DYNAMICAL BLANKET TIMES

NATALIA JURGA AND MIKE TODD

ABSTRACT. We introduce dynamical blanket times, which quantify how quickly the empir-
ical distribution along a typical orbit approximates the invariant measure. These can be
viewed as a measure-theoretic analogue of the previously introduced dynamical cover time,
which measures how quickly an orbit becomes dense in the space. Motivated by analogous
comparability questions for random walks on graphs, we investigate how much longer it takes
for a dynamical system to “blanket” than to “cover”.

For finite-branch, uniformly expanding interval maps, we obtain upper bounds on the
expected blanket time in terms of the spatial scale and the precision of approximation. In the
special case where the invariant measure is absolutely continuous with respect to Lebesgue,
this yields comparability between the expected blanket and cover times, uniformly across all
sufficiently small scales.

Our approach combines two main ingredients. First, we establish large deviation estimates
for hitting times which are uniform over both the target location and the spatial scale.
Second, using methods from multifractal analysis, we construct a finite discretisation of the
invariant measure which reduces the problem to a suitably controlled discrete model.

1. INTRODUCTION

Let f: X — X be a map on a metric space X, and let u be a fully supported Borel
probability measure on X. If the dynamical system (f, X, u) is ergodic, then “most” of its
orbits exhibit two fundamental properties: for p-almost every x € X,

(covering) the orbit {f™(z)}nen is dense in X and
(equidistribution)  the sequence of empirical measures {% Z?;ol o fi(x)} converges weakly
to p.

We refer to these as local statistical properties, in the sense that they concern the behaviour
of a single typical orbit. This contrasts with global statistical properties, such as decay of
correlations, limit theorems, or spectral gaps for transfer operators, which describe averaged
or spectral features of the system as a whole. Global statistical properties have been studied
intensively for several decades; by comparison, quantitative questions about local orbit-level
behaviour remain far less developed. One of our aims is to highlight the richness of this local
viewpoint.
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2 N. JURGA AND M. TODD

In this paper we are interested in quantifying the rate at which covering and equidistribution
occur, and in comparing these two rates. Given a single orbit, we ask:

e How long does it take for the orbit to become §-dense in the space?
e How long does it take before the empirical distribution along the orbit is close to p,
at the same spatial scale §7

To make these questions precise we introduce two stopping times that record how a single
orbit explores the space. Stopping times are a natural tool for orbit-level phenomena in
dynamics: the classical example is the hitting or return time to a set, which plays a central
role in shrinking target problems, Diophantine approximation, and inducing schemes for non-
uniformly hyperbolic systems. Here, we introduce stopping times tailored to covering and
equidistribution.

For 6 € (0,1) we define the cover time at scale 6,
Cs: X — N,
by
Cs(x) == inf{n >1:{z, f(z),..., " '(2)} is 5-dense in X}
For € € (0,1) we define the e-approzimate blanket time at scale 6,
B “: X — N,
by

N-1
—€ . 1 i
By “(z) == mln{N > 1:Vy € supp p, N E 1pys (f'z) > (1 — E)M(B(y,é))}.
i=0

The cover time measures how quickly a typical orbit fills the space at scale 9. The blanket
time measures how quickly the empirical distribution along a typical orbit approximates the
invariant measure p at the same scale. Both are measurable functions on (X, u), and the
quantities of interest are their expectations and their asymptotic behaviour as 6 — 0 and
e — 0.

Clearly an orbit must first be d-dense before it can have any hope of being (1 —e¢)-blanketing
at scale §, so we always have
E.C5s < E,B; *.
Our main question is: how much longer do we expect it to take to blanket than to cover?

After a brief discussion of the probabilistic background, we formulate this more precisely.

1.1. Historical context and motivation. Orbit-level stopping time questions of this type
have been studied extensively in probability theory and theoretical computer science, but
comparatively little in ergodic theory. The main exception is the case of hitting and return
times, which feature prominently in shrinking target problems, Diophantine approximation,
and in constructing inducing schemes for slowly mixing systems. By contrast, quantitative
questions such as cover and blanket times — which are central in the probabilistic literature —
have barely been explored for deterministic dynamical systems (see, however, results in the
line of [DT] for related work considering the convergence of the cumulative distribution func-
tion of empirical measures). This illustrates a broader phenomenon: while global statistical
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properties in ergodic theory have been deeply understood and refined, the local, orbit-by-orbit
behaviour remains far less developed.

The cover time was introduced only recently in the dynamical setting in [JT], motivated in
part by analogous notions in the “chaos game” and random walks on graphs. To the best of
our knowledge, the blanket time has not previously been studied in a deterministic dynam-
ical context. One can view Bg_e as a quantitative, orbit-level measure of equidistribution,
complementing the recent surge of results on effective (i.e. global, spectral) equidistribution.

Our work is particularly inspired by results on random walks on graphs, where the distinc-
tion between local and global statistical properties is well developed. For a simple random
walk on a finite graph, global properties such as mixing times and spectral gaps are controlled
by the spectrum of the transition matrix, while local quantities such as hitting, cover, and
blanket times are much more sensitive to geometric features: bottlenecks, long sparse paths,
and other “rare” structures. Proving sharp estimates for these local times typically requires
combinatorial or geometric insights rather than purely spectral ones.

The theory of global statistical properties in ergodic theory grew directly out of the probab-
ilistic viewpoint (via transfer operators and Markov approximations). One of our motivations
here is to push this analogy further on the local side: to understand which aspects of cover
and blanket times for random walks have meaningful analogues for deterministic dynamical
systems, and how the techniques must change.

A central motivation comes from the theory of simple random walks on finite graphs and
the celebrated theorem of Ding, Lee and Peres [DLP]. In the context of simple random walks
on graphs, the cover and (1 — €)-approximate blanket times can be defined analogously
In [WZ], Winkler and Zuckerman made the following conjecture, which was later proved in
[DLP].

Conjecture 1.1. For each € € (0,1) there is a constant K. < oo such that for every finite
graph G with set of vertices V

max E,((1 — €)-approximate blanket time of G) < K- max E,(cover time of G).
ve ve

Informally: once the random walk has visited every vertex of the graph, one only has to

wait a further factor K. (depending on e but not on the graph) to see an approximately
stationary number of visits to each vertex.

An analogous question in our dynamical setting is:

Question 1.2. For which dynamical systems (f, X, u) does there exist, for each € € (0,1), a
constant K, < oo (depending on € but not on the scale) such that for all sufficiently small
scales ¢ € (0,1),

E.Cs < E.By ¢ < K.E,Cs,

and how does K. depend on €?

Whereas in the graph setting the significance of the Ding-Lee—Peres theorem lies in the
fact that K. is uniform across all graphs, in our setting the property of interest is whether
K. remains independent of the scale 0.

We emphasise an important conceptual difference between the graph and dynamical set-
tings. In the graph setting, it is natural to fix a starting vertex and study extremal quantities
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such as max,cy E,(+), leading to statements which are uniform over all initial conditions and
all graphs.

In contrast, in the dynamical setting there is typically no distinguished family of initial
points, and orbit-level behaviour is most naturally studied from a measure-theoretic (i.e.
typical) perspective. Accordingly, we consider expectations with respect to p, rather than
extremal initial conditions. It is therefore not immediate how directly comparable the two
formulations are, and part of the motivation for Question [1.2]is to understand to what extent
an analogue of the graph-theoretic phenomenon persists in this setting.

Notation: For sequences (ay), and (b,), we write a, < b, or a, 2 b, if there exists
some C' > 0 such that a, < Cb, for all n, or a, > Cb, for all n, respectively. We write
an < by if a, < b, and a, 2 by, however if we want to emphasise constants we may also write

~ ~

ay, = C*b, to mean b,/C < a,, < Cb,. We sometimes write a,, = O(by,) if |a,| < |bn|.

1.2. Our family of systems and results. To investigate Question [1.2] we consider the
simplest family of systems that admits genuinely diverse multifractal behaviour. Since the
multifractal structure of p plays a key role in orbit-level stopping time problems, the full
richness of the theory is not visible for Ahlfors regular measures (a class which, in the present
setting, includes all acips).

Standing assumptions. (For a more complete discussion see Section @) We assume I C R
s an z'ntervaﬂ f T — R is map with finitely many, piecewise C? full branches with bounded
distortion. We let ¢ : I — R be a Hélder potential function and we define the pressure by

P(¢) :== lim llog Z Snd(@)

n—oo N
fre=x

where Sp¢ denotes the ergodic sum Sp¢(z) = Z?:_ol (fi(x)). We let = pg be the unique
invariant Gibbs measure for the potential ¢ (defined in the next section) and consider the
dynamical system (f, u). We will also use the unique normalised (¢—P(¢))-conformal measure
m = m¢,.

For the measure u, we write d = d(u) and D = D(u) to denote

d ;= lim log maxyer 'M(B(l" 5)) and D := lim log minge; ,LL(B({L‘, 5))
60 log ¢ §—0 log §

(1.1)

It is known that in our setting the limits exist. Clearly d < D and moreover these correspond
to the left and right endpoints of the coarse multifractal spectrum, see §6| for further details.
In particular, D is sometimes referred to as the Minkowski dimension of the measure, see

1Although we do not consider maps whose repeller is a Cantor set, the arguments should extend to that set-
ting with only minor modifications. Additional care would be required in constructing a suitable discretisation
of the measure in due to the lack of interval structure.
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In |JT| the authors showed that in the current setting lims_,o 1o_gII(E)g%5 = D and moreove
that
6P <ELCs S 6 Plog(1/6). (1.2)

In the case where p is an acip, the sharp asymptotic was proved thaﬂ

E,Cs = 6 P log(1/9). (1.3)

Since covering is a prerequisite for blanketing, we always have E,Cs < EMB(%_E. Thus,
obtaining matching upper bounds on the blanket time is the central problem.

In the general multifractal setting, the lack of sharp asymptotics for the cover time prevents
a direct comparison between cover and blanket times. Accordingly, our main result provides
an upper bound on the blanket time at the correct scale. In the special case of acips, where
sharp estimates for the cover time are available, this yields comparability between the two
quantities.

Theorem 1.3. Suppose we have a system (f, I, 1) which satisfies the standing assumptions.
Then

1
E.B; ¢ < K. Plog ()

5
KE:O< 11>.
2+3

When p is an acip then d = D = 1 and the sharp estimate (|1.3)) is known to hold.
Therefore we obtain the following corollary to Theorem [I.3], which gives an affirmative answer
to Question [1.2]in this case.

where

Corollary 1.4. If u is an acip then
1
§ og(1/6) < BB~ S =6 ' log(1/6),
€

in particular

1
E.Cs < E By ¢S ?E“C"

Structure of the paper. In §2] we will describe the general outline of our proof and state
the two key technical Propositions [2.3] and which will be required to prove Theorem
In §3] we will describe some useful properties that our systems satisfy. In §4] we will give the
proof of Theorem contains the proof of Proposition [2.4] and §6] contains the proof of
Proposition 2.3}

2We note that follows directly from [JT, Theorem 2.2] combined with the fact that the Gibbs property
implies that the error terms in |JT}, Theorem 2.2] disappear. This is because the quasi-Bernoulli property of
Gibbs measures implies that the measure of the ball of minimum measure at scale § resembles the asymptotic
limit O(67) already at large scales § (see for instance Lemma.

3This sharp asymptotic is a consequence of the fact that Alfhors regularity of an acip ensures that there are

roughly 1/ balls of minimum measure at scale § and this may not be the case more generally, see for example
[MJL (1.2)].
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2. PROOF OUTLINE AND KEY PROPOSITIONS

In this section we explain the previous proofs in the graph setting and give the two main
propositions (Propositions and needed to adapt this approach in the dynamical case.
We also give Theorem which is a simpler version of Theorem and closer in spirit to
the graph results.

2.1. Relation to the graph setting. Let G be a graph with vertex set V and consider a
simple random walk on G. Let (m,),ev denote its stationary distribution. For v € V, the
hitting time H,, is the first time that the vertex v is visited by the walk. The cover time Cg
is the first time that each vertex in V' is visited by the walk. The (1 — €)-approximate blanket
time is

B¢ :=inf{t > 0: (Vv) Ny(t) > t(1 — e)m,}
where N,(t) denotes the number of times that the walk has visited v up to time t.

In [WZ], Winkler and Zuckerman posed Conjecture and proved it for simple random
walks which satisfy
max E,(Cq) < max E,(H,) - log(#V). (2.1)
veV VWE
Since the backbone of our argument is based upon their approach, in order to orient the reader
we will now sketch their proof for a simple random walk on a complete graph (such random
walks are known to satisfy (2.1])). When we pass to the deterministic dynamical setting, this
framework breaks down in two essential ways.

e In the graph case, the stationary distribution has finitely many weights (m,)ycy. In
our setting, at scale ¢ the role of m, is played by the continuum of local masses
{p(B(z,0)) : = € X} at scale ¢, which typically exhibits multifractal behaviour. To
estimate the blanket time we must control visit frequencies to all uncountably many
balls of radius §. The core difficulty is therefore geometric rather than probabilistic,
arising from the fine structure of the measure. Namely it will be necessary to identify
a “multifractal discretisation” of our measure: a finite, geometry-dependent family of
reference sets whose blanket guarantees global blanketing (blanketing of all d-balls),
and moreover do so in a way which does not introduce scale-dependent error. The
dependence of the blanket time on € is governed by the multifractal spectrum of u, a
phenomenon without a graph-theoretic analogue.

e We will shortly see that in the graph case, the analysis boils down to studying the
concentration properties of the hitting times to the states v € V', and showing that
these concentration properties are uniform in v. In the dynamical setting, on the other
hand, the main work is in proving large deviation-type estimates on hitting times to
a collection of d-sized intervals, crucially with uniform bounds. The extra dependence
in the dynamical setting here means these bounds require more work: note we use
general Gibbs measures, which entail dependence on infinitely many time steps, rather
than for example Bernoulli measures which only depend on the current time step.

Let us now proceed with estimating max,ey E,(B'~¢) for a simple random walk on a
complete graph with M vertices. We have #V = M and for each v € V, m, = 1/M. Note
that (2.1) says max,ecy E,(Cq) < M log M.



DYNAMICAL BLANKET TIMES 7

We let H]' denote the nth hitting time to v. Let w € V. Then

Ew(B'™) =Y Pu(B"°>N) <> Pyu((3Fv): BN > N)
N=1 N=1

<3 SR 2 )

N=1veV

For N > 1 we can count from when the walk has visited the vertex v for the first time (so that
the conditioning on the probabilities matches the vertex whose hitting we are estimating) and
then by resumming over a sparser sequence of N we have that the final expression is up to a
uniform multiplicative constant less than

Z > P, (HN > 5(1 —|—e)> 771 (2.2)

N=1veV

Write Y,V to be the random variable defined as the sum of N independent copies of

1
Yy:=H, — (1+¢)—,
Ty

so that by Chernoff we have

Ty t>0

N N
P, (va >—(1 —i—e)) =P, (YN >0) < %ngEv(ethN) = (inva(etY”)> . (2.3)
>

Expanding E,(e/¥*) as Taylor series and minimising the expansion over ¢ > 0, one can deduce
that there exists o > 0, which is independent of M, such that

N
P, (H{,V > (1 +e)> < e ¢Ne,

Finally putting this into (2.2) gives

_€a1 M1M°° Nl MlogM S (1Mo
Ble ZZ Egi ZZ@ NlogM _ e;)i 26(1 N)lgM’

N=1veV N=1veV N=1

(1-N)log M

giving the result since > x_; e is uniformly bounded over M € N.

This proves that for a simple random walk on a complete graph,

maxE, B¢ < K, max[E,Cq where K. = O(1/€%). (2.4)
ve

Kolchin, Sevast’yanov and Chistyakov |[KSC] showed that the dependence K. = O(1/e?)
is tight for complete graphs. Ding, Lee and Peres later proved that the same bound holds
uniformly for simple random walks on arbitrary graphs, although its optimality in that general
setting remains open.

2.2. The dynamical setting. In the Markovian blanket time problem, finiteness of the state
space plays a decisive simplifying role: one only needs to track frequencies of visits to finitely
many sets. We now set up a simplified version of our main result Theorem which more
closely resembles this Markovian result, in that at any scale, the frequencies of visits to only
finitely many balls are tracked. In this setting we recover the 1/e? factor that appeared in
the Markov case ([2.4]).
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For each 0 € (0,1) let As be any minimal d-cover of I i.e. a family of balls of radius §/2,
each of which is centred in I, such that their union covers I and this cannot be achieved by
using fewer balls.

Define the e-approximate Ag-restricted blanket time B}[E by

B;;e(x) = min{NEl:VAEAg, ZlA flo)> 1 —e)p (A)}

As an example, one may consider the level-n dyadic partition A; o in which case By A o

records the time that every interval in the level-n dyadic partition has been visited Wlth
roughly the correct frequency. Then the following result is analogous to ([2.4)).

Theorem 2.1. Suppose (f, I, u) satisfies the same conditions as in the statement of Theorem
[1.3. Then
11 1
1
E B S 25Dlog<5>

In the remainder of this section we set up the propositions needed to prove our main
theorems in the dynamical case.

2.2.1. Constructing a multifractal discretisation of p. The first key challenge in studying the
blanket time in the dynamical setting is that by definition, we must keep track of frequencies
of visits to a continuum of balls {u(B(x,0))}. To circumvent this, for any €,6 € (0,1) we will
construct a finite reference set As. whose blanketing guarantees global blanketing. This is
done by constructing a finite family of sets with the property that for any arbitrary J-ball B,
a set in this collection can be found which is contained in and nearly exhausts the measure
of B.

Definition 2.2. An (¢,0)-multifractal discretisation of p is a collection As, of sets, each
of diameter at least §/2, such that for any d-ball B(x,d), there exists A € As, such that
A C B(z,6) and

>1—ce.

Note that this discretisation generally will not be a partition (unless, for example, € is very
large and p is very regular).

This definition is useful because one can verify that if we (1—¢)-blanket an (¢, §)-multifractal
discretisation, then we (1 — 2¢)-blanket globally at scale 4.

Now, although an (¢, §)-discretisation is not difficult to construct (for example, by choosing
the start points of the sets in Aj sufficiently dense so that Definition is satisfied), the
cardinality #A; . directly affects the resulting bound on the blanket time and therefore must
be kept under control.

Indeed, the quantity

00
2 :2 :6—NlogM:§ : —logM§ : 1)log M

N=1veV veV
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which appears in the graph setting will be replaced in the dynamical setting by

Z o—Csnl(A) Z e~ (N=1)Cspu(A) (2.5)
A€As.e N=1

where Cs will be some constant of the order Cs < 6P log(1/6). A crude estimate now gives

Z e~ Csn(A) < #As5. 0.
A€A;s .

Thus, proving Theorem via this bound would require #.A45. = Oc(1/0).

This growth rate for #.4s . indeed occurs when p is an acip. However, for more general
multifractal measures, the cardinality of a multifractal discretisation must necessarily grow
faster with §. Consequently, a more delicate estimate of the sum ([2.5) is required.

Proposition 2.3. Letting C5 = pd— P log(1/68) for an appropriate choice of p, the following
holds. For all €,6 € (0,1) one can construct an (e, §)-multifractal discretisation of p such that

Z e~ Con(A) — O(e_l/d).
AEA(;,E

The proof of this proposition requires non-trivial arguments from multifractal analysis, see

©

2.2.2. Uniform large deviation estimates for hitting times. A large proportion of the proof of
our main theorems will be devoted to obtaining an analogue of (2.3]) in the dynamical setting.
Namely, given a subinterval A C I and letting H'} be the nth hitting time to A, we will need

to obtain estimates on
1
plHY=>n ( + n))
< 4 p(A)

which is uniform over all A of comparable diameters. Since H’j can be written as an ergodic
sum for the first return dynamics, and EH" = n/u(A), this can be interpreted as a large
deviation estimate. Thus our main tool is a large deviations result which is related to [CL)
Theorem 2.2] in the setting of Axiom A diffeomorphisms, but here we give an independent,
and more direct, proof in order to keep track of the constants. We define Markov intervals in
the next section.

Proposition 2.4. There exist c1,co,c3 > 0 such that for each sufficiently small Markov
C1

interval A C X, for anyn < TA)

1 2 2
no~ - < —can®u(A) n
u<HA_n<M( )+’I7>)_C3€

3. PROPERTIES OF OUR SYSTEMS AND MEASURES

We suppose throughout that I can be decomposed into a finite partition P where if P € P,
then f: P — I is C?, uniformly expanding, and f extends continuously to P such that
f:+ P — 1 is a diffeomorphism.
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For n € N let P, := \/?;01 ~P and refer to P € P, as an n-cylinder. We call an interval
A C I Markov if it can be expressed as the union of k-cylinders, for some k& € N. We assume
we have bounded distortion in the sense that

[Df" ()|

sup sup ——— < 00.
PePy, x,yeP |Dfn(y)|

3.1. Markov shifts and coding. Given an alphabet A, which will be finite or countable
and a #A x #A matrix (a;j);; of Os and 1s, the corresponding shift space is

Y= {(il,ig, ..)vig € Aand a4y 4, = 1 for all k> 1},

and o : ¥ — ¥ is the left shift. An allowed word i = i1---1i} of length k is such that i; € A
for 1 <j <kanda,;,, =1for1<j <k Let3j be the set of all such words and define
Y* = Up>12g. For i € ¥*, we write |i| = k if i € Xj. If all words are allowed, i.e., ¥ = AN
then we call (X, 0), or just X, the full shift.

Given our system ([, f), we can code this by writing P = {Pi,...,Pgp} and for ¥ =
{1,..., #P}N, the full shift, for (iy,42,...) € ¥ we define I(iy, 4o, ...) = x € I where f*~!(z) €
P;, for all k. Similarly define II(i) for i € ¥* and note that this corresponds to some element
of Py if |i] = k. We note that there may be issues with coding at the boundaries of these
intervals, but they will be of zero measure and we can make arbitrary choices there.

Later we will also code induced dynamics by countable Markov shifts. To this end, we say
that the shift is topologically transitive if for all a,b € A there is some i € ¥ for some k such
that 1 = ais...ip_1b. In case A is countable, it is useful to define Sarig’s BIP property, see
[S2]: our shift satisfies the BIP property if there exist a finite set by,...,bx € A such that for
any a € A, there are 1 <14, j < N such that b;ab; € ¥3.

3.2. Thermodynamic formalism and measures. Given ¢ : [ — R, let

Va(¥) :== sup sup [ih(z) —¥(y)|
pPeP,, x,yeP
be the n-th variation of v and say that v is locally Holder continuous if there is £ > 0 such
that V;,(¢) = O(e~™) for n > 1. We say that a measure my, on I is 1-conformal if

my(f() = [ & Vdm,

A
for all Borel measurable A C I such that f: A — f(A) is a bijection.

We suppose that ¢ : I — R is Holder on each P € P. Possibly after replacing ¢ with
¢ — P(¢), we assume that P(¢) = 0. Uniform expansion, bounded distortion and the Hélder
property here imply that v is also locally Holder and there is a ¢-conformal measure m = mg,
see for example [R], and a corresponding invariant probability measure 1y < my. In line with
that paper, we define the operator £L = Ly : B — B

Lg(x):= Y  e*Wy(y)
yefla

on the Banach space of functions with finite norm || - || = || - [|1 + TV (-) where | - |1 is the L!
norm with respect to m and TV is the total variation. Then there exists a strictly positive
and bounded function p € B such that Lp = p, my is the fixed point of the dual £:‘;m¢ = My,
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and dug = pdmg. Moreover = pg is Gibbs for the potential ¢, i.e. there exists 0 < C' < 00
such that for each P € P, and z € P,

1 _ w(P)
C — eSn‘z)(x)

<C.

We will also use the quasi-Bernoulli property that follows from this: there exists ¢ > 0 such
that for i,j € ¥*

1

S IL(G)) < pl(E])) < cp(l(2))u(L(5)).

We note that most of what we have presented so far can be obtained from the theory of
Mauldin-Urbanski and Sarig (see for example [MU]| and [S1]) where locally Holder continuous
(or summable variation) is the appropriate condition on the observables used, but as in many
studies of hitting times or open systems, Rychlik’s theory is preferable since the perturbation
to the system of introducing a hole/target is less drastic in the associated Banach space (this
will be useful in Proposition below). Note that this is true even if the hole, which we will
assume is an interval, is Markov.

We will require the following basic regularity property of the measure . We let |- | denote
the diameter of a set.

Lemma 3.1. There ezist 0 < a < b < oo such that for any interval U with diameter |U| then

alUP < p(U) < b|U|",

Proof. We begin with the left hand side. Let U = B(z,r) for some = € I. Note that by
definition of the Minkowski dimension, for all € > 0 there exists k = k(e) such that for all
ieX", il =k,

p(Ifiy ... dg]) > [[iy ... 4] | PFe.

Fix z € X, r > 0 and II(i) = . We can find n € N such that II[i; ...i,] C B(x,r) and
III[i;1 .. .45)| > k7 (where the constant k € (0, 1) is independent of  and r because our map
has finitely many uniformly expanding branches).

Let € > 0 be arbitrary and fix k(€) = k as above. By the quasi-Bernoulli property,
p(fiy . i) > F ([ . in)*]) > FIT[(d .. i) F][PFE > F (kPP P

where the constant in the final line comes from considering the bounded distortion property
for (f™) and applying the chain rule to (f¥)’. Therefore

p(M[iy ... i) > exPTerPTe,
But since ¢ and « were independent of € and ¢ > 0 was arbitrary,
w(B(z,r)) > p(fiy . . .i,]) > exPrP.

The right hand side is proved similarly by instead considering upper bounds and substituting
d for the Minkowski dimension D. O
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4. PROOF OF THE MAIN RESULTS

We begin with the proof of our simplified result Theorem which estimates the ex-
pected As-restricted blanket time, where we quantify how quickly the visits to a specific
representative cover or partition As are of roughly the correct frequency.

Proof of Theorem[2.1l Fix €,6 € (0,1). It is easy to see that given any interval in A € As we
can find a set U C A such that |U| > /2, % > 1—e€and U can be realised as a finite union
of cylinders. Let Us denote the corresponding collection of such sets U.

Note that if N > Bl_g(a:) then for any A € As, there exists U € Us such that U C A and

N—

ZlA (F'2) 2 5 3 10(a) 2 (1= O uU) 2 (1 = O u(4) = (1 - 20) u(A)

1 26 1—e
Thus we can estimate

BB S BB = S (B 2 N) £ 30 3 p (MO0 2 )

N=1 N=1U€els

,_n

and hence

By Proposition there exist c1, ca, c3 > 0 such that for € < ¢; and a Markov interval A,

M 2

M —e“Mc

wlHYy > —=(1+c¢€ > < c3ze 2

(4 > 0+

for any M € N. Therefore, for each U € Us we can set M = [Np(U)(1 — €)] to obtain

INu)(-91 5 ) < INu)(1-91 5 [NuU)A =€) o
(¥ - >—“<HA =y U
< 636762[N/1,(U)(176)—|02 < 636*20262N}L(U).

Let a be given by Lemma and write Cs = 2Pa~16"" log(1/6). Then

1 26 c3 o202 Npu( )< c;;e‘NCw 1 EEC)
2c9€2

N=1U€eUs =0U€eUs

$G+ G e

=1U€U;
Now note that

Z Z e~ NCsn(U) _ Z e~ Can(U) Z —(N=-1)Csp(U)

N=1U€lUs Uells
Since |U| > %, by Lemma

1)
Ciu(U) > Csa 5| =1log(1/0) > 1
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the second sum Y, e~ (V"HNCuU) is uniformly bounded over all U € Us and & € (0,1).
Since As was a minimal cover of I, #Us = #As ~ 1/, the first sum ZUGM& e~ Csnl) s also
uniformly bounded over all U € Us and § € (0,1). This completes the proof. O

Let us now turn back to our original blanket time problem, in which we care about e-
approximately equidistributing over all balls. Recall that an (e, d)-multifractal discretisation

of our measure (Definition is a collection Ajs . of subintervals of I such that for any é-ball
B(z,6), there exists A € A, such that A C B(z,6) and % > 1 — e. Recall that As,

will generally not be a partition since its elements may be highly overlapping.

It is easy to see that

E, (B} ) < Eu(B))

since if N > Bl ‘() then for any B(y, §) we can, by definition of a multifractal discretisation,
find a set A C B(y, 0) such that

N—-1 N—
N Z 50 ([1) 2%2 (1—u(A) > (1—Pu(B(y.8)) > (1-20)u(B(y, ).
=0

Hence we can reduce the global blanket time problem to a restricted blanket time prob-
lem. By following the proof of Theorem we should deduce an estimate which depends
on how ZAG.A(;’E e~ Cot(4) gcales as §,¢ — 0, for an appropriate Cs. Combining this with
Proposition which ensures that a multifractal discretisation As. can be found such that
Yo Ac As.e e~Cst(4) can be bounded uniformly over all small scales §, will complete the proof
of Theorem [L.3]

Proof of Theorem- Fix a measure ;1 and let As. be a multifractal decomposition of
given by Proposition [2.3] Then

o0

BB S BB = Do (B 2 V) £ 30 3 w (M2 ).

N=1 N=1AcA;.

By Proposition there exist c1, ca, c3 > 0 such that for € < ¢;

M 2
’HMZ1—|-e>§ce_eMc2
M< A M(A)( ) 3

for any A € As. and M € N. Therefore, for each A € As5, we can set M = [Npu(A)(1 —¢€)]
to obtain

- 1(A)
< 636_62 [Nu(A)(1=e)]e2 < 636—20262]\7#(14).

. o [Nu(A) 1 -
M(,HL‘NM(A)(l N ZN> SM<7_[I(4NM(A)(1 N s [Nu(A) 6)](1+6)>
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Let a be given by Lemma and write C5 = 2Pa~16"Plog(1/5). Then

BB £ D0 Y e N < 373 cenhenin L

N=1A€As N=0 A€As,

ST G(L x eem

N=1AcA;s .
Now note that
o0
Z Z e~ NCsu(A Z e~ Csn(A) Z e DCsu(A)
N=1AcAs A€A;.

As before, the lower bound on the diameter of A means that the second sum can be uniformly

bounded using Lemma The first sum can be bounded by O(eil/ 4) by Proposition SO

the leading term is C 1 , as required. ]
d

5. THE PRESSURE FUNCTION AND MEASURES

In this section we will prove Proposition We start by defining some pressure functions
for our original system and our induced system. We will find uniform information on the
shape of these functions, find corresponding invariant and conformal measures and uniform
estimates on their densities, as well as estimates on the measures of certain cylinders.

We will choose intervals A and define p4(q) := P (qb +q (1 — %)).

Proposition 5.1. For any interval A, the following hold.
(a) There exists a (gf) +q (1 — %) —pA(q)> -conformal measure ma, and an equilib-
rium state p1a.4 for ¢ +q (1 — %
(b) The function pa is analytic.
Proof. These facts follow from standard techniques of [PP, Chapter 4] along with the fact that

Faa = Ed’“( ey
see |R]. O

) has a spectral gap for any ¢, since our function ¢ + ¢ (1 e )) € B,

5.1. Inducing. We next take first return maps to suitable intervals A and give some basic
properties of these induced systems.

For a Markov interval A C I, which we assume can be written as A = |J!_; A; where
A; € Py, let Fy : A — A be the first return map to A, i.e. Fy(x) = f4®)(z). Then there
exists a natural maximal partition P4 so that H 4 is constant on each element P € P4 and
F,P = A; for some i = 1,...,p. The latter Markov property is inherited from the Markov
nature of A. We can label the elements of P4 = P{ by {Py, P»,...} thus giving a coding
by i € N. Then the dynamics induces a coding of points in A by (i1,ia,...) € NN where
(i1, iz,...) = x if F&(x) € P, for all k € N. We write the corresponding shift space as
(24, 0).
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Let P2 denote the induced n-cylinders where we enumerate the depths and note any

P e Pf can be written as Hﬁl, ...,iy] = P for some i;...i, € Z;‘L‘. Hence P € 77;? implies
there is A; with F}(P) = A;. We will sometimes emphasise the symbolic address here,
referring to II[i1, ... ,4,] and sometimes just write P € P2, We abuse notation by saying that

PP, ... P, is an allowable word if there is x € A with Fj_lx € b, € 771A fork=1,...,n.
From here on we will stop being concerned about what happens at boundary points, further
abusing notation to write, for example F} P = A; for the above statement.

Note that H} = S, Ha. We define the induced potential ¢4 by ¢pa(x) = Sy, (2)P(z). It is
useful here to point out that we use S, = S to denote the ergodic sum for the relevant
dynamics g, so for example H} = SFAH 4, while ¢4(z) = Sg;A(x)(b(x). We can develop the
thermodynamic formalism for this system using the theory of Mauldin-Urbanski and Sarig or
Rychlik [R], as mentioned above.

We collect some standard useful properties of our induced system in the next proposition.

Proposition 5.2. For a Markov interval A = Ule A; where A; € P, and Fy : A — A is the
first return map to A,

(a) (A, Fa) is coded by a shift with the BIP property;
(b) the induced potential ¢4 is locally Hélder continuous;

(c) P(¢a) =0;

(d) pa=pe, = ﬁN‘A is Fa-invariant and has the Gibbs property for ¢ a;
(e) E.“A(HA> = ﬁ;

(f) dpa = padma where py = %P and my = ﬁmh-

(9) ma is ¢pa-conformal;

We note that (d) also implies the quasi-Bernoulli property.

Proof. Recall that from the Markov property of our intervals, for each P € 77{4, AP = A;
for some A;. By the topological transitivity of our original system, for each A; there exists
P e Pf‘ such that FaP; = A;. Then also choosing arbitrary Q; € 731A N A;, the collection
{P1,...,P,Q1,...,Qy} can take the place of the symbols in the BIP property, since if P € P;*
is in A; and Fu P = Aj, then P;PQ); is an allowable word, so the BIP property holds, i.e., (a)
follows.

Part (b) is immediate since V,,(¢a) < V;,(¢) = O(e™™).

Part (c) follows for example by [IT, Lemma 4.1]. Parts (d), (e) and (f) follow from the
Kac Lemma and the fact that pg,, the equilibrium state for ¢4, must be Gibbs as in [S2].
Part (g) follows by the conformality of m, which implies that that for any B C A such that
F : B — F(B) is a bijection,

1 1
ma(F(B)) = ———my(F (B :/€—¢Adm :/€—¢AdmA
(P(B)) = ymoFB) = o | ey = [
i.e., my is ¢ a-conformal for the first return dynamics F4. O

We will later consider more general conformal measures defined as for the uninduced system,
in particular for potentials ® = ¢4 + qH 4, but before we can introduce these properly, we
require more information on the pressure function in the next subsection. However, it is
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useful to record here that if C € PZ then FiC = A; for some 1 < ¢ < p, so if mg is
(® — P(®))-conformal then

)

ma(A;) = me(FAC) = / e PFP(®) dng = eF Lnz1 Va(®) g (€)= Sn®@HP(®) for 4 € C
C

SO

oo}

me(C) = et Ln=1 V(g (4,)e5n @) nP®) for 2 € C. (5.1)

5.2. The shape of the pressure function. We will next use Proposition to give prop-
erties of pressure functions like ¢ — P(¢4 + qH ).

Proposition 5.3. There exists K > 0 such that for any A, the function ¢ — P(¢pa +
qHa) is analytic (and finite) for ¢ € C if |q| < Ku(A). Moreover, if |q| < Ku(A) then
[P(da+ qHa)l < 2/ql/n(A).

Proof. By Proposition [5.2], our induced system is encoded by a BIP system, so since that
proposition also says that ¢4 is locally Holder continuous, the proof of |[S2, Corollary 4] implies
that for analyticity, we only need to show that there is K > 0 such that P(¢4 4+ ¢H ) < o0
for all |q] < Ku(A). Moreover, monotonicity will imply that it is sufficient to prove that this
is finite at Kpu(A).

We first assume that ¢ > 0. Since, trivially, P (¢+ q (1 — %) —pA(q)) = 0, as in for

example [IT, Lemma 4.1], inducing gives

P <¢A M (g — pale)) - M(qA)) <. (5.2)

Since the term —ﬁ doesn’t affect finiteness, to obtain P(¢p4+qH 4) < oo it will be sufficient

to show that p4(q) < ¢ for sufficiently small q.
By the usual expansion of the pressure, see for example [PP, Chapter 4],

palg) =P <¢ 1y (1 - Mtz))) _ P(4) 1 E, <1 - )) L C0PAD) _ @ Dald)

for some ¢ € (0,q). Assuming that ¢ < 1/2, so likewise for ¢, since |pa(q)| < |q|/pn(A) for
q € C, Cauchy’s Integral Formula gives, for the contour « of radius 1 centred at q,

la|
1 7{ pala) ‘ /1 (u(A)) 16
— “— da| <2 da < ——.
mi Jy (@ =) o (1/2)° 1(A)
So if ¢ < p(A)/16, then pa(q) < 4 and putting this into (5.2) we obtain

1D*pa(@)] =

P (¢A + %HA) < P(pa+Ha(g—palg)) < ﬁ) (5.3)

So setting K’ := %, we have the required finiteness for ¢ < K'u(A).

Finally we wish to find bounds on P (¢4 + qHa) for ¢ € C and |q| sufficiently small. If
Re(q) > 0 then ([5.3)) also implies that if Re(q) < % then |P (¢4 + qHa) | < P(pa+ |qg/Ha) <
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2|q|/1(A). On the other hand, if Re(q) < 0 we use the fact that if ¢ < 0 then by the Vari-
ational Principle ([S1, Theorem 3]),

P(oa+qHa) = hy,, +/¢A+q’HA dpig 5 ZQ/HA dpg Iﬁ-

Hence |P (¢4 +qHa)| < |P (¢4 —lg/Ha)| < lg|/1(A). So we are finished if we set K =
K'. g

Corollary 5.4. There is Cp > 0 such that for ¢ < Ku(A)/2,

oo (e pom)) < i

Proof. Write P4(q) := P (QZ)A +q (HA — ﬁ)) Proposition implies that this function
is analytic for ¢ < Ku(A)/2, so again by [PP, Chapter 4] there is a Taylor series expansion

P (m tq (HA - @)) = P(64) + Gy, (%A - M(1A)> POPAG) _ P DPAD

for some ¢ € (0, ¢), where the last part follows by Proposition e) and the Kac Lemma. Us-
ing Cauchy’s Integral Formula, where our contour + is of radius Kpu(A), since Proposition
implies |P4(a)| < 2|a|/p(A) for a € v, we can write

1 [ Pala) () 32
D2PA(4 _,f A0 da’§2KuA a - .
| D= |5 5 (@—q)? ( )(g,JL(A))3 Ku(A)?
So we conclude by setting Cp := 16/ K. O

5.3. Conformal measures and densities for perturbed potentials. Suppose that (A, Fy)
are as in Proposition [5.2] To save notation we will write our ‘distortion constant’ as

Cp = Cp(¢) 1= e2ok=1 Vn(9)
and note as in the proof of Proposition (b), eXk=1Vn(04) < Op.
Lemma 5.5. Given A C I, for the range of q for which pg,+q1, exists, for

d“¢A+q7‘lA
pA7¢I(x) T dm¢A+qHA (x)7

1 2
then oz <pag < Ch.

Proof. As in for example [MU, Section 5],

pag(x) = lim e "POAITHD (L2 1)@,

n—oo
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Suppose that z,y € A; for 1 < i < p and observe that if P € P has F3P = A; then there
are exactly two points xp,yp € P such that F}(zp) = z and F'}(yp) = y. Then

pag(z) lim,, o e~ "P(®a+aHa) ZPEP;;‘ eSn(@at+ata)(zp) . Sh eSn(datata)(zp)
PA,q(y> lim,,_, o, e~ P (¢a+aH ) ZPEPﬁ‘ eSn(bat+qHa)(yp) n>oo Z eSn(pat+qHa)(yp)
Sn(da+qHa)(yp) (Sn(dat+aHa)(xp)—=Sn(da+aHa)(yp) _
= "lgrolo Lt ( - )Z(P e( ¢A+q7'ii)(?a)/P) ( o 1)
=1+ (C5-1) =C3.

It remains to prove that p4 , doesn’t vary too much between the A;’s. Given 1 <4,5 < p,
if z € A; then there is some b > 1 such that F4(x) € A;. Let U > x be an interval in A4; such
that Fa : U — F4(U) C A; is a bijection. Then we estimate p4, on A4; by

paq(FR(U)) J L%, (lu - pag) dmag [y S OAt APy iy, (o)

maq(FHU)) f eSb ¢>A+qHA) —bP dmy , - Jo eSo(@ataHa)=bP dim 4 = YDPAGT):

This implies that - < PAg < C U

Now let Q4 = UiQ;? " be the partition of I, up to sets of measure zero, such that for each
Q E Qfl“, M (x) is constant on @ and fHile(Q) = A;. Let Pt - P be the elements of
27 in A. We extend ¢4 outside A so that if z € Q € Q4 \ P{ then ¢a(z) = St a()P().

In the following result we will apply theory from [JT| which comes from systems with holes,
hence the notation Cy below.

Proposition 5.6. For all0 < g < Ku(A) there is mg, g2, 0 (04 +qHa — P (da +qHa))-
conformal measure for the induced system on A. Moreover, this extends to a measure outside
A such that if Q € Qﬁ’z and U C Q is an interval, then

mqu—s—qHA(fHZ(U)) _ /U6—57L(¢A+QHA)+7LP(¢A+Q'HA)dm¢A+qHA. (5.4)

There also exist Cp, > 1 and Cgy > 0 depending only on (I, f,¢) and Ag € (0,1 — Cgu(A))
such that for all 1 <i<p and anyn € N, if Age? < 1 then

Cm
Z M 4t+qt s (Q) < 1 Aqet Z M st+qH s (P).
QeQn \P! PepM

We will choose the normalisation of these measures to be such that mg,442,(A) = 1. For
g = 0 this means that as in Propsition mg, = me/mg(A). Note the final condition in
the proposition, Age? < 1, follows if ¢ < Cyu(A).

Proof. First note that by Proposition P (¢a+qHa) < oo and the existence of mg 142,
on A follows for example by [S1, Theorem 4]. The extension outside A is defined via (5.4)).

To estimate the total mass of the extended measure we use results of [JT, Section 4]. In
particular we define the punctured operator L4 4 : B — B by

(Loag)x)= D "Wgly)
oy
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with leading eigenvalue A4 where Ay € (0,1 — Crpu(A)). Note that this implies that for any
xel,

(Lopgal)(@)= > PWTT< ) el (5.5)
Fly)=o.ygA

Given ¢ and Q € Qﬁ’i\P;?’i, there is a unique P € Pffl such that fHale(Q) = P. We can
also write

Mg s+qHa (Q) = MG a+qH A (P)6(¢A+qHA)($)—P(¢A+QHA)

< CDMg s +qHa (P)eSHA (p+a)(z)

for any x € Q). Summing over all such @ (for a given P) gives a sum bounded by

C% Z /1; £f;$+q,A1 dm¢A+qHA < C% Z (/\Aeq)] m¢A+qHA(P)
=1 i>1

by (5.5)). So if Age? < 1, this is uniformly bounded, indeed we deduce that there is C), > 1
such that for each i,

Cn
Z M yt+qt s (@) < T Aqed Z M st+qt s (P),

Qeoa i\ Pt pepi

as required. I

5.4. Proof of the large deviation result.

Proof of Proposition[2.]} We start by adjusting K if necessary, so that K < Cy for Cy as in
Proposition Throughout the proof we assume 0 < ¢ < Kpu(A) and that u(A) < 1/Ch.

Let J:; 1(17) denote the collection of elements @) € Qﬁ’i containing some x such that
SpHa(z) > n (ﬁ +77>: since S,H 4 is constant on these cylinders, this will in fact be
true for any x € Q € JL-(T]), so

1 1
SpHa(z) —nn — nm =5, <’HA(1’) —n— M(A)> > 0.
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Then since mg, is the normalised version of my, for ¢ > 0, by (5.1) and Proposition
and letting xg be an arbitrary point in a given set @),
Q

1
(St (g n)) <m0 S mea(@
’ ervti(n)
< Cpmy(A) me (4) Z eSnda(@q)
' QEJ:[,'L(U)
< Cpmg(A)> mg,(Ai) > o1(5n (Ha—n—357) (@) ) +Snda(2e)
‘ QGJIJ(”)

< Comy(A)e ™) S n, (4) T eSnarita )
’ Qeon
< Clz)md)(A)en(P(¢A+qHA)—ﬁ—qn) Zm;nmﬂ Z Mg sqra (Q)
araalA) \Zoh
Cmc%m¢(A) n{P(pa+aHa)— 5 —an Mg, (Ai)
< e stgn) 3 _me LS

M 4 qH 4 (P)
My +qH 4 (Ai) Pataia

PePi Pt

< Cmcgmfb (A) o (P(¢A +aHa) -y *q77>

B 1-— AAeq
Z m <M¢A+QHA (FX”AZ) + M atqHa (Fg(nfl)AZ))
< we (P(s A+q(HA o))
1-— )\Aeq

where in the sixth inequality we used Proposition (since ¢ < Cyp(A) so Aged < 1) and
in the seventh we used Lemma [5.5

We now estimate P ((Z)A +q (?—[A — ﬁ)) —qn. Let n < f&fi and set q = ”‘2‘8?2 <

Ku(A)/2 where Cp is as in Corollary Then Corollary implies

P <¢A+q <HA— M(IA)>> —qn<gq (—77+qu(cj)2> = —7725((;;1)2.

To find a uniform bound on 15&2)@!1 < 1—(1—%24;1(14))&’ note that if ¢ < Cyu(A)/2, then
Cyu(A
L (1 - Cap(A))er > A
for 1(A) < 1/Cq. So recalling that K < Cpy, this means that ”(A)eq < %

Finally,

o <Sn7-l,4 >n (M(1A)+n>> < C%mqs (SnHA >n (/L(lfl)-i-"?))y

which completes the proof for ¢; = KCp, ¢ = ﬁ and c3 = %CmC’%. ]
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6. MULTIFRACTAL PROOFS

In this section we prove Proposition Namely we show that an (e, §)-multifractal dis-
cretisation As. can be constructed for which ) . As. e~ CsiA) can be bounded uniformly

over all small scales § (for Cs = pd— log(1/6) with an appropriate choice of p).

Before getting to that proof, we define the coarse multifractal spectrum of p
log N,
Fu(o) := lim limsup log Ni(a, 7)
=0 550 —logd

where Nj(a,r) denotes the number of boxes in the standard d-grid G5 whose p-mass lies in
the range [§%, 0% "]:
Ns(a,r) := #{G € Gs : u(G) € [6%,6*"]}.

Note that the constants d and D defined in (1.1)) satisfy
d=inf{a >0: F,(a) >0} and D =sup{a >0:F,(a) > 0}.

Lemma 6.1. F,(D) = 1 if and only if p is the absolutely continuous invariant probability
measure (acip) for f.

Proof. If = pg is an acip, clearly F,(D) = 1. If p is not an acip, then general multifractal
analysis theory of Gibbs measures for Holder continuous potentials (e.g. [B, Theorem 6.2.1])
implies that F,, is analytic and strictly convex on [d,D]. Moreover, F, is the Legendre
transform of an analytic and strictly concave function 8 which is defined implicitly by

P(=B(q)log|f'| + q¢) = 0.
In particular, for all ¢ € R,

Fu(=8'(q)) = B(a) — aB'(q)-
By standard theory, F,,(—4'(0)) = 1 and limy—,_o —3’(¢) = D. Thus strict concavity of /3
implies that —3’(0) < D. In particular F,(D) < 1. O

We now deal with the setting where p is an acip, where the construction of As. is fairly
straightforward, and then use 7, in the other cases. Given p > 0 we say that &, is a canonical
partition of I into cylinders of diameter roughly p, if

Py = {l[i] : [[i]| < p < [T[17]]},

where 1~ denotes i with the last symbol removed. Note that since our map has only finitely
many uniformly expanding branches, for any II[i] € &2,

]l =< p
where the implied constants are independent of both p and i.

Proposition 6.2. Suppose p is an acip. For all €,6 € (0,1) we can construct an (e,06)-
multifractal discretisation of u such that

1
Py <5>

and each A € As. is made up of a finite union of cylinders.

Observe that this implies Proposition [2.3]in the setting where p is an acip.
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Proof. Since p is an acip, Lemma [3.1| implies that there exist constants a < b such that for
alld >0and z € 1,

ad < p(B(z,0)) < bé. (6.1)

Choose p = a/b. For each d,e € (0,1) consider the canonical partition 2, of I into
cylinders of roughly diameter ped.

Define As, to consist of all intervals J which can be written as a union of cylinders from
Z,e5 and which have length |J| € [25 — 20 pe, 26].

To see this is an (¢, d)-multifractal discretisation of p, consider a ball B(x,d) and let U be
the largest union of cylinders in &5 that is contained in B(x, ). This implies |U| > 25 —2ped,
hence U = A for some A € As.. Moreover,

A A
A mB@ONA) L bpe
W(B(z,9)) W(B(z,9)) a
since u(B(x,0)) > ad by (6.1)) and similarly p(B(z,d) \ A) < bped since B(z,d) \ A is made
up of two intervals, each of which has diameter at most ped.

To verify # A5 = O (i), note that for each left end point of an interval in &5, there are
O(1) elements in Aj that have this as their left end point (this is because we have a uniform
upper bound on the derivative f’ of our map). Therefore since #.2,; = O(1/€d) the result
follows.

Finally, this proves Proposition in the setting where p is an acip because for p > 1/a,
setting Cs = pd—log(1/0) we get

> e O <Az 6 =0(1/e).
A€As.e

0

Next we turn to the more general setting where p is a multifractal measure. Here the
construction of Ajs . is more delicate. The difficulty is that ¢ may have “spikes”: very small
intervals that carry comparatively large mass. In such regions, the measure of a ball B(z,0)
is no longer well-approximated by a simple power of §, and the local mass distribution can
vary by several orders of magnitude as x varies.

To see why this causes an issue, let us demonstrate what happens if we apply a similar
strategy to the one above. Namely, let us try to partition I into a canonical partition &, s
which is fine enough that any cylinder in &, s) takes up at most € of any d-ball which
contains it. The information given by the endpoints of the multifractal spectrum F,,(«) tell
us that we require

p(e, 6)°

5D <€

which can be achieved provided p(e, d) < €idd. But applying this directly gives, again with
p=>1/a,
Y e O < g s 5= O( s ) (6.2)
AEA&E

which introduces a scale-dependent error to our estimates, whenever d < D.
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Therefore more subtle arguments are required to construct As.. Roughly speaking, by
repeating the general strategy above, a multifractal discretisation Aé . will be constructed
only on parts of the space where the measure of balls at scale § are exﬁonentially larger that
6. The exponential gain p(A) > 6 for A € Aée will compensate for the problematically

large cardinality #.A};,e, restoring uniform boundedness over § > 0 in (6.2)). However, in parts

of the space where the measure of balls at scale ¢ is closer to the global minimum 67, it will be
possible to construct a multifractal discretisation A(; of much smaller cardinality, since the
multifractal analysis of p implies that this part of the space is a lot smaller and the measure
must necessarily be more evenly distributed there.

Proposition 6.3. Let 1 be any measure which is not an acip. Letting Cs = pd—P log(1/6)
for an appropriate choice of p, the following holds. For all sufficiently small €,0 € (0,1) and
sufficiently small

d
0<r< 5(1 — Fu(D))
we can construct an (e,0)-multifractal discretisation of . such that As. = Aée U Agﬁ and

S e Gl < magmagt T,
A€A} .

- Fu(D)
Z e~ Conld) < —ag3—a— "t
AcA3 .

Moreover each A € As is made up of a finite union of cylinders.

Proof. By Lemma we know that the multifractal spectrum F,,(D) < 1. First we describe
how to construct Aj . For now, r > 0 can be arbitrary. Let us denote

p(€,9) == €asd
and let &, 5) denote the canonical partition. Let B, 5) consist of all intervals J which can
be written as a union of cylinders from &, 5y and which have length |J| € [26 —2p(¢, §), 24],
ie.,
Byes) = {J an interval : J = C1U---UCk and C; € Py 5) fori=1,..., k} .
We define
A(ls,e,r = {J = Bp(e,ﬁ) : :u(‘]) > 5D_T/2}'
Then
#Aj e Sple,d) = cag
and for any A € A}_ we have u(A)6~P > 677/2 therefore for p > 1,

Z e~ CotlA) < —as—74597/2,
AcAl

S,€,m

This demonstrates the first inequality in Proposition when we later define Aé’e by Aée =
A(% ., for an appropriate choice of 7 > 0.
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Next, we describe how to construct A% . Since F,(D) < 1 we can fix

0<r<d<;—}—“;D))

sufficiently small such that

1 Fu(D)

HP sy <0727 2
where
@@2 = {C € Psp: pu(C) < 5D7T}

and sy is the canonical partition. Note that since Fu(D) < 1, the exponent in the upper

estimate on #2§ , satisfies the bounds Fu(D) < i+ w <1

Consider an interval U € 5/, \ 95/2 which neighbours an interval V' € 27§ /2 Let k be

the shortest word for which II[k] C U, the interval II[k] neighbours V and u(I1[k]) < 6",
see Figure [I| below. Let Qf consist of all k € X* which can be obtained in this way for some
Ue Ps\ 95/2 and V € 95/2.

D5 1o
I[x| J \
T T T T T T T T T
U 1% Py

FIGURE 1. The long black line here is a segment of [0, 1] and the main partition
of this segment represents &5, and the thin blue intervals belong to &§ /2

For the indicated neighbouring intervals U € 5/, \ &5 /2 and V € 5 /2 the

thick red interval II[k] is chosen as the cylinder of shortest symbolic length
contained in U, adjacent to V and whose measure is at most 677,

Define
1 .r
k(€,0) :=€ddd
and let &, s5) be the canonical partition.

Now define .Ag . to be all intervals J which can be written as a union of cylinders from

{133) : T18) € 255, 1U[5] € Py} U 3] k€ O, T € P} (63)

1_ Fu(D)

and which have length |J| € [20 — 2p(€, 0), 26]. Since # D5 <672

(D) 1 1 Fu(D)

#A2. S 572 k(e 0) L =easg iz 2

~

In particular, for p > 1/a,
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We define .A% .= A}; ., for the choice of 7 which was fixed in the construction of Ag . and
set Ase = .A}; U Ag .- It remains to show that this is a multifractal discretisation of s.

To see this, let us fix an arbitrary ball B = B(x,r) and assume € < 1/2. If u(B) > §°~",
then the best approximation of B by A € B, s) with B C A will have measure

W(A) = u(B) = ple, )" > 6P — es” > 6077 /2,

which implies A € A} = Al_ . Moreover, B\ A is contained in at most two intervals from
2 (e,5), hence

pB\A) _pled)?
u(B) ~ 0P '

On the other hand, if pu(B) < 6P~ then B necessarily contains some interval C' € ,@5/2
and moreover, B N (P55 \ @g/2) C Ukegg I1[k]. Hence we can find A € Ag’e such that

A C B. Then B\ A will be contained in at most two intervals from (6.3, and applying the
quasi-Bernoulli property to any set in (6.3]) yields

w(B\ A) <P k(e, 6)? = edP.
Therefore in this case we also have

B\ A) _ e”
u(B) ~oP

— €.

We are now ready to prove Proposition in the general setting.

Proof of Proposition[2.3 If u is an acip, then the proof follows from Proposition[6.2l Suppose
1t is not an acip. Then by Proposition [6.3] for all sufficiently small €, 6 € (0, 1) and sufficiently
small

0<r< 2(1 — Fu(D))

we can construct an (e, §)-multifractal discretisation of p such that As. = .A%’ U ./43 . and

Z e~ ConlA) < —a5—750/2

AeA};’E
r_ Fu(D)
Z e~ Conl4) < T PR i
A€},
In particular
-7 r_ Fu(D)

Z e~ Conl4) < Z e~ Con(A) 4 Z e~ Conld) < —a5= T2 L emagrmim
AeAs,e A€A; A€A

This can be easily seen to be of order O(e~ /%) since o w > 0. O
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