,
,Z[;n are satisfied and, moreover, the transformed anchored tail process given in (4.11)) is well

defined. Consider the N defined as in (4.10)), then N, converges weakly in leixf* \{0} to
0 oo VL=

the Poisson point process N*, which can be written as:
[o¢]
N* = 26(Ti’UiQ¢)’ (413)
i=1
where (T;)ien and (U;)ien are such that ;2 d(r,u,) 18 a bidimensional Poisson point process
on Rg X R(T with intensity measure Leb x 6 Leb and (Q.);en is an i.i.d. sequence of random

—~i

elements in S* such that each Q@ has a distribution given by (4.12)). All the sequences
(T3)ien, (Ui)ien and (Q.)ien are mutually independent.

il

The proof of this result follows as in the proof of Theorem with the necessary straight-
forward adjustments.

4.4.1. Functional limit theorem with clustering through inducing. The point process con-
vergence given in Proposition allows to easily obtain the conclusions of Theorems [2.10
and as they were obtained in Sections and from the convergence of the point
processes stated in Theorem

However, in order to obtain the conclusions of Theorem from the convergence of the
point processes, as we did in Proposition [£.4] one needs to add an extra condition to ensure
that projection of the information registered during the inducing period does not pile up to
create discontinuities in the sum. Essentially, we need to forbid the accumulation of many
very small contributions which add up to have a significant impact on the sums: the sums
should be mostly influenced by heavy tailed observations corresponding to entrances of the
orbit near the set M, where ¢ is maximised. Namely, we assume that, for every j € Z,

L (foéf;g; {poT™ >un(r)}, ﬁ {poTm ' < un(T)}> —L(2(22))) @1
=1

where a,, is as in and the function ¥: Iy — R, to each x € [y, assigns Y(x):= Zjez xj,
where x = (..., z_1,%0,1,...) € lp is such that X = 7(x). This condition guarantees some
sort of tightness so that the aggregate effect of the excursions performed during the induced
periods is completely captured by the sum of the entrances of each component, Zj, of the
transformed anchored tail process.

In order to illustrate the adjustments needed to be performed to obtain the conclusions of
Theorems and from the point process convergence stated in Proposition [4.8
we will consider the most complicated case regarding the functional limit for sums. The
excursions here have two levels: one corresponding to the clustering observed for the induced
system (see the middle term of (4.15) below) and the digression performed during the
induced period (see the last term of (4.15)): our time parametrisation v(¢) thus runs through
the contributions from the induced observable, which are added when v () is an integer, and
the excursions during the inducing time, which are added when v(t) is between integers.

Theorem 4.9. Let T : X — X be a dynamical system as in Proposition [L.8 such that

N}, defined as in (4.10), converges weakly in NRgxigo\{@} to the Poisson point process N*,

described in (4.13). Let M C X be such that u(M) = 0 and p: X — R be such that
o(x) = g(dist(xz, M)), where g is of type ga and condition (2.20) holds, with 0 < o < 1.
Assume also that condition (4.14) holds. Then S, defined in (2.21) converges, in F', to
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V= (V,disc(V),{e} }sedisc(vy), where V is an a-stable Lévy process on [0, 1] which can be

written as
viy= > D U “%(Qi)

Ty <p(Ao)t JEL
and the excursions can be represented for t € [0,1] by

T

_1 ~ _1
O =VT)+U; " > SQ)+U T Y Qe (415)
J<lv(®)] k< v(v(t)—[v(t)])]
where (Qj jx)ieN,jezrez 1S @ Tepresentative of Q” = E(Q”) and (Qi,j)ieN,jez, (T3)ien,
(U;)ien are as in Proposition .
Remark 4.10. This result can be generalised to include the cases 1 < o <2 and d > 1 as
we did earlier.
Proof. We start by defining a projection T : Nﬂzixf* \ (o0} — F'([0,1],R%). Suppose we are
0 oo \ 122
giveny = >, O, x,) € ./\/g:xl; \{oo] At time t; we have x; € I5 . let (..., % 1, Xi0,Xi1,-.-)
= 0 oo \1I&X2
be a representative of this in %, and for each i,j € Z let (..., -1,%i;0,%ij1,...) be a
representative of X; ; in lo. Define

[v(®)]-1
é(t) = Z Y(E(xiy ) + Z E(4, | n)) i)y (t) = Zé?(l)
j=—o00 < v((t)—v®)])-3)] tist

and S* = {t;};. Finally, set efi = z(t;) + €& and let Y(v) = (x, 5%, {e’ };). Following the
same steps as in the proof of Proposition and using condition (4.14) to guarantee non-
degeneracy of the limits of the sums calculated during the induced excursions we obtain that

Y(N}) =V, = (Va,disc(V,), {eg }) converges in F' to T(N*) =V = (v, disc(f/),{ef—/}),
where

and the excursions (defined in D, which allows time deformation) are as in (£.15)).

We define the n-the return time R,,: Ag — Nby R, (z) = Z;-:Ol RoTV(x) and the occupation
times N,,: Ag — N by N,(z) = max{j € Nyo: R; < n}. By the ergodic theorem, we
have that R, /n — [ R dug = u(Ao)™!, a.e. As a consequence, we obtain a strong law
for the renewal process, which implies that N,/n — u(Ag), a.e. and, in fact, we have
SUP¢e[0,1] |NLtnj /n - tM(A0)| m} 0, a.e.

We produce a time change to the process V,, in order to approximate S,. Namely, we
consider the sequence random elements of F' denoted by V,, = (V,,,disc(Vy), {e}, }), where

Va(t) = Va(u(Ao)t), s € dise(Vy) iff n(Ag)s € dise(Vy,) and ey, = e“f/(Ao)s. Note that clearly,
V., converges in F’ to V given in the statement of the proposition.
By a Slutsky argument, the conclusion follows once we prove that

dp(Sn, V) —= 0 in probability.

Note that the excursions of V, keep track of all the oscillations of .Sy, except for a possible
discrepancy near t = 1, where there may be a lack or excess of data. Away from t = 1,
for n large enough, since D allows for time deformation, the distance in F’ comes from
the projection into the E component. But since the excursions keep all the information,
then the range of values in vertical direction will coincide and the distance between the
graphs will result from the time component. The time correction needed to align the graphs
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comes from two sources. One is deterministic and results from the fact that the clock of S,
moves at steps 1/n while the clock of V,, has a step size of 1/k,. This means we need to
match intervals [ir,/n, (i + 1)r,/n) and [i/ky, (i + 1)/k,), whose time gap is bounded by
2k, /n. In fact, ir,/n < i/k, and i/k, —irp/n < i/k, (1 — |n/k,]/(n/k,)) < kp/n. The
second is random and depends on the distance between N|,,;| /n and p1(Ag)t, which converges
uniformly in ¢ to 0, p-a.e. Near ¢t = 1, we have to consider also possible mismatches resulting
from the fact that n — k,r, = O(1/ky), which means that, besides the time contributions
for dpr already considered earlier, we need to consider differences in the vertical range that
(19 (2))
an

are bounded by Z?:knrn 41 , which converges to 0 in probability. O
4.4.2. Application to the Manneville-Pomeau case. We apply these tools to the LSV maps

T, defined in (2.7). Recall that, for v € (0,1), the map 7 has an invariant measure .,

absolutely continuous with respect to Lebesgue such that its density h, = % is Lipschitz

on any interval of the form (e, 1] and lim,_,o % = Cp > 0 (see [46], for example). Consider
the canonical inducing domain Ay = (1/2,1] and define R : Ag — N as the first return
time, i.e., R(z) = inf{j € N: TJ(x) € A¢}. As before we denote by pg the restriction of
fiy to Ag. The induced map T: Ag — Ag given by T, = Tf(m) (z) qualifies as a Rychlik
map and therefore it has exponential decay of correlations of BV functions against L', so
conditions /I, ,Hgn can be shown to hold by adapting the argument used in the proof of
[30, Theroem 4.3]. With the application to heavy tailed sums in mind, for definiteness we
assume that @: [0,1] — R is such that ¢(z) = |z — ¢|7%/*, with 0 < a < 1 and ¢ the
period two point belonging to Ag. The fact that the inducing map has such nice mixing
properties allows us to apply Proposition where Q; = (...,50,50,Ko,Ki,Ka,...),
Kj = (...,00,00,%/,00,00,...) and x = DT,?((:). The computation of this transformed
anchored tail process follows the exact same argument used in Appendix The fact that
all entries but one are oo in Kj results from the canonical embedding and from the fact
that during the induced time the orbits are always outside Ag, which means that they are
at fixed distance from ( and therefore the normalisation dictates that oo should appear for
the corresponding limits (see also Appendix for an argument on how the normalisation
leads to oo for points at a fixed distance from M).

We focus now on condition (4.14). Notice that if |¢(0) > 0, then, for an high value u, the
set
R(z)—-1
reNo: Y |e(T(x)) >up =A,UB,
i=0
is the union of two intervals. One corresponding to a small neighbourhood of ¢, A, = (¢ —

Ou, ¢+ 0"), where the value of ¢ is already sufficiently high and the other corresponds to an
interval of type B, = (1/2,1/2+¢,) because T,,(1/2) = 0 and since DT, (0) = 1 this means

that the orbit will linger for a very long time near 0 so that the sum Zf:(g)_l lo(T(z))|
will add up [¢(0)] so many times that it will ultimately exceed the level u. The shape
of the observable near ¢ dictates that po(A,) = O(u™%). We note that pg is equivalent to
Lebesgue measure on Ay, in the sense that its density is bounded above and away from 0 (see
[55, Lemma 2.3|). Using the same computation as in the proof of Theorem 1.3 of [37], one
obtains that jio(B,) = O(u~'/7). Now, since a < 1 < 1/, then clearly po(B,) = o(uo(Ay))
and therefore condition is satisfied.

Note that we could consider 1 < a < 2, but in order to guarantee that still holds
when v € (1/2,1), we would need the extra assumptions: (0) = 0 and p(z) < Cz? for
some 3 > v — 1/2. These would still guarantee that po(B,) = o(uo(A4y)). (See proof of
Theorem 1.3 of [37]).
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As in Example we can also consider an oscillatory behaviour creating overshooting by
considering M = {¢, T, (¢(} and the corresponding observable ¢ (z) = |z — ¢[~V/* — |z —
T,Y(C)|_1/°‘, where ( is as above. For simplicity, we assume that 0 < o < 1, so that in a
similar way we have that condition is easily satisfied. In this case, to describe Q;, we
consider the random variable E; taking values in {—1,1} and such that o

g U] > 0 Ag)
Bl =1 = o = > )

In a similar way to the computation of the transformed anchored tail process in Appen-
dix [D.2 we obtain that Q; = (..., 0, 50, Ko(E;), K1 (E:), Ka(E;), ...), where

Kg(—l) =(...,00,00,—1,00,00,...)
Kj(—l) =(...,00,00, (—1)2jxj;1xji_1, (—1)2j+1xj_1xji, 00, 00, . . .)
Ko(l) = (...,00,00,1, x1,00,00,...)
K;(1) = (-...00,00, (=1 i ()P xd oo, 00, )
with x1 = DT, (¢) and x—1 = DT, (T(¢)). The resulting excursion is:

. . . —1/a
) = VI + U7 E(-1) (Xpl/zj—(Em)/zuX|1u/2J+<Ei—1>/2|+) /e

0<j<|v(®)]
where t € [0,1] and | - |4 = max{0, -}.

ApPPENDIX A. COMPLETENESS AND SEPARABILITY OF THE SPACE F’

As in Whitt’s space FE, there are two natural metrics to use for the £ component of our
space I’. These are denoted mg and m}, (see (2.10) and (2.11])). We keep the same metric

on the D part.

Lemma A.1. D with the sup norm is complete.

Proof. Let x,, € D define a Cauchy sequence w.r.t. |- |c. Then set z(t) = limy, 00 T ().
Note that U,disc(z;,) is an at most countable set. Observe also that in this metric (unlike
M say), each discontinuity ¢ of z must correspond to a limit of discontinuities (), of
(zn)n (indeed we can take a sequence (t,), which is eventually constant). So z must have
at most countably many discontinuities disc(x). The fact that = is continuous on the right
of the discontinuities follow from the continuity of x,, on the right. Hence = € D. O

Lemma A.2. D is separable and complete.

Proof. Completeness follows since D with the sup norm is complete: if [z,] € D gives a
Cauchy sequence then there are y, € [z,] such that (y,), is Cauchy in D with the sup
norm. Then the limit y, which exists as in Lemma defines a class in D.

Separability follows since the set of piecewise constant Q-valued functions in D with rational
discontinuity points (the discontinuity points can be any countable set here) is countable
and defines a set of equivalence classes which is dense in D. O

As shown in |79, Theorem 15.4.3|, (E, mg) is separable, and in [79, Example 15.4.2] this
space is not complete. On the other hand for (E,m};) is complete, but not separable.
Assume we are dealing with real-valued functions rather than R%valued for d > 2.
Proposition A.3. (a) F' with the mg-metric on the E-component is not complete, but

is separable.
b) F' with the m*%.-metric on the E-component is complete, but is not separable.
E
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Proof. (a) [79, Example 15.4.2] would not give a convergent sequence in F’ since we would
not be able to get convergent excursions: there are large jumps in adjacent terms of the
sequence which cannot be matched up. Hence we need an alternative example for non-
completeness.

For each n we define

_Jna ifzelo,d)
¢”(x)_{1 if o € [1,1]

Also let, for each k € N, x,1, ..., 2 ntk be the set of n+k points in [2%, 21%1] so that these
points, along with the boundary points, are equidistributed through this interval. Define
Enk = 2k+2 Then define

oo n+k
In = Z Z Pn - ]l[ka,z‘*ffn,k,mk,ﬂren,k)'

k=1 i=1
Then S, = {wk; *-€nk }rn and the excursions are for example ¢n(Tx; — k) - 1j1/2,1] at the
points xy ; — €y % and ¢p(Tg,i +enk) - Lo,1/2) at the points xy, ; + &5, &, producing an element
z,, € F' (note the damping effect of ¢, ensuring that holds). Then (z,), is Cauchy
with the m-metric, but this sequence does not have a limit in F’ (eg the graph of the limit
would have to be [0,1] x [0,1] as in [79, Example 15.4.2]). Hence the space is not complete.

To show separability, we use the usual approximation by objects with rational coordinates.
As shown in 79, Theorem 15.4.3|, the E-part of the space is separable. We then use
Lemma to give separability of the excursion part.

(b) Completeness follows from the E-component being complete as in [79, Section 15.4],
which is the same type of argument as completeness in D (see Lemma ) and D since this
is uniform convergence. The latter facts give convergence to a limit in D for the excursions
also.

Non-separability of E (with m*) implies the non-separability of F’: in fact this is the same
type of argument as for D. Note that for non-separability it is sufficient, for a given positive
distance, to find an uncountable collection of elements of the set all at least that distance
apart. So for example for D, {H[a,l]}ae[o,l) are all distance 1 apart in the m* metric. O

Remark A.4. [79, Example 15.4.2] would not give a convergent sequence in F” since we
would not be able to get convergent excursions. Hence we needed an alternative example
above for non-completeness.

Remark A.5. We recall that as described in [79] Section 11.5.2] for the space D, the hierarchy
of the Skorohod’s topologies dictates that convergence in J; implies convergence in My,
which in turn implies convergence in Ms. In the richer space F, after embedding, the M
metric actually corresponds to the mpg metric. Moreover, as observed earlier, convergence
in F’ implies convergence both in E and F, when endowed with the corresponding metrics.

APPENDIX B. WEAK AND WEAK# CONVERGENCE

The purpose of this section is to review notions of convergence of measures on the metric
spaces lo and ly. We are particularly interested in weak convergence of probability measures
and, since we want to consider point processes which are random elements corresponding
to boundedly finite measures, we are also interested in weak? convergence. Recall that [

and [ are complete, separable, metric spaces, which are not locally compact and therefore
vague convergence is not useful here. We remark that weak” convergence is equivalent to
vague convergence when the ambient space is locally compact (see [I7, Appendix A2.6]).

The Portmanteau Theorem (see for example [I12, Theorem 2.1]) is the following.



ENRICHED LIMITS FOR DYNAMICAL SYSTEMS 49

Theorem B.1. Given a metric space, the following conditions are equivalent to weak con-
vergence of Borel probability measures.

(1) limy, o0 [ fdPy, = [ fdP, for all bounded, uniformly continuous real f;
(2) limsup,,_,.. Pp(F) < P(F) for all closed set F;

(3) liminf, oo Pp(E) > P(E) for all open set E;

(4) limy, o0 Py (A) = P(A) for all set A such that P(OA) = 0.

A set A such that P(0A) = 0 is called a P-continuity set. A class % of sets is called a
convergence determining class if the convergence lim,, o P, (A) = P(A) for all P-continuity
sets A € % implies the weak convergence of P, to P.

Lemma B.2. The class of sets j as in (3.22) is a convergence determining class for weak
convergence on the metric space loo \ {S0}.

Proof. We start by proving a claim.

Claim. For all X € Iy, \ {0} and all € > 0, there exists a P-continuity set A € ¢ such
thatx € A C A C B(%,¢).

Proof of Claim. Let z,w € Iy \ {0}. Since |||z]/oc — [|[W/oo| < ||z — W|[oo and h(z) = 1
is continuous on R\ {0}, then there exists § > 0 such that ||z — w||oc < ¢ implies that
d'(z,w) < &, where d is the metric on [ \ {0} defined in (3.17).

Let z = P(x) € lp \ {0} and let k € N be such that ||z;|| < ¢ for all |j| > k. Define

B, = () o7z, = pr2jy +p) X - X (254 = pr g + ),
lil<k

for some p < §/v/d. Let A, = P~*(B,) and let A, € ¢ be associated to A, as in
(3-22)). We choose p so that A, is a P-continuity set. We can always choose such p because
0A, C 7 (Uiez(0 ™ (Ujjj<r Ve {W : lwj,, — 2;,.] = p}))), which means that each dA, can
intersect at most countably many other such sets. Therefore, there is an uncountable number
of disjoint sets 0A,, for 0 < p < 6/ v/d, and since there cannot be an uncountable number of
them with positive probability, at least one of them must have 0 probability, which means
one of the A, is a IP-continuity set.

We claim that A, C B(%,¢). To see this, let w € I be such that W = 7T(W
definition of A, we must have o‘(w) € A,, for some ¢ € Z. Hence, P(c'(w)
B,, which means that ||P(x) — o‘(P(w Do < 6 and therefore d'(P(x ),O‘E(P w )
follows that, by definition of the metric d’ on Iy, given in (3-21), we have d(P(x),P
and hence d(%X,w) < ¢. O

I
q\/

Let E be an open set. By the claim, for each x € E there exists a P-continuity set Ace j

such that x € A C A C E. This means we have an open cover of E by sets A where
Ae / is a P-continuity set. Since on a separable metric space (such as I, \ {50}) each
open cover admits a countable subcover (see [12, Appendix M3|, for example)then there

exists a sequence ([li)ieN such that each A4; € _# is a P-continuity set, A; C E and,
moreover, E C UieNfgli, which means that F = UieNfli.

We are assuming that limnﬁoojpn(gl) = IP’QA) for all P-continuity sets A € j . Since j is
closed for finite unions and (AU B) C dAU B (see [I7, Proposition A1.2.I]), we have that
U™, A; € 7 is a IP-continuity set and therefore

lim P, (UM, A4;) = P(UR, A).
n—oo
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Since F = UjenA;, for € > 0, let m € N be such that P(U™, A;) > P(E) — &. Then,

P(E) — e < P(UM,4;) = lim P, (U, A;) < liminf P, (E).
n—oo n—oo
Since the last inequalities hold for all £ > 0 then
P(E) < liminfP,(E), for all E open

n—00

and therefore by Theorem , P,, converges weakly to IP. O

In order to study point processes, we need to consider o-finite measures taking finite mea-
sures on bounded sets. Namely, we define:

Definition B.3. A Borel measure i on a complete, separable, metric space is boundedly
finite if ©(A) < oo for every bounded Borel set A.

Let X denote a complete, separable, metric space such as Iy, \ {0}. We denote by /\/lﬁ the
space of boundedly finite Borel measures on X'. Following [I7, (18], we consider a notion of
convergence in Mjﬁ called the weak hash or weak™ convergence, denoted by pig, —,,# i which
can be defined by any of the following equivalent conditions (see [I7, Proposition A2.6.11)):

(1) limg oo [ fdpx = [ fdp for all bounded continuous functions f defined on X and
vanishing outside a bounded set;

(ii) There exists an increasing sequence of bounded open sets B,, converging to X’ such
that if u,(cn) and 1™ denote the restrictions of the measures ju, and p to By, respec-
tively, then ,u,gfn) converges weakly to u(™, as k — oo, for all n € N. Note that ,u(n)
and p(™ are not necessarily probability measures, so when we say that there is weak
convergence we mean that either and from Theorem apply or and
apply with the extra assumption that limg_, ,u,(cn)(Bn) = u"™(B,), for all n € N,

(iii) limg—yo0 tx(A) = u(A) for all bounded Borelean A such that p(9A) = 0.

Similarly to Lemma [B.2] we show that in order to prove weak# convergence on I \ {=},
we only need to check hm/zwcﬁoo px(A) = p(A) for all bounded, p-continuity sets A € _#, as

in property |(1 -

Lemma B.4. The class of bounded sets in j is a convergence determining class for weak?
convergence on the metric space loo \ {30}.

Proof. Suppose g —y# pt. For all a > L, let # 2 B, :={x €V’ 1/a < |xo| < a} and
B, € / be associated to B, as in . Observe that d(%, w) < a—1/a, for all &,% € B,.
Since there are uncountably many sets of the form B, and 0B, C {x € VZ. 1/a =
lzo|| or ||zo|| = a}, then we can find a strictly increasing, diverging sequence (ay)nen, such
that By, := By, is such that (0B,) =0, for all n € N.

Hence, (By)nen is an increasing sequence of bounded, open, p-continuity sets converging
to Ioo \ {0}. Note that by hypothesis we are assuming that limj_,eo ui(A) = u(A) for
all bounded, p-continuity sets A e j and therefore that applies to all the B,, namely,
limy oo uk(Bn) = u(Byp). Therefore, we can apply to prove weak convergence of ,u,(cn)
(the restriction of y, to By) to u(™ (the restriction of p to B,), which was the main tool

used in the proof of Lemma It follows then, by assumption and Lemma that ,u(n)

converges weakly to (™), for all n € N and, by |(ii)| we obtain the weak” convergence of py,
to . O
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APPENDIX C. CONVERGENCE OF POINT PROCESSES ON NON LOCALLY COMPACT SPACES

We closely follow [I7, Appendix A2.6] and [18] Sections 9 and 11|. As before, let X be a
complete separable metric space. The notion of weak™ convergence is metrizable, in the
sense that Mﬁ admits a metric generating what the so-called w#-topology so that the

weak# convergence corresponds to convergence in the w#-topology. Denote by B (Mﬁ) the
corresponding Borel o-algebra. A random measure is a random element in (Mﬁ, B(./\/lﬁ))
A point process N is an integer-valued random measure. Let N j denote the space of
boundedly finite integer-valued measures. We have that A\ /75 is a closed subset of Mjf (18
Proposition 9.1.V]) and let B(N j\f ) denote the corresponding o-algebra for the w#-topology.
We remark that p € N;f has the following form ([18, Proposition 9.1.11I|):

= Z ki0z,, where d,, is the Dirac measure at distinct z; € X, and k; e N. (C.1)
1€N
For any u € N ﬁ given by (C.1|), we define its support counting measure p* as:
pr=Y " 0a, (C.2)
1€N
The boundedly finite measure u € N jf is simple if and only if 4 = p*, which is equivalent
to say that k; = 1 for all ¢ € N.

Now, we give formally now the definition of point process.

Definition C.1. A point process N on state space X is measurable mapping from a
probability space (2, 8,P) into (Nﬁ,l’)’(./\/f)) A point process N is said to be simple
if P(N({z}) > 1) =0, for all x € X. To each point process N on state space X we denote
by N* the corresponding support point process obtained from N as in (C.2)).

Let (Np,)nen be a sequence of point processes and N another point process, all with state
space X. We say that N,, converges weakly to N, when the respective distributions P,

defined by P,(A) := P(N, € A), for all A € B(N;f)), converge weakly (in the sense of

weak convergence of probability measures on the metric space J\/’f) to the distribution P
associated to N.

Tightness is a very useful property which gives relative compactness and ultimately weak
convergence. We state two conditions that are necessary and sufficient to show that a family
of probability measures {P;, t € T} is uniformly tight, see [18, Proposition 11.1.VI|. Given
any closed sphere S C X and any €, >, there exists a real number M and a compact set
C C S such that for t € T,

Pt(Nt(S) > M) <€, (C3>
Pt(Nt(S \ C) > (5) < €.
We remark that if X was locally compact, (C.4) would be unnecessary.

Based on these criteria for tightness, in [I8, Proposition 11.1.VII] it is shown that weak
convergence of N, to N follows from the convergence:

(Nn(A1), -+ No(Ag)) = (N (A1), ..., N(Ag)),

of joint distributions as random vectors in R¥, for all finite collections {Ay,..., Az} of
bounded continuity sets A; € By, for all i = 1,...,k and all K € N. Here, continuity set
means that N(9A4;) =0 a.s.

When the limiting point process is simple, a simpler criterion for convergence can be used.
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Proposition C.2. Let (Ny)nen be a sequence of point processes on the state space X and
let N be simple point process on the same state space. Let R be a covering dissecting m’ngﬂ
of continuity sets of X. Then, N, converges weakly to N if the two following conditions
hold:

(1) limy, 00 P(Ny,(A) = 0) = P(N(A) = 0) for all bounded A € R;
(ii) for all bounded A € R and a nested sequence of partitions T, = {Ap;: i =1,...,k.}
of A by sets of R that ultimately separate the points of A,
ki
inf lim su P(N,(A.) >2)=0.
o Hoop; (Nn(Ari) > 2)
Alternatively, we may replace condition by the following:
(1I) lim,, oo E(N,(A)) = E(N(A)), for all bounded A € R.

Remark C.3. This proposition is very similar to [I8, Proposition 11.1.IX]. However, note
that the corresponding statement to our condition namely [I8 equation (11.1.4)], is
incorrectly stated there. Essentially, this condition is supposed to require that there is no
accumulation of mass points as the point processes approach the limiting point process.
This is related to a property called ordinary in [I8, equation (11.1.4)], which is then used
in the proof of [I8] Proposition 11.1.IX]. When one observes the condition giving the notion
of ordinary point process one realises the need to use the infimum over all partitions, as we
did in which contrasts with the use of the supremum over all partitions used in [18]
equation (11.1.4)].

For completeness we redo the proof of [I8, Proposition 11.1.IX], correcting this typo. We
also extend the result by showing that condition |(II)| can be used to replace condition
when trying to prove weak convergence to a simple point process.

Proof. We closely follow the proof of [I8, Proposition 11.1.IX]. At the core of the proof
this proposition is a result attributed to Rényi and Monch, see [18, Theorem 9.2.XII|, which
states that the distribution of a simple point process on a complete separable metric spaces X
is determined by the values of the avoidance function Py on the bounded sets of a dissecting
ring R for X, where P, is defined by:

Py(A) =P(N(A)=0), for AeR.
We are then left to show that the family {P,: n > ng} is uniformly tight and that the limit
of any convergent subsequent is a simple point process, where P,, is the distribution of the
point process N,,.

Assuming that holds, let A be a closed ball in R. Observing that {N,,(A) > k,} implies
{Nn(A;;) > 2}} for at least one i, then

kr
D P(Nu(Ar) > 2) = P(Nn(A) > k).
=1

Note that the sum on the left is non-increasing with r. Hence, given € > 0, by there is
an ro such that Vr > ro, we have limsup,,_, . Zf;l P(N,(A;;) > 2) < e. In particular, there
exists ng € N such that for all n > ng, we have P(N,,(4) > k,,) < Zf;“l P(N,(A4ryi) > 2) <
e. Therefore, choosing M > k,, large enough, we have P(N,(A) > M) < ¢, for all n € N,
which means that holds.

4 dissecting ring is a ring generated by finite unions and intersections of the elements of a dissecting
system, which consists on a nested sequence of finite partitions of the whole space that eventually separate
points. See [I7] Appendices A1.6 and A2.1] for further details.
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Now, we verify that the same happens when we assume |(I1I)| instead of Using Cheby-
shev’s inequality, we obtain for all n € N

E(NA(S))

P(Na(S) > M) < ==

By [(IT)| there exists K € N such that E(N,(S)) < K, for all n € N. Therefore, taking M
sufficiently large so that K /M < e, we obtain that P(N,(S) > M) < ¢, for all n € N and,
therefore, holds.

We next show that |(i)| implies which can be restated here in the following form: given
e > 0. there exists a compact set C' such that P(N,(S\ C) =0) > 1 —¢, for all n € N.
We choose C' so that for the limit distribution (which corresponds to that of a simple point
process), we have

P(N(S\C)=0)>1—¢/2.

From (i)} we have that lim,,_,o P(NV,(S\C) =0) =P(N(S\C) = 0), from which we obtain
that P(N,(S\ C) = 0) > 1 — ¢, for all n sufficiently large and, by taking a larger C if
necessary, for all n € N, which means [C.4] holds.

Since, both conditions and hold then N,, admits a weakly convergent subsequence,
say (Np,)een, which converges weakly to N. By we have

P(N(A) = 0) =P(N = 0),

but we still do not know if N is simple, hence this only gives us that N and N* have the
same distribution, where N* is the support point process associated to .

Hence, we are left to prove that both and imply that N is simple, i.e., N = N*, a.s.

Note that for all r, we have

inf > "P(N(Ay) > 2) <inflimsup » P(Ny(Ari) > 2) = 0.

o 7;‘ n—oo .
=1

This means that the point process N is ordinary, as defined in [18 Definition 9.3.XI], and,
therefore, by [18, Proposition 9.3.XII|, N is simple.

Now, assuming instead, we have for all bounded A € R,

E(N(4)) = B(V*(4)) < E(V(4)) = lim E(Ny,(4)) = B(N(4)),

which means that E(N*(A)) = E(N(A)) for all bounded A € R, which implies that N must
be simple. O

Remark C.4. In fact, since given any sequence of positive random variables (X,,)nen con-
verging in distribution to X, we have liminf, ,, E(X,,) > E(X), then we can strengthen
Proposition [C.2| by replacing [(IT)] by the condition lim sup,,_,, E(N,(4)) < E(N(A)), which
actually only need verifying for all bounded sets in semi-ring generating R.
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We consider now the particular case where X = R} x I, \ {c0}. In this space, we consider
the ring R and its subclass of sets Z defined by:

R::{UJgXAgi m € N, Jg:[ag,bg), andflgeﬁ}; (C5)

(=1

ZZZ{UJEXAW m €N, Jy = [ag, by), and;lgej}. (C.6)
/=1

Lemma C.5. The conclusion of Proposition holds if the conditions are verified only
for all bounded sets of T.

See related results in [49] (for example Theorem 2.2).

Proof. We focus on the condition [(i)} which is the strongest. The others follow easily as one
can already guess from Remark The statement follows from the fact that j is closed
for unions and then using the inclusion exclusion formula, one can write the probability
involving any set A, € 7 using the probability of events involving only elements of j .

For example, assume that A; = By N Dy, where By, D; € j Observe that
P(N (UL Jp x Ag) = 0) =P (N(Jy x (By 0 Dy)) =0, N(UE,Je x Ag) =0)
—Pp (N(J1 x By) =0, N(UL Jy x Ag) = 0)
4P (N(J1 x Di) =0, N(U, Jp x Ag) = 0)
_p (N(J1 x (BiUDy)) =0, N(U Jy x Ay) = 0) ,

which means that all events on the 3 last terms correspond to the value of the avoidance
function over sets of Z, as we wanted. In the same way, if A, =B \[)1, for By, D; € j, for
example, we could use the fact that P(N(A;) = 0) = P(N(B; U D;) = 0) — P(N(D;) = 0)
and obtain a similar formula for the avoidance function using only sets in Z as we did above.
Hence, we have just shown that we can handle unions, intersections and exclusions of sets
of j . Noting that A, € # can always be written by using a finite number of these set
operations involving elements of j , the conclusion follows. O

APPENDIX D. COMPUTATION OF THE TRANSFORMED ANCHORED TAIL PROCESSES FOR
THE DYNAMICAL EXAMPLES

Section [2.2) gave concrete dynamical examples where the theory in this paper holds. As
noted in the discussion after Theorem previous work shows that many of the required
conditions hold. In this section we fill in the missing proofs by showing that the transformed
anchored tail process is well-defined for observables whose norm is maximised at periodic
points. Note that the existence of the limit in follows from a simpler version of the
ideas here.

D.1. Applications to observables maximised at hyperbolic periodic points for
general 1D systems. Recall that we are dealing with an acip ¢ and that for our periodic
point ¢ we are always assuming that the density exists and is bounded, say % =D € (0,00).
For definiteness assume that we are dealing with a non-invertible map, the observable is
as in (2.6), M = {¢} and ( is a repelling fixed point (therefore p = 1). In this case
the process (Yj);ecz is such that, for some s € Ny, we have Y; = oo, for all j < —s and

. DT (©
Yj = U-||[(DT.) ()| 2R (9)

m, for all j > —s, where U is a uniformly distributed random
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variable on the interval [0, 1] independent of ©, which has a uniform distribution on Sd-1
and (DT); denotes the i-fold product of the derivative of T" at ¢ (which is invertible since
we are assuming that ¢ is repelling).

This clearly satisfies f for the transformed anchored tail process, so we need to show
@, ie.,

L (ixzn +8,rn+t

1%, > unm) s L (V)i ).

n—oo
forall s<teZ and all 7 > 0.

Without loss of generality we assume that g is positive in a neighbourhood of ¢, so | X, ()| >
un(7) can be written g (dist(7""(z),()) > un(7r). From (2.16) we see that asymptoti-

cally un(1) ~ ¢ <(&)1/d>, where C = DL¢ for L = limrﬁow (this exists in
the cases considered here). In this section we will assume that this is an equality since

all our estimates are asymptotic in n, so similarly u,'(z) = Cn (g‘l(z))d7 where we
will also assume this is well-defined. Since we are assuming that || X, (z)| > u,(7), let

v < 1 be such that ||X,, (z)|| = un(v7T), which translates as dist(7"(z),() = (%)Ud

Using the linearisation domain around the fixed point ( from Hartman-Grobman theory,
: rn+k ~ (YT 1/d k _ égl(TTn(x)) c
dist(T (2),¢) ~ (&) (DT)*(w)]], where w = oI @ @) and ®¢ is as in (2.6)). It
follows that
T\ 1/d (DT )*(w)
%o~ a (o) IOT W) D
v (c) ‘ (DT (w)]

from which we find

U (X k(@) X, k(@)
T 1Kok ()]

All of these asymptotics become equalities as n — oo. The fact that 7" (z) is cho-
sen according to the invariant measure p on the small neighbourhood By-1(y, (r))(() =
{|| X+, (z)]] > un(7)} of ¢ and the fact that p behaves asymptotically like Lebesgue mea-
sure on small neighbourhoods of ¢ give that the finite Yjs are indeed of the form re-
quired. The infinite terms appear because, due to the repelling nature of (, the en-
trance of the orbit of =z at time r, in Bg—l(un(T))(C) can only be preceded by a finite
number, s € Np, of consecutive hits to By-1(,,(r))(¢). But then Tr=571(z), for exam-
ple, must belong to neighbourhood of T~1(¢)\ {¢}, which are at a fixed distance from (: let
c = dist(¢, T71(¢)\{¢}) > 0. Then for n sufficiently large we have dist(7""~*~1(x),() > ¢/2
and hence u; (|| X, —s—1]]) ~ Cn(c/2)%, which clearly diverges to oo as n — oo.

(DT)"(w)
I(DT)*(w)ll

~ | (DT)* (w)|*

In the invertible case, for the toral diffeomorphisms considered, we have T—!(¢) = ¢ and

: _ j d_(DT) ()
hence for all j € Z, we have Y; = U - ||(D1¢)?(©)|| H(’TZW’

We observe that if instead ¢ were a periodic point of period ¢ > 1 then elements of Y would

be the same as for the fixed point case, but with ¢ — 1 co terms between the entries gk and
q(k+1), for all k € Z.

Now that we understand (Y}); it is easy to see that the condition

where U and © are as above.

P(all finite @;’s are mutually different) = 1
in Theorem [2.12] is also trivially satisfied in these examples as it can be interpreted as (
being hyperbolic.

In the one-dimensional case, concerning most of the examples given in the noninvertible
scenario in Section if we consider ( as a repelling fixed point such that [DT¢| = x > 1
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then, in this case, (Y;); assumes the simpler form:
(..., 00,00, Ux7% ...,Ux" 5, U Ux, Ux?,...)

We remark that before anchoring the process to obtain (Z;);, we do not know if the extreme
observation {[| Xy, (z)|| > un(7)}, corresponding to the entrance of the orbit in By-1,,, (r))(¢)
at time r,, is the first cluster observation and s is precisely accounting for the preceding
exceedances in such cluster.

Finally, to obtain the transformed anchored tail process we need to condition the Y} on the
event infj<_; ||Y;|| > 1, which is to say that in the computation of the Y}, the exceedance
occurring at time 7, is indeed the first exceedance of the cluster, which means s = 0 and
therefore (Z;); is of the form

(..., 00, 00,U, Ux, Ux?...)

D.2. Particular application with overshooting. We consider now the application in
Example We start by noting that {|1)(x)| > u} = By g(cu) U B3/s(€y), where gy, &, ~
w~1/2, which means that u(|1)(x)| > u) ~ 4u~'/2. Having in mind, we take u,(7) =
1?_7212 and consequently u,,*(z) = dnz=1/2 (note that, as we did earlier, we write equalities
since all our estimates are asymptotic in n). If x € By/g(ey,, (r)) (recall that e, () ~ 7/4n)
then u, ' ([¢)(2)|) ~ 4n|z—1/8|, while if € Bsg(y, (r)) then uy, *(J1(z)]) ~ 4n|z—3/8|. For
simplicity, let 0 < v < 1 be such that | X, | = uy(v7), which translates as [T (z) — 1/8] ~
vr/4n or |[T™(x) — 3/8| ~ vr/4n. Now, recalling that {1/8,3/8} corresponds to a period
two orbit, T triples distances and 1 has opposite signs on the neighbourhood of these points,

then .
~o(=1)*(=3)%,
N ]
where s = 0 if T (z) € Byg(ey,(r)) and s = 1 if T (z) € Byg(éy,(r))- All of these
asymptotics become equalities as n — co. The fact that 7" (z) is chosen according to the

invariant measure 1 = Leb on the set By 3(ey,, (r))UBs3/8(Eu, () and limy, MUBissCun(n))

B N w(|Xo[>un(T))
% = limy, oo % gives that (Z;);ez is indeed of the form required, namely,

(...,00,00,UE,U(=3)E,U(-3)’E,...),
where U in uniformly distributed on [0,1] and P(F =1) = 1/2 =P(F = —1).
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